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Volume I: (1 + 1)-Dimensional Continuous Models

The focus of this book is on algebro-geometric solutions of completely integrable,
nonlinear, partial differential equations in (1+1) dimensions, also known as soliton
equations. Explicitly treated integrable models include the KdV, AKNS, sine—
Gordon, and Camassa—Holm hierarchies as well as the classical massive Thirring
system. An extensive treatment of the class of algebro-geometric solutions in the
stationary as well as time-dependent contexts is provided. The formalism presented
includes trace formulas, Dubrovin-type initial value problems, Baker—Akhiezer
functions, and theta function representations of all relevant quantities involved.
The book uses techniques from the theory of differential equations, spectral ana-
lysis, and elements of algebraic geometry (most notably, the theory of compact
Riemann surfaces). The presentation is rigorous, detailed, and self-contained with
ample background material in various appendices. Detailed notes for each chapter
together with an extensive bibliography enhance the presentation offered in the
main text.






Cambridge Studies in Advanced Mathematics

Editorial Board:
B. Bollobas, W. Fulton, A. Katok, F. Kirwan, P. Sarnak
Already published

K. Petersen Ergodic theory

P. T. Johnstone Stone spaces

J.-P. Kahane Some random series of functions, 2nd edition

J. Lambek & P. J. Scott Introduction to higher-order categorical logic

H. Matsumura Commutative ring theory

C. B. Thomas Characteristic classes and the cohomology of finite groups
M. Aschbacher Finite group theory

J. L. Alperin Local representation theory

P. Koosis The logarithmic integral 1

A. Pietsch Eigenvalues and s-numbers

S. J. Patterson An introduction to the theory of the Riemann zeta-function
H. J. Baues Algebraic homotopy

V. S. Varadarajan Introduction to harmonic analysis on semisimple Lie groups
W. Dicks & M. Dunwoody Groups acting on graphs

L.J. Corwin & F. P. Greenleaf Representations of nilpotent Lie groups and their applications
R. Fritsch & R. Piccinini Cellular structures in topology

H. Klingen Introductory lectures on Siegel modular forms

P. Koosis The logarithmic integral IT

M. J. Collins Representations and characters of finite groups

H. Kunita Stochastic flows and stochastic differential equations

P. Wojtaszczyk Banach spaces for analysts

J. E. Gilbert & M. A. M. Murray Clifford algebras and Dirac operators in harmonic analysis
A. Frohlich & M. J. Taylor Algebraic number theory

K. Goebel & W. A. Kirk Topics in metric fixed point theory

J. E. Humphreys Reflection groups and Coxeter groups

D. J. Benson Representations and cohomology I

D. J. Benson Representations and cohomology I1

C. Allday & V. Puppe Cohomological methods in transformation groups
C. Soule et al. Lectures on Arakelov geometry

A. Ambrosetti & G. Prodi A primer of nonlinear analysis

J. Palis & F. Takens Hyperbolicity, stability and chaos at homoclinic bifurcations
Y. Meyer Wavelets and operators 1

C. Weibel An introduction to homological algebra

W. Bruns & J. Herzog Cohen-Macaulay rings

V. Snaith Explicit Brauer induction

G. Laumon Cohomology of Drinfeld modular varieties 1

E. B. Davies Spectral theory and differential operators

J. Diestel, H. Jarchow, & A. Tonge Absolutely summing operators

P. Mattila Geometry of sets and measures in Euclidean spaces

R. Pinsky Positive harmonic functions and diffusion

G. Tenenbaum Introduction to analytic and probabilistic number theory
C. Peskine An algebraic introduction to complex projective geometry

Y. Meyer & R. Coifman Wavelets

R. Stanley Enumerative combinatorics I

1. Porteous Clifford algebras and the classical groups

M. Audin Spinning tops

V. Jurdjevic Geometric control theory

H. Volklein Groups as Galois groups

J. Le Potier Lectures on vector bundles

D. Bump Automorphic forms and representations

G. Laumon Cohomology of Drinfeld modular varieties 11

D. M. Clark & B. A. Davey Natural dualities for the working algebraist
J. McCleary A user’s guide to spectral sequences Il

P. Taylor Practical foundations of mathematics

M. P. Brodmann & R. Y. Sharp Local cohomology

J. D. Dixon et al. Analytic pro-P groups

R. Stanley Enumerative combinatorics II

R. M. Dudley Uniform central limit theorems

J. Jost & X. Li-Jost Calculus of variations

A.J. Berrick & M. E. Keating An introduction to rings and modules

S. Morosawa Holomorphic dynamics

A.J. Berrick & M. E. Keating Categories and modules with K-theory in view
K. Sato Levy processes and infinitely divisible distributions

H. Hida Modular forms and Galois cohomology

R. lorio & V. lorio Fourier analysis and partial differential equations

R. Blei Analysis in integer and fractional dimensions

F. Borceux & G. Janelidze Galois theories

B. Bollobas Random graphs






SOLITON EQUATIONS AND
THEIR ALGEBRO-GEOMETRIC
SOLUTIONS

Volume I: (1 + 1)-Dimensional Continuous Models

FRITZ GESZTESY HELGE HOLDEN

University of Missouri Norwegian University of
Columbia, Missouri Science and Technology
USA Trondheim, Norway

#% CAMBRIDGE

&L/ UNIVERSITY PRESS



CAMBRIDGE UNIVERSITY PRESS
Cambridge, New York, Melbourne, Madrid, Cape Town, Singapore, Sao Paulo

Cambridge University Press

The Edinburgh Building, Cambridge cB2 2ru, United Kingdom
Published in the United States by Cambridge University Press, New York
www.cambridge.org

Information on this title: www.cambridge.org/9780521753074

© Fritz Gesztesy, Helge Holden 2003

This book is in copyright. Subject to statutory exception and to the provision of
relevant collective licensing agreements, no reproduction of any part may take place
without the written permission of Cambridge University Press.

First published in print format 2003

ISBN-13 978-0-511-06870-6 eBook (EBL)
ISBN-10 0-511-06870-0 eBook (EBL)

ISBN-13  978-0-521-75307-4 hardback
ISBN-10 0-521-75307-4 hardback

Cambridge University Press has no responsibility for the persistence or accuracy of
URLs for external or third-party internet websites referred to in this book, and does not
guarantee that any content on such websites is, or will remain, accurate or appropriate.


http://www.cambridge.org
http://www.cambridge.org/9780521753074

To our parents
Friederike and Franz Gesztesy
Kirsten Kiellerup (in memoriam) and Finn Holden






Contents

Acknowledgments

Introduction

The KdV Hierarchy

1.1
1.2

1.3
1.4
1.5
1.6

Contents

The KdV Hierarchy, Recursion Relations,
and Hyperelliptic Curves

The Stationary KdV Formalism

The Time-Dependent KdV Formalism

General Trace Formulas

Notes

The Combined sine-Gordon and Modified KdV Hierarchy

2.1
2.2

23
24
2.5

Contents

The sGmKdV Hierarchy, Recursion Relations,
and Hyperelliptic Curves

The Stationary sGmKdV Formalism

The Time-Dependent sGmKdV Formalism

Notes

The AKNS Hierarchy

3.1
32

33
34
35
3.6

Contents

The AKNS Hierarchy, Recursion Relations,
and Hyperelliptic Curves

The Stationary AKNS Formalism

The Time-Dependent AKNS Formalism

The Classical Boussinesq Hierarchy

Notes

ix

page xi

19
19

20

178
190
212
228
237



X

Contents

4 The Classical Massive Thirring System

4.1
4.2

4.3
4.4
45

Contents

The Classical Massive Thirring System, Recursion Relations,

and Hyperelliptic Curves
The Basic Algebro-Geometric Formalism
Theta Function Representations of u, v, u*, v*
Notes

5 The Camassa—Holm Hierarchy

5.1
5.2

53

Contents

The CH Hierarchy, Recursion Relations,
and Hyperelliptic Curves

The Stationary CH Formalism

5.4 The Time-Dependent CH Formalism
5.5 Notes
Appendices
A Algebraic Curves and Their Theta Functions in a Nutshell
B Hyperelliptic Curves of the KdV-Type
C Hyperelliptic Curves of the AKNS-Type
D Asymptotic Spectral Parameter Expansions and Nonlinear

Recursion Relations

E Lagrange Interpolation

F Symmetric Functions, Trace Formulas,
and Dubrovin-Type Equations

G KdV and AKNS Darboux-Type Transformations

H Elliptic Functions

I Herglotz Functions

J  Spectral Measures and Weyl-Titchmarsh m-Functions
for Schrodinger Operators

List of Symbols

Bibliography

Index

242
242

243
249
267
283

286
286

287
293
308
322

327
327
355
367

380

401
425
445
450

455

466

469
501



Acknowledgments

. and the manuscript was becoming an albatross about my neck.
There were two possibilities: to forget about it completely,
or to publish it as it stood; and I preferred the second.
Robert P. Langlands'

This monograph has grown out of work we have done over the past 15 years
within the area of completely integrable nonlinear partial differential equations.
Our starting point has been that of mathematical analysis with emphasis on spectral
theoretic techniques. We have made every effort to be explicit and as detailed as
possible in the presentation of results. Consequently, this volume has acquired a
somewhat technical appearance. However, our experience in the extensive study
of an area, especially one in which the notion of exactly solvable models dom-
inates and hence explicit formulas abound, is that there can never be too many
details — mathematics is not a spectator sport.

We are indebted to many co-workers in this endeavor for the joy of collabora-
tion, among them, especially, Wolfgang Bulla, Ronnie Dickson, Victor Enol’skii,
Ratnam Ratnaseelan, Walter Renger, Barry Simon, Wilhelm Sticka, Gerald Teschl,
Karl Unterkofler, Rudi Weikard, and Zhongxin Zhao.

Special and heartfelt thanks are due to Harald Hanche-Olsen and Karl Un-
terkofler. Their around-the-clock unselfish assistance with all aspects, both math-
ematical and TgXnical, of an enterprise of this magnitude, has been of invaluable
help to us. Thanks a lot, Harald and Karl!

We are grateful to all the individuals who read portions of the manuscript and
supplied us with valuable comments and criticism. In particular, we would like to
thank Wolfgang Bulla, Steve Clark, Harald Hanche-Olsen, Emma Previato, Gerald
Teschl, Karl Unterkofler, and Rudi Weikard for their efforts to help us improve the
presentation.

' On the Functional Equations Satisfied by Eisenstein Series, Lecture Notes in Mathematics, 544,
Springer, Berlin, 1976, p. IIL.

Xi



xii Acknowledgments

We have established a Web page with URL
www.math.ntnu.no/holden/solitons

where we intend to keep an updated list of typographical errors for the benefit of
the reader. We encourage the reader to send comments, corrections, etc., to the
authors.

F.G. is indebted to Sergio Albeverio, Margarida de Faria, Gis¢le Ruiz Goldstein,
Jerry Goldstein, and Ludwig Streit for encouragement and support. Moreover,
he thanks Gisele and Jerry as well as Margarida and Ludwig for kind oppor-
tunities to lecture on various parts of the material in this volume at LSU, Baton
Rouge, Louisiana, USA (April 1996) and CCM, Universidade da Madeira, Portugal
(August 2001), respectively.

Research in this area has been funded in part by the University of Missouri
Research Board (grant RB-97-086), the Norwegian Academy of Science and
Letters, and last, but certainly not least, the Research Council of Norway.

Fritz Gesztesy July 2002
Department of Mathematics

University of Missouri

Columbia, MO 65211, USA

fritz@math.missouri.edu

www.math.missouri.edu/people/fgesztesy.html

Helge Holden

Department of Mathematical Sciences
Norwegian University of Science and Technology
NO-7491 Trondheim, Norway
holden@math.ntnu.no
www.math.ntnu.no/"holden/



Introduction

It often happens that the understanding of the mathematical nature
of an equation is impossible without a detailed understanding of
its solutions.

Freeman J. Dyson

Background: The discovery of solitary waves of translation goes back to Scott
Russell in 1834, and during the remaining part of the 19th century the true nature
of these waves remained controversial. It was only with the derivation by Korteweg
and de Vries in 1895 of what is now called the Korteweg—de Vries (KdV) equa-
tion, that the one-soliton solution and hence the concept of solitary waves was
put on a firm basis.! An extraordinary series of events took place around 1965
when Kruskal and Zabusky, while analyzing the numerical results of Fermi, Pasta,
and Ulam on heat conductivity in solids, discovered that pulselike solitary wave
solutions of the KdV equation, for which the name “solitons” was coined, in-
teract elastically. This was followed by the 1967 discovery of Gardner, Greene,
Kruskal, and Miura that the inverse scattering method allows one to solve initial
value problems for the KdV equation with sufficiently fast-decaying initial data.
Soon thereafter, in 1968, Lax found a new explanation of the isospectral nature of
KdV solutions using the concept of Lax pairs and introduced a whole hierarchy
of KdV equations. Subsequently, in the early 1970s, Zakharov and Shabat (ZS),
and Ablowitz, Kaup, Newell, and Segur (AKNS) extended the inverse scattering
method to a wide class of nonlinear partial differential equations of relevance
in various scientific contexts ranging from nonlinear optics to condensed matter
physics and elementary particle physics. In particular, solitons found numerous
applications in classical and quantum field theory and in connection with optical
communication devices.

Another decisive step forward in the development of completely integrable
soliton equations was taken around 1974. Prior to that period, inverse spectral

! With hindsight, though, it is now clear that other researchers, such as Boussinesq, derived the KdV
equation and its one-soliton solution prior to 1895, as described in the notes to Section 1.1.



2 Introduction

methods in the context of nonlinear evolution equations had been restricted to
spatially decaying solutions. In 1974-75, the arsenal of inverse spectral meth-
ods was extended considerably in scope to include periodic and certain classes
of quasi-periodic and almost periodic KdV solutions. This new approach to con-
structing solutions of integrable nonlinear evolution equations, partly based on
inverse spectral theory and partly relying on algebro-geometric methods devel-
oped by pioneers such as Dubrovin, Flaschka, Its, Krichever, Lax, Marchenko,
Matveev, McKean, Novikov, van Moerbeke — to name just a few — was followed
by very rapid development in the field. Within a few years of intense activity
worldwide, the landscape of integrable systems was changed forever. By the early
1980s the theory was extended to a large class of nonlinear (including some
multi-dimensional) evolution equations beyond the KdV equation, and the explicit
theta function representations of quasi-periodic solutions of integrable equations
(including, e.g., soliton solutions as special limiting cases) had introduced new
algebro-geometric techniques into this area of nonlinear partial differential equa-
tions. Subsequently, this led to several new and deep results in nonlinear partial dif-
ferential equations as well as in algebraic geometry (such as a solution of Schottky’s
problem).

Our series of monographs is devoted to this area of algebro-geometric solutions
of hierarchies of soliton equations.

Scope: We aim for an elementary, yet self-contained and precise, presentation of
hierarchies of integrable soliton equations and their algebro-geometric solutions.
Our point of view is predominantly influenced by analytical methods, especially
by spectral theoretic techniques. We hope this will make the presentation acces-
sible and attractive to analysts working outside the traditional areas associated
with soliton equations. Central to our approach is a simultaneous construction of
all algebro-geometric solutions and their theta function representation of a given
hierarchy. In this volume we focus on some of the key hierarchies in (1 4 1)-
dimensions associated with continuous integrable models such as the Korteweg—de
Vries hierarchy (KdV), the combined sine-Gordon modified Korteweg—de Vries
hierarchy (sGmKdV), the Ablowitz—Kaup—Newell-Segur hierarchy' (AKNS), the
classical massive Thirring system (Th), and the Camassa—Holm hierarchy (CH).
The key equations defining the corresponding hierarchies read

KdV: ut+%ux”—%uux =0,
sGmKdV: Uy — sin(u) = 0,
+ £ XX _i 2
AKNS: Prvabe i) _, ©0.1)
qr — qu.x + Lpq

! Using the gauge equivalence of the AKNS hierarchy and classical Boussinesq hierarchy, we also
treat the latter.
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—iu, +2v + 2vvtu
iuf +2v* 4+ 2vv*u*
—iv; + 2u + 2uu*v
vy + 2u* + 2uu*v*
CH: Ay — Uyyr — Uy — dUyltyy + 24uu, = 0.

Our principal goal in this monograph is the construction of algebro-geometric so-
lutions of the hierarchies associated with the equations listed in (0.1). Interest in
the class of algebro-geometric solutions can be motivated in a variety of ways:
It represents a natural extension of the classes of soliton and rational solutions,
and similar to these, its elements can still be regarded as explicit solutions of the
nonlinear integrable evolution equation in question (even though their complex-
ity considerably increases compared with soliton solutions due to the underlying
analysis on compact Riemann surfaces). Moreover, algebro-geometric solutions
can be used to approximate more general solutions (such as almost periodic ones),
although this is not a topic pursued in this monograph. Here we primarily focus on
the construction of explicit solutions in terms of certain algebro-geometric data on
a compact Riemann surface and their representation in terms of theta functions.
For instance, in KdV-type contexts, solitons arise as the special case of solutions
corresponding to an underlying singular hyperelliptic curve obtained by conflu-
ence of two or more branch points, and rational solutions correspond to a further
singularization of the original curve. In either case, the theta function associated
with the underlying algebraic curve degenerates into appropriate determinants with
exponential, respectively, rational entries.

We use basic techniques from the theory of differential equations, some spec-
tral analysis, and elements of algebraic geometry (most notably, the basic theory
of compact Riemann surfaces). In particular, we do not employ more advanced
tools such as loop groups, Grassmanians, Lie algebraic considerations, formal
pseudo-differential expressions, etc. However, occasionally we bridge the gap to
spectral theory and its vicinity and include some finer points of the basic formal-
ism often omitted in this context. Thus, this volume strays off the mainstream, but
we hope it appeals to spectral theorists and their kin and convinces them of the
beauty of the subject. In particular, we hope a reader interested in quickly pen-
etrating to the fundamentals of the algebro-geometric approach of constructing
solutions of hierarchies of completely integrable evolution equations will not be
disappointed.

Completely integrable systems, and especially nonlinear evolution equations of
soliton-type, are an integral part of modern mathematical and theoretical physics
with far-reaching implications from pure mathematics to the applied sciences.
We intend to contribute to the dissemination of some of the beautiful techniques
applied in this area.
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Contents: In the present volume we provide an effective approach to the con-
struction of algebro-geometric solutions of certain completely integrable nonlinear
evolution equations by developing a technique that simultaneously applies to all
equations of the hierarchy in question.

Starting with a specific integrable partial differential equation, one can build an
infinite sequence of higher-order partial differential equations, the so-called hierar-
chy of the original soliton equation, by developing an explicit recursive formalism
that reduces the construction of the entire hierarchy to elementary manipulations
with polynomials and defines the associated Lax pairs or zero-curvature equations.
Using this recursive polynomial formalism, we simultaneously construct algebro-
geometric solutions for the entire hierarchy of soliton equations at hand. On a more
technical level, our point of departure for the construction of algebro-geometric
solutions is not directly based on Baker—Akhiezer functions and axiomatizations
of algebro-geometric data but rather on Dubrovin-type equations, trace formulas,
and a canonical meromorphic function ¢ on the underlying hyperelliptic Riemann
surface K, of genus n € N. More precisely, this fundamental meromorphic func-
tion ¢ carries the spectral information of the underlying Lax operator (such as the
Schrddinger and Dirac operators in the KAV and AKNS contexts) and in many
instances represents a direct generalization of the Weyl-Titchmarsh m-function,
a fundamental device in the spectral theory of ordinary differential operators.
Riccati-type differential equations satisfied by ¢ separately in the space and time
variables then govern the time evolutions of all quantities of interest (such as that
of the associated Baker—Akhiezer vector). The basic meromorphic function ¢ on
ICy, is then linked with solutions of equations of the underlying hierarchy via trace
formulas and Dubrovin-type equations for (projections of) the pole divisor of ¢.
Subsequently, the Riemann theta function representation of ¢ is then obtained
more or less simultaneously with those of the Baker—Akhiezer vector and the
algebro-geometric solutions of the (stationary or time-dependent) equations of the
hierarchy of evolution equations. This concisely summarizes our approach to all
the (1 + 1)-dimensional, continuous integrable models discussed in this volume.

In the following we will detail this verbal description of our approach to algebro-
geometric solutions of integrable hierarchies with the help of the KdV hierarchy.
The latter consists of a sequence of nonlinear evolution equations for a function
u = u(x, t), the most prominent element of which, the KdV equation itself, is
given by

u; + %umx — %uux =0. 0.2)

The KdV hierarchy is the simplest of all the hierarchies of nonlinear evolution
equations studied in this volume, but the same strategy, with modifications to be
discussed in the individual chapters, applies to all integrable systems treated in this
monograph and is in fact typical for all (1 + 1)-dimensional integrable hierarchies
of soliton equations.
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A discussion of the KdV case then proceeds as follows.! In order to define
the Lax pairs and zero-curvature pairs for the KdV hierarchy, one assumes u to
be a smooth function on R (or meromorphic in C) in the stationary context or a
smooth function on R2 in the time-dependent case, and one introduces the recursion
relation for some functions f; of u by

Jo=1, for=—/Dfo—1xxx Fufo—1x+ A/ Du, fr—1, £eN. (0.3)

Given the recursively defined sequence { f¢}sen, (Whose elements turn out to be dif-
ferential polynomials with respect to u defined up to certain integration constants)
one defines the Lax pair of the KdV hierarchy by

2

L=—15+u. 0.4)
u d 1

Popii = Fooe— — = fu—ex ) L. (0.5)
; ( dx 2 )

The commutator of P,,+; and L then reads?

[P2n+l s L] = 2ﬁ1+l,m (06)

using the recursion (0.3). Introducing a deformation (time) parameter’ ¢, € R,
n € Ny into u, the KdV hierarchy of nonlinear evolution equations is then defined
by imposing the Lax commutator relations

d

—L — [Py,41,L]1 =0, 0.7

ar, [Pant1, L] 0.1
for each n € Ny. By (0.6), the latter are equivalent to the collection of evolution

equations®
KdV, () = u;, =2 fuy1x(u) =0, n e Ny. (0.8)
Explicitly,

KdVo(u) = usy — u, =0,

KdVi(u) = u;, + iu”x — %uux —ciuy =0,

| 5 5 15 2
KdV,(u) = U, — 7gUxxxxx + gUUXxx + gUxUxx — gU Uy

1 3
+ cl(zuxxx — Euux) —cu, =0, etc,

I All details of the following construction are to be found in Chapter 1.

2 The quantities Py, and { f¢}¢—o,...., are constructed in such a manner that all differential operators
in the commutator (0.6) vanish.

3 Here we follow Hirota’s notation and introduce a separate time variable f, for the nth level in the
KdV hierarchy.

4 In a slight abuse of notation, we will occasionally stress the functional dependence of f; on u, writing

fe().
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represent the first few equations of the time-dependent KdV hierarchy. Forn = 1
and c¢; =0, we obtain the KdV equation (0.2). Introducing the polynomials
(z€C),

Fu(@) =) fai2', (0.9)
=0

Grn1(2) = = Fx(@)/2 0.10)

H,11(2) = (2 —w)Fu(2) + (1/2) F 22(2), (0.11)

one can alternatively introduce the KdV hierarchy as follows. One defines a pair
of 2 x 2 matrices (U(z), V,+1(z)) depending polynomially on z by

0 1
Uz) = (_Z+u 0>, 0.12)

Gn— (Z) Fn(Z)
Va1 (2) = 1 : (0.13)
—Hp1(2)  —Gpi(2)
and then postulates the zero-curvature equation’
U, = Var1x + U, Vil = 0. (0.14)

One easily verifies that both the Lax approach (0.8) as well as the zero-curvature
approach (0.14) reduce to the basic equation

uy, +(1/2)Fyyxx — 2w — 2)Fy x —usF, = 0. (0.15)

Each one of (0.8), (0.14), and (0.15) defines the KdV hierarchy by varying n € Nj.

The strategy is as follows: We temporarily assume existence of a solution u
and derive several of its properties. In particular, we show that u satisfies a trace
formula (cf. (0.37) in the stationary case and (0.54) in the time-dependent case)
expressed in terms of certain Dirichlet data that satisfy the so-called Dubrovin
equations (cf. (0.38) in the stationary case and (0.55) in the time-dependent case),
a first-order system of ordinary differential equations that can be shown at least
locally to possess solutions. Furthermore, we deduce explicit formulas for the
solution u, the so-called Its—Matveev formulas (cf. (0.40) in the stationary case
and (0.57) in the time-dependent case).

The Lax and zero-curvature equations (0.7) and (0.14) imply a most remarkable
isospectral deformation of L, as will be discussed later in this introduction. At this

1 Equations W, = UV, ¥, =V, 1V and their compatibility condition (0.14), U;, — Vq1,x +
[U, Vat1] = 0 permit a geometrical interpretation as follows: U and V41 may be considered local
connection coefficients in the trivial vector bundle R? x C? with space-time IR? the base and ¥ taking
values in the fiber C2. The compatibility equation (0.14) then shows that the (U, V,,41)-connection
has zero-curvature, and hence (0.14) is called a zero-curvature representation of a nonlinear evolution
equation.
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point, however, we interrupt our time-dependent KdV considerations for a while
and take a closer look at the special stationary KdV equations defined by

u, =0, neNp. (0.16)

By (0.6)—(0.8) and (0.14), (0.15), the condition (0.16) is then equivalent to each
one of the following collection of equations, with n ranging in Ny, which then
defines the stationary KdV hierarchy,

[Prny1, L] =0, 0.17)

Jot1x =0, (0.18)

~Varix + U, Va1 =0, (0.19)

(1/2) Fypxxx — 20t — 2)Fyx — u F, = 0. (0.20)

To set the stationary KdV hierarchy apart from the general time-dependent one,
we will denote it by

sKdV,(u) = =2 f,p1.) =0, n e N,.

Explicitly, the first few equations of the stationary KdV hierarchy then read as
follows

s-KdVo(u) = —u, =0,

s-KdV (1) = Juger — Jun, — cruy =0,

1 5 5 15 2
S-Kde(M) = —1gUxxxxx + gUUxxx + FUxUxx — U Uy

1 3
—I—cl(zumx — Euux) —cu, =0, etc.

The class of algebro-geometric KAV potentials, by definition, equals the set of
solutions u of the stationary KdV hierarchy. In the following analysis we fix the
value of n in (0.17)—(0.20), and hence we now turn to the investigation of algebro-
geometric solutions u of the nth equation within the stationary KdV hierarchy.
Equation (0.17) is of special interest because, by a 1923 result of Burchnall and
Chaundy, commuting differential expressions (due to a common eigenfunction to
be discussed below, cf. (0.33), (0.34)) give rise to an algebraic relationship between
the two differential expressions. Similarly, (0.19) permits the important conclusion
that

B det(y Ly — i Vyy1(z, %)) = 0 (0.21)
and hence

det(ylr — i Vyi1(z, x)) = y* — det(V,41(z, x))
=32+ Gpo1(z, X)* = Fu(z, X)Hps1(2, ) = y* — Ropr1(z)  (0.22)
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for some x-independent monic polynomial R;, |, which we write as

2n
R2n+l(Z) = H(Z - Em) for some {Em }m:O,...,Zn C C.

m=0
In particular, the combination
Fo(2, X)Hy11(2, X) = Gpo1(2, %)* = Ryngr (2) (0.23)
is x-independent. Moreover, (0.20) can easily be integrated to yield
(1/2)Fy . Fy — (1/4)F; , — (u — 2)F; = Rypyy (0.24)

with precisely the same integration constant Ry, 1(z) asin (0.22). In fact, by (0.10)
and (0.11), equations (0.23) and (0.24) are simply identical. Incidentally, the alge-
braic relationship between L and P, alluded to in connection with the vanishing
of their commutator in (0.17) can be made precise as follows: Restricting Py, to
the (algebraic) kernel ker(L — z) of L — z, one computes, using (0.5) and (0.24),

1

2 1 2 2
(PZ"""I‘ker(L—z)) == (an,xan - ZFn,x —(u— Z)Fn>

ker(L—z)

= —R2n+1(L)|ker(sz)'

Thus, one concludes that P22n 41 and — Ry, 1 (L) coincide on ker(L — z), and since
z € C is arbitrary, one infers that

Py + Rysi(L)=0 (0.25)

holds once again with the same polynomial Ry, . The characteristic equation of
i Vyq1 (cf. (0.22)) and (0.25) naturally lead one to the introduction of the hyperel-
liptic curve IC,, of (arithmetic) genus n € Ny (possibly with a singular affine part)
defined by

2n
Ku: Fuzy) =Y = Ru1(2) =0, Ra1(@)=[](@ = En). (0.26)
m=0
We compactify the curve by adding the point P, (still denoting it by /C,, for sim-
plicity) and note that points P on the curve are denotedby P = (z, y) € K, \ {Poo}s
where y(-) is a meromorphic function on K, satisfying! y> — Ry, 1(z) = 0. For
simplicity, we will assume in the following that the (affine part of the) curve /C,
is nonsingular, that is, the zeros E, of R,,,; are all simple. Remaining within
the stationary framework a bit longer, one can now introduce the fundamental

meromorphic function ¢ on K, alluded to earlier as follows,
ly - Gn—l,x(z’ )C)

¢(P,x) = W 0.27)

—H,1(z, x)
= e p—(z,y)eK,. 0.28
ly + Gn—l,x(za )C) (Z y) ( )

! For more details, refer to Appendix B and Chapter 1.
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Equality of the two expressions (0.27) and (0.28) is an immediate consequence
of the identity (0.23) and the fact 2 = Ry1(2). A comparison with (0.19) then
readily reveals that ¢ satisfies the Riccati-type equation

b+ =u—z. (0.29)

The next step is crucial. It concerns the zeros and poles of ¢ and hence involves
the zeros of F,(-,x) and H, (-, x). Isolating the latter by introducing the fac-
torizations

n n
Fu(z.x) = [ [ = ;). Hupa(zox) = [ [ = vex)),
j=1 =0

one can use the zeros of F, and H, to define the following points {1 ;(x), De(x)
on /C,,

i) = (j(x), iGuo1x(j(x), x)), j=1,....n, (0.30)
De(x) = (We(x), —iGyo1 x(Ve(x), x)), £€=0,...,n. (0.31)

The motivation for this choice stems from y2 = Ry,+1(2) by (0.22), the identity
(0.23) (which combines to F, H,+1 — G>_, = y?), and a comparison of (0.27) and
(0.28). Given (0.27)—(0.31), one obtains for the divisor (¢( -, x)) of the meromor-
phic function ¢

(@(-, %) = Diyoypx) — Propco- (0.32)

Here we abbreviated o = {f1y,..., .}, D = {D1,..., D,} € Sym"(K,), with
Sym™(KC,,) the nth symmztric product of K, and used our conventions' (A.43),
(A.47), and (A.48) to denote positive divisors of degree n and n + 1 on K.
Given ¢( -, x), one defines the stationary Baker—-Akhiezer vector V(- , x, xo) on

Kn \ {Poo} by

U= (5;) . Y1(P, x, xg) = exp </ dxlcb(P,x/)), Y2 = Y1 x-

In particular, this implies

é =Y /Yn

and the following normalization? of Y, Yi(P, xo, x0) = 1, P € I, \ {Poo}- The
Riccati-type equation (0.29) satisfied by ¢ then shows that the Baker—Akhiezer

1 Do(P)=m if P occurs m times in {Q1,..., Q,} and zero otherwise, Q = {Q1, ..., On} €
Sym"()C,). Similarly, Do, = Do, + Do, Do = Dg, + -+ Dg,, Qo € Ky, and Dy(P) = 1
for P = Q and zero otherwise.

2 This normalization is less innocent than it might appear at first sight. It implies that D,y and Dy
are the divisors of zeros and poles of ¥ (-, x, xp) on K, \ {Pso}- n -



10 Introduction

function ¥ is the common formal eigenfunction of the commuting pair of Lax
differential expressions L and Py, |,

Ly (P) = zyn(P), (0.33)
Py (P) = iyyn(P), P =(z,y), (0.34)

and at the same time the Baker—Akhiezer vector W satisfies the zero-curvature
equations,

Vi (P) = U(W(P), (0.35)
iyW(P) =V, (QW(P), P=(z,y). (0.36)

Moreover, one easily verifies that away from the (finite) branch points (E,,, 0),
m =20, ...,2n, of the two-sheeted Riemann surface KC,, the two branches of
Y, constitute a fundamental system of solutions of (0.33) and similarly, the two
branches of W yield a fundamental system of solutions of (0.35). Since ¥ (-, x, xo)
vanishes at fj(x), j=1,...,n and ¥»(-, x, x9) = ¥ (-, x, Xo) vanishes at
De(x), £ =0,...,n, we may call {{;(x)};=1,., and {D¢(x)}¢=o,... . the Dirichlet
and Neumann data of L at the point x € R, respectively.

Now the stationary formalism is almost complete; we only need to relate the
solution u of the nth stationary KdV equation and K, -associated data. This can be
accomplished in several ways. We describe two of them next.

First we relate u and the zeros . ; of F,. This is easily done by comparing the
coefficients of the power z%" in (0.24) and results in the trace formula,

2n n
M:ZEm—ZZ,LLj. 0.37)
m=0 j=1

Next we will indicate how to reconstruct (at least locally) u from Dirichlet data at
just one fixed point xo. Combining the definition (0.30) of f1; and that of G,,_; in
(0.10) yields, after a comparison with the x-derivative of F,(z,x) = [[}_,(z —
M (X)),

Y(j(x) = iGp1(j(x), x) = —((/2)Fy x (1 j(x), x)
= (/D)@ [ o) — ), j=1,....n.
k=1
k#j

Hence, one arrives at the Dubrovin equations for fi;, an autonomous first-order
system of differential equations on kC,,

wie==20y@) [ [ (s =)™ j=1.....n (0.38)
k=1

KZj
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Augmenting (0.38) with appropriate initial data

{fj(x0)}j=1,..n C Ly (0.39)

for some xp € R, with 14 ;(x9), j = 1, ..., n assumed to be distinct, one can solve
the Dubrovin system (0.38) at least locally! in a neighborhood of the point x
and then reconstruct # in that neighborhood using the trace formula (0.37). In
other words, the Dirichlet data {ft;(x¢)};=1,...,» in (0.39) at the point xy can be
used to reconstruct # in a neighborhood of x(. Since u can be shown to be mero-
morphic, this uniquely determines u (even though it is not necessarily clear from
our discussion thus far how to reconstruct u globally). Furthermore, u satisfies
s-KdV,(u) = 0.

An alternative reconstruction of u, nicely complementing the one just discussed,
can be given with the help of the Riemann theta function® associated with K, and
an appropriate homology basis of cycles on it. The known zeros and poles of ¢
(cf. (0.32)), and similarly, the set of zeros {1 j(x)} ;=1,...,, and poles {{tj(x0)} j=1,....n
of the Baker—Akhiezer function ¥ ( -, x, xo) together with the characteristic essen-
tial singularity of 1| at Pe,, then permit one to find theta function representations
for ¢ and i, by alluding to Riemann’s vanishing theorem and the Riemann—
Roch theorem.? The corresponding theta function representation of the algebro-
geometric solution # of the nth stationary KdV equation then can be obtained from
that of ¥; by an asymptotic expansion with respect to the spectral parameter near
the point Py,. Alternatively, one can use the trace formula (0.37) and apply the
known theta function representations for symmetric functions of the projections
wj(x) of the zeros [ j(x) of ¥ to the special case Z']’.:l w1 (x) at hand. Either way,
the resulting final expression for u, called the Its—Matveev formula, is of the type

u(x) = Ag — 29 In(6(A + Bx)). (0.40)

Here the constants Ay € C and B € C" are uniquely determined by /C, (and its
homology basis), and the constant A € C" (related to the Abel map of the di-
visor Dp(y,) is in one-to-one correspondence with the Dirichlet data fi(xo) =
(/ll(xo),i. ., a(x0)) € Sym"(KC,) at the point xq as long as the divisor Z_Dﬂ(x()) is
assumed to be nonspecial.* Moreover, the theta function representation (0.40)
remains valid as long as the divisor Dy stays nonspecial. We emphasize the re-
markable fact that the argument of the theta function in (0.40) is linear with respect
to x.

In some situations, such as the case of periodic u, it is possible to elevate this procedure to a global
reconstruction of u even in the presence of collisions of fi; on K. But this requires an extensive
analysis we mention in the notes to Appendix F.

For details on the n-dimensional theta function 6(z), z € C", we refer to Appendices A and B.

We defer the analogous discussion of v, to Chapter 1 for simplicity.

If D =n Dy, + -+ n; Dy, € Sym"(I,,) for some ny € Ne¢=1,...,k,withn; +---+n; =n,
then D is called nonspecial if there is no nonconstant meromorphic function on /C,, that is holomorphic
on IC, \ {Q1, ..., Ok} with poles at most of order ny at Qp, £ = 1,... k.

w o

IS
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The current discussion assumed that one started with a solution u of the nth
stationary KdV equation and then either reconstructed it from the trace formula
(0.37), or represented the given u in terms of the theta function associated with
ICyis as in (0.40). In addition to this procedure we also solve the following inverse
problem: Given appropriate initial data (0.39) and solutions fi;(x), ..., fi,(x) of
the first-order Dubrovin system (0.38) on an open interval 2 C R containing the
point xo, we will define u on €2 in terms of the trace formula (0.37) and then prove
that u so defined satisfies the nth stationary KdV equation on 2.

This completes our somewhat lengthy excursion into the stationary KdV hierar-
chy. In the following we return to the time-dependent KdV hierarchy and describe
the analogous steps involved to construct solutions u = u(x, t,) of the rth KdV
equation with initial values being algebro-geometric solutions of the nth station-
ary KdV equation. More precisely, we are seeking a solution u of the following
algebro-geometric initial value problem

KdV,(u) = u;, = 2fri1x) =0, uly—,, =u®, (0.41)
s-KdV, (u?) = =2f11.(u?) =0 (0.42)

for some #p, € R, n,r € Ny and a fixed curve K, associated with the stationary
solution #© in (0.42).

We pause for a moment to reflect on the pair of equations (0.41), (0.42): As
it turns out, they represent a dynamical system on the set of algebro-geometric
solutions isospectral to the initial value u‘®. The term isospectral here alludes to
the fact that for any fixed ¢,, the solution u( -, ) of (0.41), (0.42) is a stationary
solution of (0.42),

S'Kdvn(u( ) tr)) = _2fn+l,x(u( ) tr)) =0

associated with the fixed underlying algebraic curve /C,. Put differently, u( -, f,.) is
an isospectral deformation of u® with #, the corresponding deformation parameter.
In particular, u( -, #,) traces out a curve in the set of algebro-geometric solutions
isospectral to u(©.

Since the integration constants in the functionals f; of u in the stationary and
time-dependent contexts are independent of each other, we indicate this by placing
a tilde over all the time-dependent quantities. Hence, we will employ the notatlon
P2,+1, Vr+1, Fr, etc., to distinguish them from Ps,+1, V41, Fy, etc. Thus, P2,+1,
V,+1, F,, H,+1, fY are constructed in the same way as P41, Vit1, Fus Hy, fo
using the recursion (0.3) with the only difference being that the set of integration
constants ¢, in f; is independent of the set c; used in computing ;.

Our strategy will be the same as in the stationary case: Assuming existence of a
solution u, we will deduce many of its properties, which, in the end, will yield an
explicit expression for the solution. In fact, we will go a step further, postulating
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the equations
w, = —(1/2)Frun + 2 — 2)F,  +u, F,, (0.43)
(1/2)F, i Fy — (1/AF} — (= )F] = Rouy1. (0.44)

where u©® = u@(x) in (0.42) has been replaced by u = u(x, t,) in (0.44). Here,
F@) =Y fo'=][c-np. F@=) fr
=0 j=1 5=0

for fixed n, r € Ny. Introducing G,—, Hy+1, U, V,41 and 5,,1, ITIHI, V,H (re-
placing F, by F,) as in (0.10)—(0.13), we observe that the basic equations (0.43),
(0.44) are equivalent to the Lax equations

d -
L [Py, L1=0,
ar [Por41, L]

[Prpy1, L1 =0,

and to the zero-curvature equations

U, = Vii1x + U, Vo1 =0, (0.45)
_Vn+l,x + [Uv Vn+1] =0. (046)

Moreover, one computes in analogy to (0.21) and (0.22) that

ax det(yIZ - iVn+1(Z, X, tr)) = O,
atr det(ylz - inhLl(Zv X, tr)) = 01

and hence

det(ylr — iVoy1(z, x, 1)) = y* — det(V,41(z, x, 1,))
=Y+ Guoi(z, X, 1) = Fulz, X, 1) Hy1 (2, X, 1) = ¥ — Ropy1(z)  (0.47)

is independent of (x, #,). Thus,

FyHyi1 — G2 = Ry, (0.48)
(1/2)Fpxx Fy — (1/8F;  — (u — 2)F; = Roup (0.49)

hold as in the stationary context. The independence of (0.47) of 7, can be interpreted
as follows: The rth KdV flow represents an isospectral deformation of the curve
K, defined in (0.26); in particular,l the branch points of IC,, remain invariant under

! Property (0.50) is weaker than the usually stated isospectral deformation of the Lax operator L(f,).
However, the latter is a more delicate functional analytic problem marred by possible singularities
of u and possible non-self-adjointness of L(#).
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these flows,
0 E, =0, m=0,...,2n. (0.50)

As in the stationary case, one can now introduce the basic meromorphic function
¢ on IC, by

ly - Gn—l(Z, X, tr)

Fn(Z, -x1 tr)
_ —IIp41 (Za X, tr)

iy + anl,x(Za X, t) '
and a comparison with (0.45) and (0.46) then shows that ¢ satisfies the Riccati-type
equations

¢(P,x, 1) =

P=(z,y) e Ky,

¢ +*=u—1z, (0.51)
¢, =0.(F,¢+G, 1) =—F, ¢’ —2G, 1 — H,. (0.52)
Next, factorizing F, and H, . as before,

Fa(z,x, ) = [ [ =i, 1)), HapaGox, 1) = [ (2 = wetx, 1),
j=1 =0

J

one introduces points [ ;(x, ), D¢(x, t.) on K, by

/ljz(u’jvianl,x(Mj))v j:19'-~7n9
ﬁ[ = (VZ’ _iGn—l,x(VZ))a = 07 R

and obtains for the divisor (¢( -, x, #,)) of the meromorphic function ¢
(@(-, x, 1)) = Diyx 00,10 — Projutrs)s

as in the stationary context. Given ¢( -, x, t,), one then defines the time-dependent
Baker—Akhiezer vector W( -, x, Xo, t, to.r) on KCp, \ { Pso} by

Y
\Il =
<W2> ’
Y1(P, x, xo, tr, ,r) = €Xp (/ ds (F,(z, x0, $)p(P, x0, 8) + G,_1(2, X0, 5))

fo,r

+ /x dx' (P, x', t,)),
1#2 = WI,x-

The Riccati-type equations (0.51), (0.52) satisfied by ¢ then show that

_Vn+l,t, + [F‘Z’Jrlv Vn+1] =0 (053)

in addition to (0.45), (0.46). Moreover, they yield again that the Baker—Akhiezer
function ¥ is the common formal eigenfunction of the commuting pair of Lax



Introduction 15
differential expressions L(#,) and P,4(?)),

Ly (P) = zyn(P),
Popi1(P) = iyyn(P),
¥, (P) = Por 1 Y(P)
= F,@y(P)+ G, 1 (Q¥(P), P =(z,y),
and at the same time the Baker—Akhiezer vector W satisfies the zero-curvature
equations
W, (P)=U(@VY(P),
iyW(P) = V1 (2)W(P),
W, (P) = Von(@W(P), P =(zy)

The remaining time-dependent constructions closely follow our stationary outline.
First one notes again the trace formula

2n n
uGe, ) =) Ew—2) (. 1,) (0.54)
m=0 j=1

as a consequence of (0.49). Next, to reconstruct u (locally) from Dirichlet data at
just one fixed point (xo, ), one derives the Dubrovin equations'

n
Wi = =20y@p) [ [y =m0~
k=1
k#j
~ n
g = =20 F(upy@p) [ [ — o™,

k=1
k]

(0.55)

using (0.44), and (0.53) for F}, ;, as in the stationary case. Augmenting (0.55) with
appropriate initial data

{:aj(x()v tO,r)}j:l ..... n C ICn (056)

for some (xg, to.,) € R?, with wj(xo, for), j=1,...,n assumed to be distinct,
one can again solve the Dubrovin system (0.55), at least locally in a neighborhood
of the point (xo, fy ), and then reconstruct « in that neighborhood using the trace
formula (0.54). In other words, the Dirichlet data {ft ;(xo, to,-)} j=1,...» in (0.56) at
the point (xo, t ) reconstruct # in a neighborhood of (xy, o ;).

The corresponding representations of u, ¢, and W in terms of the Riemann theta
Sfunction associated with /C,, is then obtained in close analogy to the stationary
case. Particularly, in the case of u, one obtains the Its—Matveev formula

u(x, 1) = Ao — 297 In(0(A + Bx + C,1,)), (0.57)

! To obtain a closed system of differential equations, one has to express F +(u ;) solely in terms of
75 . y and Ey, ..., Eoyy1; see (1.222) and (1.223).
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where the constants Ag € C and B, C, € C" are uniquely determined by ', and
r, and the constant A € C" is in one-to-one correspondence with the Dirichlet
data E(XQ, tO,r) = (11 (xo, 107)s -y (X0, lO,r)) € Sym"(lCn) at the pOth (x0, l‘()’r)
as long as the divisor Dyyy, 1, ,) is assumed to be nonspecial. Moreover, the theta
function representation (0.57) remains valid as long as the divisor Dy ;) stays
nonspecial. Again one notes the remarkable fact that the argument of the theta
function in (0.57) is linear with respect to both x and ¢,.

Again, the current discussion assumed one started with a solution u of the
KdV initial value problem (0.41), (0.42) and then either reconstructed it from
the trace formula (0.54) or represented the given u in terms of the theta function
associated with /C,,, as in (0.57). In addition to this procedure we also solve the
following inverse problem: Given appropriate initial data (0.56) and solutions
a(x, t.), ..., Au(x, t.) of the first-order Dubrovin system (0.55) on a connected
open set 2 C R? containing the point (xo, # ), we will define u on €2 in terms of
the trace formula (0.54) and then prove that u so defined satisfies the KdV initial
value problem (0.41), (0.42) on 2.

The reader will have noticed that we used terms such as integrability, soli-
ton equations, isospectral deformations, etc., without offering a precise definition
for them. Arguably, an integrable system in connection with nonlinear evolution
equations should possess several properties, including, for instance,

* infinitely many conservation laws

* isospectral deformations of a Lax operator

* action-angle variables, Hamiltonian formalism

* algebraic (spectral) curves

* infinitely many symmetries and transformation groups
* ‘“explicit” solutions.

Although many of these properties apply to particular systems of interest, there
is simply no generally accepted definition to date of what constitutes an inte-
grable system.! That explicit but meromorphic (i.e., singular) solutions of systems
such as the KdV hierarchy abound and local integrability of conserved densities
as well as the functional analytic meaning of the Lax operator and its isospec-
tral deformations in appropriate spaces are not obvious makes it plausible that
no universally accepted notion of integrability can be achieved. Thus, different
schools have necessarily introduced different shades of integrability (Liouville in-
tegrability, analytic integrability, algebraically complete integrability, etc.); in this
monograph we found it useful to focus on the existence of underlying algebraic
curves and explicit representations of solutions in terms of corresponding Riemann
theta functions and limiting situations thereof.

! This has been eloquently discussed in Hitchin et al. (1999, p. 1ff). Most appropriate in this context
seems Cherednik’s statement, “All non-integrable equations are non-integrable the same way, all
integrable ones are integrable in their own way,” in the preface to Cherednik (1996).
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Finally, a brief discussion of the content of each chapter is in order (addi-
tional details are collected in the list of contents at the beginning of each chapter).
Chapter 1 is devoted to the KdV hierarchy and its algebro-geometric solutions. We
have just given a fairly detailed outline of the KdV theory, and hence it suffices
to mention that, in addition to that material, we will provide a general approach
to trace formulas for Schrodinger operators L that is not restricted to the case
of algebro-geometric potentials u. Throughout that chapter we often isolate the
special case where u is real-valued and then describe the spectral theoretic prop-
erties of algebro-geometric Schrodinger operators. In Chapter 2 we turn to the
sine—Gordon (sG) equation. In fact, we describe the algebro-geometric approach
to a particular hierarchy of nonlinear evolution equations that link the sine-Gordon
equation and the modified Korteweg—de Vries (mKdV) hierarchy, which we call the
sGmKdV hierarchy. Next, in Chapter 3, we consider the Ablowitz—Kaup—Newell—
Segur (AKNS) hierarchy (a complexified nonlinear Schrodinger (nS) hierarchy)
of evolution equations and its algebro-geometric solutions. Employing the gauge
equivalence of the AKNS and classical Boussinesq (cBsq) hierarchies, we also
derive the algebro-geometric cBsq solutions. Chapter 4, devoted to the classical
massive Thirring system (a complexified classical massive Thirring model), is
somewhat of an exception, for we restrict ourselves to the basic equation itself
and refrain from a discussion of the corresponding hierarchy. In our final chapter,
Chapter 5, we discuss the algebro-geometric approach to the Camassa—Holm (CH)
hierarchy — a hierarchy whose higher elements define nonlocal evolution equations
with respect to u.

Presentation: Each chapter, together with appropriate appendices compiled in
the second part of this volume, is intended to be essentially self-contained and
hence can be read independently from the remaining chapters. Occasionally we
provide more detail in the KdV chapter since it is the first and principal one in this
volume and by far the simplest with respect to the complexity of the whole for-
malism involved. This attempt to organize chapters independently of one another
comes at a price, of course: Similar arguments in the construction of algebro-
geometric solutions for different hierarchies are repeated in different chapters. We
believe this makes the results more easily accessible.

References are deferred to detailed notes for each section at the end of every
chapter. In addition to comprehensive bibliographical documentation of the ma-
terial dealt with in the main text, these notes also contain numerous additional
comments and results.

Succinctly written appendices, many of which summarize subjects of interest
on their own, such as compact (and particularly hyperelliptic) Riemann surfaces,
Darboux transformations, elliptic functions, Weyl-Titchmarsh theory for second-
order differential operators, and associated Herglotz functions, guarantee a fairly
self-contained presentation accessible at the advanced graduate level.
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An extensive bibliography is included at the end of this volume. Its size reflects
the enormous interest this subject generated over the past three decades. It un-
derscores the wide variety of techniques employed to study completely integrable
systems. Even though we undertook every effort to provide an exhaustive list of
references, the result in the end must necessarily be considered incomplete. We re-
gret any omissions that have occurred. Publications with three or more authors are
abbreviated with “First author et al. (year)” in the text. If more than one publication
yield the same abbreviation, latin letters a,b,c, etc., are added after the year. In the
bibliography, publications are alphabetically ordered using all authors’ names and
year of publication.

Future Projects: Volume II in our series will be devoted to (1 + 1)-dimensional
lattice models associated with hyperelliptic curves and include the Toda, Kac—van
Moerbeke, and variants of the Ablowitz—Ladik hierarchies. A subsequent project
will treat completely integrable equations associated with non-hyperelliptic curves,
including the Boussinesq and Gelfand—Dickey hierarchies in (1 4 1)-dimensions,
the multi-dimensional Davey—Stewartson and Kadomtsev—Petviashvili equations,
and certain systems associated with curves of infinite genus.



1
The KdV Hierarchy

Im folgenden fiihre ich den Leser auf dem von mir selbst
zuriickgelegten, etwas indirekten und holperigen Wege,
weil ich nur so hoffen kann, dafl er dem Endergebnis
Interesse entgegenbringe.

Albert Einstein!

1.1 Contents
The Korteweg—de Vries (KdV) equation

1 3
U+ glyex — suly =0

for a function u = u(x, ¢) with its origins in fluid dynamics has a long and interest-
ing history,” but this chapter focuses on a relatively recent development since the
mid-1970s, the construction of algebro-geometric solutions of the KdV hierarchy.
Below we briefly summarize the principal content of each section. A more detailed
discussion of the contents has been provided in the introduction to this volume.

Section 1.2.

* polynomial recursion formalism, Lax pairs (L, P,1)
* stationary and time-dependent KdV hierarchy
* Burchnall-Chaundy polynomial, hyperelliptic curve /C,

Section 1.3. (stationary)

e properties of ¢ and the Baker—Akhiezer function ¥
* Dubrovin equations for Dirichlet, Neumann, and other auxiliary divisors

Kosmologische Betrachtungen zur allgemeinen Relativitétstheorie, Konigl. Preufs. Akad. Wissensch.
(Berlin), Sitzungsber. (1917), 142-152. (“In the present paragraph I shall conduct the reader over the
road that I have myself traveled, rather a rough and winding road, because otherwise I cannot hope
that he will take much interest in the result at the end of the journey.”)

2 A guide to the literature can be found in the detailed notes at the end of this chapter.
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* trace formulas for # and higher-order KdV invariants

* theta function representations for ¢, i, the Its—Matveev formula for u
* the algebro-geometric initial value problem

* examples

Section 1.4. (time-dependent)

* properties of ¢ and the Baker—Akhiezer function ¢

* Dubrovin equations for Dirichlet, Neumann, and other auxiliary divisors
* trace formulas for # and higher-order KdV invariants

* theta function representations for ¢, ¥, the Its—Matveev formula for u

* the algebro-geometric initial value problem

* examples

Section 1.5. (trace formulas)

* general boundary conditions

* KdV invariants

e asymptotic spectral parameter expansions of Green’s functions
* spectral shift function

* general trace formulas for KdV invariants

This chapter relies on terminology and notions developed in connection with
compact Riemann surfaces. A brief summary of key results as well as definitions of
some of the main quantities can be found in Appendices A, B, and F. Occasionally,
we also draw from the spectral theory of Schrodinger operators, and some of the
relevant material is summarized in Appendices G, I, and J.

1.2 The KdV Hierarchy, Recursion Relations, and Hyperelliptic Curves

In this section we provide the construction of the KdV hierarchy using a polyno-
mial recursion formalism and derive the associated sequence of KdV Lax pairs.
Moreover, we discuss the Burchnall-Chaundy polynomial in connection with the
stationary KdV hierarchy and the underlying hyperelliptic curve.

Throughout this section we suppose the following hypothesis.

Hypothesis 1.1 In the stationary case we assume that u: R — C is smooth,' that
is,

u € C¥(R). (L.
In the time-dependent case we suppose that u: R* — C satisfies®

u(-,1) e C*R), t € R, u(x,-)eC'R), x eR. (1.2)

1 Alternatively, one could suppose that u: C — C is meromorphic.
2 Again one could assume that for fixed ¢ € R, u( -, #) is meromorphic, etc.
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Actually, up to (1.20) our analysis will be time-independent, and hence only
the space variation of u will matter. Consider the one-dimensional second-order
differential expression

d2

L=—W+u (1.3)

of Schrodinger-type. To construct the KAV hierarchy we need a second differential

expression of order 2n + 1, denoted by P», 41, n € Ny, defined recursively in the

following. We take the quickest route to the construction of P,,; and hence to

that of the KdV hierarchy by starting from the recursion relation (1.4) below.

Subsequently, we will offer the motivation behind this approach (cf. Remark 1.4).
Define { f}¢en, recursively by

Jo=1, fex= _(1/4)fZ—l,xxx + ufz-1,x + 1/ 2ux fr—1, €eN. (1.4)

Explicitly, one finds

fo=1,
fi= %M+C1,
fr=—tug + 30 +otu+ o, (1.5

_ 1 5 5.2 5
f3 - ﬁuxxxx - ﬁuuxx - 3_2ux + ﬁ,u

+oi(— guex + 307) + 2du+ o, ete

3

Here {c;}sen C C denote integration constants that naturally arise when solving
(1.4). Subsequently, it will be convenient also to introduce the corresponding
homogeneous coefficients 7, defined by the vanishing of the integration constants
cefork=1,...,¢,

fo=fo=1. Fe=fly_oper o CEN (1.6)
Hence,
¢
fe=> coxfr. LN,
k=0
introducing

C():l.

Remark 1.2 Using the nonlinear recursion (D.8) in Theorem D.1, one infers
inductively that all homogeneous elements fe (and hence all f;), £ € Ny, are dif-
ferential polynomials in u, that is, polynomials with respect to «# and (some of) its
x-derivatives. (Alternatively, one can prove directly by induction that the nonlinear
recursion (D.8) is equivalent to that in (1.4) with all integration constants put to
zero,c, = 0,2 € N.)
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Next we define differential expressions P, of order 2n + 1 by

& d 1
P2n+1 = ; <fnfl£ - Efnfli,x>Lz7 ne I\IO- (17)

We record the first few Py,41,

_d
Pl_dx’

& 3,4 3 a4
Py=—gstaug s tag,

_ & 5, d° 7 d? 3.2 d 15
Ps = i = quge + st + (307 = 3uc) it + 2uus — Rt

3.2 1 &3 3.4d 3 d
30’ = qun o= 45+ 3ug + ) + g, et

Introducing the corresponding homogeneous differential expressions ﬁ2Z+1 de-
fined by

.....

one finds

n

Py = ch%ﬁzﬁﬂ' (1.8)
=0

Using the recursion (1.4), the commutator of P,,4; and L can be explicitly com-
puted and yields'

[PZn—H» L] = 2fn+l,x; ne I\IO- (19)

In particular, (L, P»,4+1) represents the celebrated Lax pair of the KdV hierarchy.
Varying n € Ny, the stationary KdV hierarchy is then defined in terms of the
vanishing of the commutator of P, and L in (1.9) by,

—[Pot1, L1 = =2 fuq1,x(w) = s-KdV,(u) =0, n € No. (1.10)
Explicitly,

s-KdVy(u) = —u, =0,

S'Kdvl(u) = }‘uxxx - %MMX + Cl(_ux) =0,

%uzux

1 5 5
s-KdV,(u) = —TgUxxxxx t gUUxxx + FUxUxx —

+Cl(};uxxx — %MMX) —+ Cz(—l,{x) = O, etc.,

represent the first few equations of the stationary KdV hierarchy. By definition,
the set of solutions of (1.10), with n ranging in Ny and ¢, in C, £ € N, represents

! The recursion (1.4) is constructed in such a manner that the commutator of P,, | and L ceases to
be a higher-order differential expression but results in multiplication by 2 f,41,, only.
2 In asslight abuse of notation we will occasionally stress the functional dependence of f; on u, writing

Se(u).
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the class of algebro-geometric KdV solutions. At times it will be convenient to ab-
breviate algebro-geometric stationary KdV solutions u simply as KdV
potentials.

In the following we will frequently assume that u satisfies the nth stationary
KdV equation. By this we mean it satisfies one of the nth stationary KdV equations
after a particular choice of integration constants ¢, € C, £ =1, ...,n,n € N, has
been made.

In accordance with our notation introduced in (1.6) and (1.8), the corresponding

homogeneous stationary KdV equations are defined by
s-KdV,,(u) = s- KdV,l(u)| =0, neN,.

Next, we introduce a polynomial F, of degree n with respect to the spectral
parameter z € C by

Fi@) =) faeiz =Y eneFul2), (1.11)
=0 =0

where F. ¢ denotes the corresponding homogeneous polynomials defined by

4

Fo@ =Fo@ =1, Fi2)=FQ)| . = Fexds teN.
k=0

Explicitly, one obtains
Fo=1,
Fi=z+ lu + ¢y,
Fo=2"+3uz — tu. + 3u +C1(M+Z)+CZ,
Fy =2+ juz® + (= gltax + )2+ gpllares — jelliter — 35li%
+ 16u —i—cl(z + 5 uz u”—i— 3u )+cz(z+%u)+03, etc.
The recursion relation (1.4) together with (1.10) implies that
Foyxx — 4w —2)F,  —2u, F, =0. (1.12)
Multiplying (1.12) by F, a subsequent integration with respect to x results in
(1/2)Fy i Fy — (/HF2, — (= 2)F2 = Ropy1, (1.13)

where Ry, is a monic polynomial of degree 2n + 1. We denote its roots' by
{E .} m=o....2n and hence write

2n

Ry1() = [[e = En).  {Em}m=o...2n C C. (1.14)

! The roots of Ry, are related to the spectrum of a closed realization of L in L (R) (see, e.g., (J.38)
in the special self-adjoint case).
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Equation (1.13) can be used to derive nonlinear recursion relations for the ho-
mogeneous coefficients ﬂ (i.e., the ones satisfying (1.6) in the case of vanishing
integration constants), as proved in Theorem D.1 in Appendix D. This has in-
teresting applications to the asymptotic expansion of the Green’s function of L
with respect to the spectral parameter, as briefly discussed in Remark D.2, and
also yields a proof that f, are differential polynomials in u# (cf. Remark 1.2). In
addition, as proven in Theorem D.1, (1.13) leads to an explicit determination of
the integration constants cy, ..., ¢, in

s-KdV,(u) = _2fn+1,x(u) =0

in terms of the zeros Ey, . .., E,, of the associated polynomial R;,+ in (1.14). In
fact, one can prove (cf. (D.9))

co=cy(E), £=0,...,n, (1.15)
where
co(E) =1,
k . .
2jo)! -+ (2 jan)! j j

)=~ IR TNTTEY — B Ef,

,.0;2”_0 2% (o2 (D2 Qjo — D @ja — )02

joJr“.J;»jz":k

k=1,...,n. (1.16)

Next, we study the restriction of the differential expression P, to the two-
dimensional kernel (i.e., the formal null space in an algebraic sense as opposed to
the functional analytic one) of (L — z). More precisely, let'

ker(L — z) = {¢y: R - C,, meromorphic | (L —z)¥ =0}, zeC, (1.17)

then, (1.7) implies

(1.18)

d 1
A (F,,(Z)E — 5Fua(2) s

We emphasize that the result (1.18) is valid independently of whether P»,.; and
L commute. However, if one makes the additional assumption that P,,,; and L
commute, we will now prove that this implies an algebraic relationship between
P, and L.

Theorem 1.3 (Burchnall-Chaundy) Assume that P,,y, and L commute,
[Pon+1, L] = 0, or equivalently, suppose s-KdV,,(u) = =2 f, 41 .(u) = 0 for some

U If u is considered on C, then v in (1.17) should be considered on C too.
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n € No. Then L and Py, satisfy an algebraic relationship of the type (cf. (1.14))

Fu(L, =i Pryi1) = — P3| — Rapri(L) = 0,

2 (1.19)
Ru1(@) == En). zeC.

m=0
Proof Using relations (1.18) and (1.13) one finds that

(Pantt o))’ = — (/2 Fu s By = (1/HFE, = (0 = DF) |y

= —Ry,+1(L) ’ker(L—Z) :

Thus, one concludes that P22n 41 and — Ry, (L) coincide on ker(L — z), and since
z € C s arbitrary, one infers that (1.19) holds. [

The expression F,(L, —i P,+1) is called the Burchnall-Chaundy polynomial
of the pair (L, P,,+1). Equation (1.19) naturally leads to the hyperelliptic curve
KC,, of (arithmetic) genus n € Ny (possibly with a singular affine part), where

Kn: Fu(z,y) = ¥* — Rapy1(z) = 0,

20 (1.20)
R2n+l(z) = 1_[(2 - Em)v {Em}m:O ..... m C C.
m=0

Remark 1.4 At this point it is easy to motivate the recursion relation (1.4) used
as our starting point for constructing the KdV hierarchy. If one is interested in
determining differential expressions P commuting with L (other than simply poly-
nomials of L or the case where P and L are polynomials of a third differential
expression), one can proceed as follows. Restricting P to the two-dimensional null
space, ker(L — z), of (L — z), one can systematically replace d?*/dx? by (u — z)
and hence effectively reduce P onker(L — z) to afirst-order differential expression
of the type P|ker<L*Z) = (F(2)d/dx + G(z))|ker(kz), where F and G are polyno-
mials. Imposing commutativity of P and L on ker(L — z) then yields the relation
G = —F,/2between F and G and as a consequence of thisand [P, L] |ker(1;z) =0
also yields the equation

Fopy —4u —2)F, —2u F =0. (1.21)

Moreover, we reproduced identity (1.18). Making the polynomial ansatz F(z) =
> i_o fu—ez" and inserting it into (1.21) then readily yields the recursion relation
(14 for fo, ..., fu together with — fy cxx + tfux + 3ux f5 = 0. In other words,
one obtains the beginning of the recursion relation (1.4) as well as relation (1.10)
defining the nth stationary KdV equation.
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Remark 1.5 If u satisfies one of the stationary KdV equations in (1.10) for a par-
ticular value of n, s-KdV,, (1) = 0, then it satisfies infinitely many such equations
of order higher than n for certain choices of integration constants c,. In fact, it
satisfies a certain stationary KdV equation s-KdV ,(u) = 0 for every p > n + 1.
This is seen as follows. Assuming f,+;, = 0 for some n € N and some set of
integration constants {c;},—1..., C C, one infers

fn+l = Up+1

for some constant d,; € C. Subtracting the constant d,; (i.e., writing f,; =

into ¢,+1), we may without loss of generality assume that f,.; = 0, and hence the
recursion (1.4) implies

fn+2 = dn+2
for some constant d,,,, € C. Iterating this procedure yields
fn+q,x =0, q = 2.

Hence, s-KdV ,(u) =0 for all p > n + 1 (corresponding to some p-dependent
choice of integration constants {Cy}s—;

We illustrate this remark by the following example. In it we denote by go(-) =
P lw, w3) = p(-; g2, g3) the Weierstrass gp-function with periods 2w;, j =
1, 3, Im(w3/w;) # 0, w; = | + w3, and invariants g, and g3 (cf. Appendix H).

Example 1.6 Consider the genus n = 1 elliptic KdV potential
u(x) =2px)+c, ceC.

Then one infers

ro_ 1., 1

Ji1=3u=p+50c,

. 1 3.2__3 1 32
Jfo=—guxx + gu” = 5c0 + 58 + 3¢,
i 1 5 5.2 5.3
f3 = gplUxxxx — JgUUUxx — 33Uy + 164

= (2P +ip)p+ Scg+ ot — tgs. ete,,
Filo)=z+p —c,
B =E—c)(z+e¢ —c), et

Thus, u satisfies an s-KdV| equation of the form

— 3 —
s-KdV(u) = s-KdV;(u) — zc s-KdVy(u) =0,
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with the associated genus n = 1 curve given by

Ki:y* = Ry(z) =0,
2
Ry =[]G—c+en en=p@n), m=012,
m=0

ci(E) = —3c/2.

Moreover, u satisfies the s-KdV; equation
= o 15 5\
s-KdV (1) = s-KdV,(u) — (§ +5c )S-KdVo(u) —0,
with the associated singular (arithmetic) genus n = 2 curve given by

Kot y? = Rs(2) =0,
2
Rs@) == [[@—c+em.
m=0

ci(E) = =5¢/2,  c(E) = (15/8)c* — (22/8).

Analogous formulas can be derived for all higher-order s-KdV,, equations for
n>3.

Next we turn to the time-dependent KdV hierarchy. This means that u is now con-
sidered as a function of both space and time. For each equation in the hierarchy, that
is, for each n, we introduce a deformation (time) parameter ¢, € R in u, replacing
u(x) by u(x, t,). The second-order differential expression L (cf. (1.3)) now reads

d2
Lty) = ———= +u(-, ty). (1.22)

dx
The quantities {f;}sen, and Pa,11, n € Ny, are still defined by (1.4) and (1.7),
respectively. The time-dependent KdV hierarchy is then obtained by imposing the

Lax commutator equations

d
EL(IH) — [Poy1(t), L(t)] =0, 1, € R, (1.23)

varying n € Ny. The latter are equivalent to the collection of evolution equations
KdV,w) =u, —2f1.u)=0, (x.1,) €R?* neN,. (1.24)
Explicitly,
KdVo(u) = usy — u, =0,
KdV(u) = u;, + }Tu”x — %uux —ciuy =0,
KdVa(u) = tty, = fgltrrns + §Ultaex + JUatler — Gl

1 3
+ cl(zumx — Euux) —cu, =0, etc.,
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represent the first few equations of the time-dependent KdV hierarchy. The equa-
tion KdV(#) = 0 (with ¢; = 0) is of course the Korteweg—de Vries equation.
Similarly, the corresponding homogeneous KdV equations are defined by

KdV, (u) = KdV, )|, _ =0, neN,.

0, (=1,...,

Later on we also use the following alternative formulation of the KdV hierarchy.
Consider once more P,,; restricted to ker(L — z). On this null space the Lax
equation (1.23) reads

(Lo, = Ponsts L) |y = (1, = (L = D P ) [y = 0,
which simplifies to
us, + (/2 Fyxxx — 2 — ) Fyx —uF, = 0. (1.25)

Equation (1.25) is just another way of writing the nth KdV equation (1.24).
We conclude this section by pointing out an alternative construction of the KdV
hierarchy using a zero-curvature approach instead of Lax pairs (L, P2y+1)-

Remark 1.7 The zero-curvature formalism for the KdV hierarchy can be set up
as follows. One defines the 2 x 2 matrices

0 1
U@ = (—z+u 0> ’

(G F
Vas1(@) = (—Hﬁl(z) —Gn1<z)> + meRo.

Then the stationary part of this section can equivalently be based on the zero-
curvature equation

0=—Vyr1x+[U, Viy1]
B (—Gn],x + (2 — ) F,y — Hys —Fyx —2Gy )
Hyy1x —2(z —u)Gu Guo1x — (2 —w)F, + Hyt
Thus, one obtains,
Gu1 = —Fux/2, (1.26)
Guotx=—Fux/2 =@ —u)F, — Hyy1, (1.27)
Hypro = —2)F, ., (1.28)

implying the basic stationary equation (1.12). The hyperelliptic curve /C,, in (1.20)
is then obtained from the characteristic equation of i V,,1(z) by!

det(ylr — iVu41(z, x)) = y* — det(V,41(z, X))
= >+ Gp1(z, X)* = Fu(z, X)Hp41(2, %) = > — Rapy1(z) = 0

' I, denotes the identity matrix in C2.
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using (1.26) and (1.27). Similarly, using (1.26)—(1.28), one can equivalently de-
velop the time-dependent part (1.22)—(1.25) from the zero-curvature equation

0= Ut,, - Vn+1,x + [U’ Vn—H]

_ _anl,x + (Z - M)Fn - Hn+1 _Fn,x - Zanl
u; + Hn+1,x —2(z —u)Gp_1 anl,x —(z—uwkF, + Hy '

implying
anl = _Fn,x/Z’
Gn—l,x = _Fn,xx/z = (Z - M)Fn - Hn+1’
ur = —Hyy1x + (I/t - Z)Fn,x

= _(I/Z)Fn,xxx -2z — u)Fn,x +u Fy,

in agreement with (1.25).

1.3 The Stationary KdV Formalism

As shown in Section 1.2, the stationary KdV hierarchy is intimately connected with
pairs of commuting differential expressions P, and L of orders 2n + 1 and 2,
respectively, and a hyperelliptic curve /C,. In this section we study this relationship
more closely and present a detailed study of the stationary KdV hierarchy and its
algebro-geometric solutions #. Our principal tools are derived from combining
the polynomial recursion formalism introduced in Section 1.2 and a fundamental
meromorphic function ¢ on C,,, the analog of the Weyl-Titchmarsh function of L.
With the help of ¢ we study the Baker—Akhiezer function i, the common eigen-
function of P,,4; and L, Dubrovin equations governing the motion of auxiliary
divisors on KC,, trace formulas, and theta function representations of ¢, v, and
u. We also discuss the algebro-geometric intitial value problem of constructing u
from the Dubrovin equations and auxiliary divisors as initial data.
For major parts of this section we suppose that

u € C¥(R) (1.29)

(which could be replaced by u: C — C,, meromorphic) and assume (1.10) (re-
spectively (1.12)) and (1.11); we then freely employ the formalism developed in
(1.4)—(1.19), keeping n € Ny fixed.
We recall the Burchnall-Chaundy curve
Kt Fa(z.y) = y* = Rons1(2) = 0,
(1.30)

as introduced in (1.20). The curve /C, is compactified by joining the point P, but
for notational simplicity the compactification is also denoted by IC,.
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Points P on I, \ {Ps} are represented as pairs P = (z, y), where y(-) is the
meromorphic function on K, satisfying F,(z, y) = 0. The complex structure on
IC,, is then defined in the usual way (see Appendix B). Hence, /C, becomes a two-
sheeted hyperelliptic Riemann surface of (arithmetic) genus n € Ny (possibly with
a singular affine part) in a standard manner.

We also emphasize that by fixing the curve IC, (i.e., by fixing Ey, ..., Ez,),
the integration constants cy,...,c, in f,4+1 (and hence in the corresponding
stationary KdV,, equation) are uniquely determined, as is clear from (1.15), (1.16),
which establish the integration constants ¢, as symmetric functions of Ey, . . ., Ey,.

For notational simplicity we will usually tacitly assume that n € N. (The trivial
case n = 0 is explicitly treated in Example 1.25.)

In the following, the zeros' of the polynomial F, (-, x) (cf. (1.11)) will play a
special role. We denote them by {1t ;(x)};—1,..., and hence write

.....

Fo@) =] ]G@—up. (1.31)
j=1
From (1.13) we see that
Ryps1 + (1/4F; = FyHy 1, (1.32)
where
H,11(2) = (1/2)Fy 2x(2) + (2 — u) Fu(2) (1.33)

is a monic polynomial of degree n + 1. We introduce the corresponding roots?
{ve(x)}e=0,...n of H,11(-, x) and its associated homogeneous polynomials H 4,

which are defined by the vanishing of the integration constants ¢, fork =1, ..., ¢,
by
Hyn@=[]c-vw=> cntH e (2), (1.34)
=0 =0
where

L=0,...,n.
Explicitly, one computes from (1.5) and (1.11)
H =z—u,
H, = Zz - %“Z + %“xx - %uz + ci1(z — u),
3 1 2 1 2 1 3.2 1
Hy =27 — 5uz’ + g (uxr — %)z — Jgloxax + 3U5 + 5Ully
3.3 2 1 1 1.2
—u+ cl(z — SUZ + gUzy — U ) + co(z —u), etc.
UIfu € L®°(R), these zeros are the Dirichlet eigenvalues of a closed operator in L%(R) associated with
the differential expression L and a Dirichlet boundary condition at x € R (cf. Appendix J).

2 If u € L>°(R), these roots are the Neumann eigenvalues of a closed operator in L2(R) associated
with L and a Neumann boundary condition at x € R (cf. Appendix J).
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The next step is crucial; it permits us to “lift” the zeros u; and v, of F, and H, 1
from C to the curve KC,,. From (1.32) one infers

Ry 1(2) + (1 /D F, 22> =0,  z € {1, ve}jmt, ni=o....n-

We now introduce {ft;(x)} ;=

.....

Aj(x) = (ujx), =G/ Fpx(uj(x),x)), j=1,....,n,x € R (1.35)
and
De(x) = (Ve(x), I /2)F, x(ve(x), x)), £=0,...,n, x €R. (1.36)

Due to the C*°(R) assumption (1.29) on u, F,(z, -) € C*(R) by (1.4) and (1.11),
and hence also H,+(z, -) € C*(R) by (1.33). Thus, one concludes

wj,ve e CR), j=1,...,n, £=0,...,n, (1.37)

taking multiplicities (and appropriate renumbering) of the zeros of F,, and H,, 1,
into account. (Away from collisions of zeros, 1 ; and v, are of course C*.)
Next, we define the fundamental meromorphic function ¢( -, x) on /C,,
J 1/2)F, «(z,
(P, x) = 2L/ 1) (1.38)
Fu(z, x)
N n1(2, X) ’ (1.39)
iy — (1/2)F, «(z, x)

P=(z,y)ek,, xeR

with divisor (¢( -, x)) of ¢(-, x) given by

(@(-. %)) = Dy — Dropc)s (1.40)
using (1.31), (1.34), and (1.37). Here we abbreviated

A={, .. ), D={Dr, ..., Dy} € Sym"(K).

Given ¢( -, x), we define the stationary Baker—Akhiezer function ¥ (-, x, xo) on
Kn \ {Pxo} by

Y(P, x, Xg) = exp </X dx' ¢(P, x/)>, P e K, \ {Px}, (x,x0) € RZ. (1.41)

0

Basic properties of ¢ and ¢ are summarized in the following result (W(f, g) =
fg' — f’g denotes the Wronskian of f and g).

Lemma 1.8 Suppose u € C*(R) satisfies the nth stationary KdV equation (1.10).
Moreover, let P = (z, y) € K \ {Pso}, (x, x0) € R% Then ¢ satisfies the Riccati-
type equation

¢(P)+ (P =u—z (1.42)
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as well as
Hn+l(z)
" = 1.4
@(P)P(P™) Fo) (1.43)
F,x(2)
== 1.44
¢(P) + ¢(P*) FQ) (1.44)
o(P) — p(P) = 22 (1.45)
C F2) '
Moreover,  satisfies
(L =z(P)Y(P)=0, (Puy1—iy(P)Y(P)=0, (1.46)
1/2 x
W(P, x, x0) = <M> exp (iy/ dx’ F,,(z,x’)_l), (1.47)
Fu(z, xo) o
N F,(z,x)
Y (P, x, x0)¥(P*, x, x9) = )’ (1.48)
(2, Xo0)
V(P (P 3, xp) = e, (1.49)
#(2, X0)
* * Fn,x(zv X)
‘(//(Pv X, XO)I/fx(P s Xy xO) + W(P s X, xO)Wx(P,xJCO) = F—, (150)
w(2, X0)
WP, - x0) W(P", - x0)) = — (1.51)
l/f ,',xosdf( s 15 X0)) = m .

In addition, as long as the zeros of F,(-, x) are all simple for x € 2, Q C R an
open interval, (-, x, xo) is meromorphic on IC, \ { P} for x, xg € 2.

Proof Relation (1.42) follows by combining (1.13) and (1.38). Equation (1.43)
follows by multiplying (1.38) and (1.39), replacing P by P* in one of the two
factors. Equations (1.44) and (1.45) are clear from (1.38) and (1.39). By (1.41),
¥ (-, x, xo) is meromorphic on /C,, \ { P} away from the poles 1 ;(x") of ¢( -, x').
By (1.35) and (1.38),

o(P, x") T ) dv In(F(z,x")) + O(1) as z > p;(x), (1.52)

—j(x

and hence (-, x, xo) is meromorphic on K, \ {P} as long as the zeros of
F,(-,x) are all simple. This follows from (1.41) by restricting P to a suffi-
ciently small neighborhood U; of {{1;(x") € IC, | x" € Q, x’ € [x¢, x]} such that
fu(x’) ¢ U; for all x” € [xo, x] and all k € {1, ..., n}\ {j}. To prove (1.46), one
employs V. /¥ = ¢, + ¢*> = u — z to arrive at Ly = zir. Next, one uses (1.18)
and (1.38) tocompute P,V = F,o¢ — % wx ¥ = iyy. Equation (1.47) follows
by invoking (1.38) and (1.41). Equation (1.48) follows by combining (1.41) and
(1.43). Equation (1.49) is a consequence of (1.43) and (1.48), and the fact that
Yy = ¢. Equations (1.50) and (1.51) follow from (1.41), (1.44), and (1.45). O
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The normalization chosen for the Baker—Akhiezer function i in (1.41) (basi-
cally, (P, x, xo) equals ¥/ (P, x)/¥ (P, xo) for a certain (not necessarily normal-
ized) solution tﬁ of (L — z)¥ = 0) has some interesting consequences and is not
quite as innocent as it may appear at first glance. In fact, by (1.48), one infers that
its divisor of zeros and poles on KC,, \ { Poo} is precisely given by Dy r) and Dy ),
respectively. B B

Equations (1.48)—(1.51) show that the basic identity (1.13), rewritten in the
form —G2_| + F,H,41 = Raut1, where G, = —F, /2, is equivalent to the
elementary fact

W14V - + Y1V )* — 401 ¥ Yo ¥ - = (Y1 4 ¥o— — Y1 - Y1),
(1.53)

identifying Y(P) = W1+, ¥(P*) = Y., ¥(P) = Yo 4, ¥(P*) = v _. This
provides the intimate link between our approach and the squared function systems
also employed in the literature in connection with algebro-geometric solutions of
the KdV hierarchy.

If u € L*°(R), the zeros of u;(x) of F,(-,x), respectively, the zeros v,(x) of
H, (-, x), are naturally associated with Dirichlet, respectively, Neumann bound-
ary conditions of L atthe pointx € R. Inother words, 1 ;(x) are associated with the
boundary condition g(x) = O for an element g in the domain of an L?(R) operator
realization of L, whereas v,;(x) corresponds to g’'(x) = 0. Next, we “interpolate”
between these two boundary conditions and consider the general case

gx)+Bgx)=0, BeR (1.54)

(cf. Appendix J for more details in the special case in which u is real-valued).
The values 8 = oo and B = 0 then represent the Dirichlet and Neumann cases,
respectively.

To this end we introduce the additional polynomial K f +1(2), B € R of degree
n+1by

n

K@) = Hy1 @)+ BFc@ + B2F) = [ | (e — )

=0 (1.55)

=Y ikl (). PER
£=0

Here K f 41 denote the corresponding homogeneous polynomials defined by the
vanishing of the integration constants ¢; fork =1, ..., ¢,

.....

£=0,...,n.
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In particular,
v@ =Hy1(@), A =v, £=0,...,n
Explicitly, one computes
K f} =z+p>—u,
KY =22+ (82— L)z + tuee — 2i® + L Bu, + 12U+ c1(z + B2 — w),
Kf = Z3 + (,32 — %M)Z2 (lﬂux %ﬂ2u + luxx - éuz)z - %lguxxx
+ %/Suux - %ﬁzuxx 8'3 u - ]Guxxxx + + %Muxx - %MS
+o1(2 + (B — Ju)z + Juex — 3u” + SBuy + 1 8%u)
+ ez + B2 —u), etc. (1.56)
Strictly speaking, the Dmchlet eigenvalues . ;(x) of H? = H>, the Neumann
eigenvalues vy (x) of H, N = and the eigenvalues Aﬁ (x)of Hy 4 for general B € R
are introduced in Appendix J only in the spemal case in whichu € L} (R) s real-
valued and the differential expression L = de + u is in the limit point case at
+o00 (and hence Hﬂ is self-adjointin L?>(R) forx € Rand 8 € R U {oo}). However,
this spectral interpretation immediately extends to the case in whichu € L*(R) is
complex-valued; hence, we generally call 1 ;(x) and v,(x) the Dirichlet and Neu-

mann eigenvalues associated with the closed L?(R)-realization of L, respectively.
Next, combining (1.38), (1.39), and (1.55) yields

ly+ an(2)+/3F (2)

p(P)+ B = F.(0) (1.57)
_wB
S 310 _ (1.58)
ly — §Fn,x(z) — BFu(2)
One verifies, as before (cf. Lemma 1.8), that
Ront1(2) + ((1/2)Fox(2) + /3Fn(z))2 = Fn(Z)K,’fﬂ(Z), (1.59)
(p(P) + B)@(P*) + B) = w
R
* * K/f+1(z’ x)
(wx(va’xO)+ﬁ1ﬂ(P7x9x0))(WX(P ,x,x0)+/3‘/f(P axaxo)):F—a
n(Zv .X())

where the Baker—Akhiezer function (-, x, xo) is defined in (1.41). The divisor
(@(-,x)+ B)of ¢(-,x)+ B, B € R, is then given by

@C, )+ B) = Dsp )8y ~ Pruinto)s (1.60)
with

W) = (M), (/2 F, . (M (), x) + iBF, (M (1), x)), (1.61)
€=0,...,n, BeR.
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Remark 1.9 Our notation DX*“X"’ 2’3 = {)A»ﬁ, el )A»,‘f} in the general case, where u
. . 0= . . .
is complex-valued, is somewhat misleading since

Digiﬁ = ZID):? S Sym"H(ICn)
=0

is symmetric in Y4 R if and there is no natural way to distinguish )A\g from A? s
£=1,...,n.In particular,
Diﬁiﬂ = ID)AL?AN’

where

~B,1 /3 Aﬁ ~

& Z{)"Oa)"za 7)"5}’

~B.L ~B =~ ~ ~

AESRBRE AP AP, =2 n— 1,

aBn__ gaB 2B N

& - {)"Oa)\']a 7)";1_]}

In the special case, where u is real-valued and nonsingular, a distinction between
):g and ):f ,£ =1, ..., ncan be made naturally by supposing

M <Eo, A elEy_, Eyl, £=1,...,n.

For notational convenience in connection with positive divisors of degree n on KC,,
and their subsequent use in the associated n-dimensional theta function, we will
keep the abbreviation ng 3 for general complex-valued u but occasionally
will caution the reader about this convention.

Next, we recall that the affine part of /C,, is nonsingular if
E, # E,form#m', mm =0,1,...,2n. (1.62)

In the special case in which { E,;, },u=0.....2» C R, we will from now on always assume

the ordering

.....

E, <Eutform=0,1,...,2n— 1. (1.63)

In particular, ifu € C*°(R) N L*°(R) is assumed to be real-valued, then necessarily
with self-adjoint boundary value problems in L?(R) (cf. also the explicit argument
presented for the Dirichlet case in the proof of Lemma 1.10 (ii) below); hence, we
will also always assume the ordering

wix) < pjpx)forj=1,...,n—-1, x e R, (1.64)
M)y <Al ()fore=0,...,n—1, xeR (1.65)

in this case.
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The dynamics of Y , B € RU {oo} with respect to variations of x can be de-
scribed by a first-order system of nonlinear differential equations traditionally
called Dubrovin equations in the Dirichlet case 8 = oco. We first treat the Dirichlet
case § = oo and then turn to the case 8 € R.

Lemma 1.10 (The Dubrovin Equations)
(i) Suppose that u € C*°(82,,) satisfies the nth stationary KdV equation (1.10) on
an open interval Q,, C R. Moreover, assume that the zeros uj, j =1,...,n, of

.....

following first-order system of differential equations on Q,,

n
PN —1 .
,uj,xz—Zly(,uj)l_[(uj—uk) , Jj=1,...,n. (1.66)
k=1
ki
Next, assume the affine part of I, to be nonsingular and introduce the initial
condition

{/lj(XO)}jzl,...,n - Kn (167)

for some xo € R, where pj(xo), j =1, ...,n, are assumed to be distinct. Then
there exists an open interval Q,, C R, with xo € Q,,, such that the initial value
problem (1.66), (1.67) has a unique solution {{t;} ;1. . C K, satisfying

pjeCQuL, Ky, j=1,...,n, (1.68)

and pj, j =1, ..., n, remain distinct on 2,,.

(ii) Suppose in addition to (1.10) that u € C*°(R) N L*°(R) is real-valued and the
affine part of KC,, is nonsingular. Moreover, assume the eigenvalue orderings (1.63),
(1.64). Then {{1;}j=1,... n, With the projections pj(x), j =1, ..., n, the Dirichlet
eigenvalues of —d*/dx* + u corresponding to a Dirichlet boundary condition at
x € R (i.e., the eigenvalues of HP), satisfies the differential equation (1.66) for
x € R. Furthermore, given initial data satisfying ;(xo) € [Ezj—1, Ezj], j =

,,,,,

1,...,n, then

,LLj()C)E[EQj_l,EQj], j:l,...,n, x e R. (169)
In particular, {1 j(x) changes sheets whenever it hits E»;_1 or E,; and its projection
wj(x) remains trapped in [Esj_y, Eyjl forall j =1,...,nand x € R.

Proof Equations (1.31) and (1.35) imply

n
Fax(u) = = [ [t = o) = 2iy(i2)),
k=1
k#j
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proving (1.66). To verify property (1.68) of the solutions /i ;, one invokes the charts
(B.3)-(B.6) and (B.12)—(B.15). In particular, the only nontrivial issue to check is
the case in which /1 ; hits one of the branch points (E,,, 0) € B(C,) and hence the
right-hand side of (1.66) vanishes. Therefore, we suppose

Wjo(x) = Epas x — xo € Q
for some jy € {1,...,n},mg € {0, ..., 2n}. Introducing
Cpx) =0 (ujy(x) = En)'?, o =1, pujy(x) = Ep, + £j,(x)?

for x in an open interval centered around xy, one finds that the Dubrovin equation
(1.66) for u j, becomes

172

Ehal®) = (o) [T (B~
m=0
m#mg

n 1
< | T (Em — )™ | (14 0;,(x)%)
/f;j]o
for some |c(0)| = 1 and concludes (1.68). A simple strategy of proof of part (ii)
in our context proceeds as follows. First one invokes the fact that the diagonal
Green’s function g(z, xo) associated with the L2(IR)-realization H of the differen-
tial expression L = —d?/dx* + u on all of R is given by

iFn(Za X())

_— e C..
Ry @2 S5

g(z, xo) =

This is discussed in detail in Appendix J (cf. (J.46)). The Herglotz property of
g(-, xo) (cf. (J.15)) together with Theorem 1.3 then yields the interlacing property
of {ij(x0)}j=1,..n and {E,;}m=0,.2n, as described in (1.69) for x = xy. Since
xo € R was arbitrary, this proves (1.69). [

The analogous result for the general B-boundary conditions (1.54) reads as follows.

Lemma 1.11 Let 8 € R.

(i) Suppose that u € C °°(§2A) satisfies the nth stationary KdV equatlon (1.10) on

an open interval QA C R. Moreover, assume that the zeros )‘e’ £=0,...,n, of
5+1( ) remain distinct on Q,\. Then {A Ye=o0....ns deﬁnid by (1.61), sansﬁes the

following first-order system of differential equations on 2,

M= =2 —u+ )y ] —2)"" e=o0.....n. (170)
m=0

m#L
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Next, assume the affine part of K, to be nonsingular and introduce the initial
condition

(M)}, CKn (1.71)

.....

for some xo € R, where kf (x0), £ =0, ...,n, are assumed to be distinct. Then
there exists an open interval 2, C R, with xo € 2, such that the initial value

Wec®@, K, £=0,....n, (1.72)

and Af, £=0,...,n, remain distinct on ;.

(ii) Suppose in addition to (1.10) that u € C*°(R) N L*°(R) is real-valued and
the affine part of IC,, is nonsingular. Moreover, assume the eigenvalue orderings
satisfies the differential equation (1.70) for x € R. Furthermore, given initial data
25 (x0) < Eo, A (x0) € [Eaet, Exel, €= 1,...,n, then

W) < Eo AP (x) € [Exyor. Exed. €=1,....n, xeR.  (1.73)

In particular, ):f(x) changes sheets whenever it hits Ey;_1 or Ey and its projec-
tion Xf(x) remains trapped in [Ey—1, Ex¢] forall € =1,...,n and x € R (and
similarly for )A»g(x)).

Proof The derivative with respect to x evaluated at z = Af (x) of (1.55) and (1.59)
reads

n
() = =2 T = 28). (1.74)

m=0

m ;_él

B
Kn+1,x

and
2((1/2)Fuc(A0) + BE, (M) ((1/2) o () + BF.. (M)
= Fu () KDy (M), (1.75)

respectively. We will use (1.75) to evaluate the left-hand side of (1.74). From (1.61)
we see that

(1/2)F (M) + BF, (M) = —iy(R). (1.76)
Eliminating R»,(z) using (1.13) and (1.59), taking z = Af(x), implies
(1/2)Fx (M) + BFux (M) = (u — 2 — BHF(A]). (1.77)

Inserting (1.76) and (1.77) into (1.75) and subsequently into (1.74) proves (1.70).
Equation (1.72) and the remainder of the proof follows that of Lemma 1.10 step by
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step, using (J.23) and (J.48) in connection with the S-boundary conditions (1.54)
at the point xo € R. [J

In the following remark, the Neumann case, that is, the special case 8 = 0, is
stated as a separate result.

Remark 1.12 In the Neumann case 8 = 0, equation (1.70) simplifies to

Ve = =20 (= +ve)y@0) [ (ve —vm) ™, €=0,....n.  (178)
m=0

m#L

We remark that u in (1.70) and (1.78) has been used for reasons of brevity only.
In order to obtain a coupled system of differential equations for Af and vy, one
needs to replace u by the corresponding trace formula for # in Lemma 1.17.

Remark 1.13 Due to our convention (B.19) for y(-), the differential equations
(1.66) and (1.70) exhibit the well-known (piecewise) monotonicity properties of
mj(x) and Af(x), BeR, jeN, £ eNy, with respect to x € R. For instance,
Dirichlet eigenvalues corresponding to the right (left) half-axis (x, co) ((—o0, x))
associated with the decomposition (J.19) are always increasing (decreasing) with
respect to x € R, etc.

We also mention the following well-known result connecting Dirichlet and
Neumann eigenvalues in the self-adjoint case.

Lemma 1.14 Suppose that u € C*(R) N L*®°(R) is real-valued and satisfies the
nth stationary KdV equation (1.10). Moreover, assume the affine part of IC, to
be nonsingular. Suppose that |1 j(xo) € {Ezj_1, Eaj}, j =1, ..., n. Then vo(xo) =
Eo, vj(xo) € {E2j_1, E2j} \ {u;(x0)}, j =1, ..., n. Conversely, suppose v;(xo) €
{E2j—1, Ezj}, j = 1,...,n Then vo(xo) = Eo, uj(xo0) € {E2j—1, E2j} \ {v;(x0)},
j=1,...,n

Proof The derivative of (1.31), inserting the Dubrovin equations (1.66), yields

n

Fu@ =2 ) iy [ = mote; — o)™, (1.79)
k=1

= kZj
from which we infer that F,, ,(z, xo) = Oforall z € C. Equation (1.32) then implies
that Ry,+1(z) = F,(z, x0)H,+1(z, xo) for all z and fixed x(. This proves the first
claim.

Conversely, assuming v;(xg) € {E»j_1, E»;} for all j =1,...,n, one infers
from (1.36) that F, ((v;(xo), Xo) = —2iy(Dj(x0)) =0 for all j =1,...,n, that
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is, the polynomial F, ,, which is of degree n — 1, has at least n zeros. Hence,
F, x(z, xo) = Oforall z. We conclude that Ry, +1(z) = F,(z, x0) Hy+1(2, X0), which
proves the second claim. [J

In an analogous fashion one can analyze the behavior of Af (x) as a function of
the boundary condition parameter 8 € R. In fact, (1.55) yields

K" [(2) = —Fo(2) + 2BF,(2), (1.80)

and hence

n

KA p = () [T (0 = 38) = —Fo(6) + 26, 69)
m=0

m#L
— —2iy(f) (1.81)

by (1.61). This implies the following result for the S-variation of the eigenvalues
B
Ay (x).

Lemma 1.15 Let (x, B) € Q x U, where Q,U C R are open intervals. Suppose
thatu € C*(2), satisfies the nth stationary KdV equation (1.10) on 2, and assume
that the zeros Af(x), £=0,...,n, ofoH( -, x) remain distinct for (x, B) € Q X
U. Then {if}g:() 1, defined by (1.61), satisfies the following first-order system of

differential equations on <2

opnl = 2iy(A)) [T —28)" e=0.....n. (1.82)

m=0
m#l

Proof This follows from (1.81). [J

Combining the polynomial approach of Section 1.2 with (1.31) readily yields
trace formulas for the KdV invariants, that is, expressions of f; in terms of sym-
metric functions of the zeros u; of F,.

Lemmal.16 Supposeu € C*°(R) satisfies the nth stationary KdV equation (1.10).
Then,

2n n
u:X;)Em—zz;M,, (1.83)
m=! j=

2n n
W= (1 uy =Y Ep—2Y pl, et (1.84)
j=1

m=0
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Proof Relations (1.83) and (1.84) follow by comparison of powers of z"~!' and
7"~%in (1.31) for F, with (1.5) taken into account. [

The analogous result for the general -boundary conditions (1.54) then reads
as follows.

Lemma 1.17 Let § € R. Suppose u € C*(R) satisfies the nth stationary KdV
equation (1.10). Then,

2n n
2ﬂ2—u=ZEm—2Z,\ﬁ, (1.85)
m=0 =0
2n n
(1/uyx — u* + 2Buy + 4p%u — 28* = Z E% — 22 (), ete.  (1.86)
m=0 =0

n—1

Proof Relations (1.83) and (1.84) are proved by comparing powers of z"* and z
in (1.55) for K4, with (1.56) taken into account. [

Equations (1.83) and (1.85) represent trace formulas for the algebro-geometric
potential u. Equations (1.83)—(1.86) (as well as the method of proof) indicate
that higher-order trace formulas associated with the KdV hierarchy can be ob-
tained from (1.31) and (1.55) when comparing powers of z. Since we will sys-
tematically derive trace formulas for general potentials in Section 1.5, we post-
pone the special case of algebro-geometric potentials at this point and refer to
Example 1.60.

Since nonspecial divisors play a fundamental role in this section and the next,
we now take a closer look at them.

Lemma 1.18 Assume that u € C*(R) N L*®(R) satisfies the nth stationary KdV
equation (1.10). Let DE’ A= (1, ..., k) be the Dirichlet divisor of degree n
associated with u defined according to (1.35), that is,

fjx) = (uj(x), = /2)Fyx(1j(x), x)),  j=1,....,n, x eR.
Then, D) is nonspecial for all x € R.
Proof Since u € C*°(R) N L*(R) and p; vary continuously on R (with multi-

plicities and appropriate renumbering of the zeros of F, taken into account), one
infers the existence of constants C; > 0, j = 1, 2, such that

Re(uj(x)) = =Ci,  [Mm(u;(x) =C, j=1,....n, x eR.

In particular, since u(x) = any’:o En—237_ nj(x) according to the trace
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formula (1.83), this yields the existence of a constant C > 0 such that
) =<C, j=1,...,n, xeR. (1.87)

By Theorem A.30, Dy is special if and only if {fi;(x), ..., fi,(x)} contains at
least one pair of the tg/pe {fu(x), i*(x)}. Hence, Dy, is certainly nonspecial as
long as the projections ;(x) of fi;(x) are mutuall} distinct, p;(x) # ue(x) for
J # k. On the other hand, if two or more projections collide for some x; € R, for
instance,

lim mj,(x) = o, p=12,...,N, Ne{2,...,n},
X—> X0

then F, (1o, Xo) # 0 as long as uo ¢ {Eo, ..., Ez,}. This fact immediately fol-
lows from (1.13), since F,, (119, xo) = 0 but Ry,+1(to) # 0 by hypothesis. In par-
ticular, 1 (x), ..., {1, (x) all meet on the same sheet since

Xlgglo R, (x) = (o, Fnx(io,%0)), p=1,...,N;

hence, no special divisor can arise in this manner. It remains to study the case in
which two or more projections collide at a branch point, say at (E,,,, 0) for some
xp € R. In this case, one concludes

Fu(z,x0) = O((z— En,)?)

2= En,

and
Fyy x(Emy, x0) =0, (1.88)
using again (1.13) and F,,(E,,, x0) = Ropn+1(E,) = 0.Since F,, ,( -, xp) is a poly-

nomial (of degree n — 1), (1.88) implies

m

Fn,x(zv X()) Z%:E 0((Z - Emo))-

Thus, using (1.13) once more, one obtains the contradiction,

O((@=En)) = Roupi(@)

—

= @=En) | [] (Em— En) + OG — En,)

z—E
0 m=1

Consequently, at most one ft;(x) can hit a branch point at a time and again no
special divisor arises. Finally, by (1.87), ft ;(x) never reaches the branch point Py,
completing the proof. [

Next we turn to asymptotic properties of ¢ and .
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Lemma1.19 Supposeu € C*(R) satisfies the nth stationary KdV equation (1.10).
Moreover, let P = (2, y) € K, \ {Pso}, (x, x0) € R% Then,

$(P) = it = ((/2u¢ + 0@ as P — P, (1.89)

Y(P.x.xo) = explic™(x - xo))<1 —@i/2) / dx'u(x) + 0(;%)

as P — Py, ¢ =0/7"? o ==1. (1.90)

Proof The existence of the asymptotic expansion of ¢ in terms of the local co-
ordinate ¢ = 0/z'/?, 0 = %1 near Py, (cf. (B.7)—(B.11)) is clear from the ex-
plicit form of ¢ in (1.38). Insertion of the polynomial F,, into (1.38) then yields
the explicit expansion coefficients in (1.89). Alternatively, one can insert the
ansatz

¢ = ¢ P+ + iz P+ 0@ (1.91)

7—>00
into the Riccati-type equation (1.42). A comparison of powers of z~!/2 then proves
(1.89). Equation (1.90) then follows from inserting (1.89) into (1.41). [

For subsequent use we note the following asymptotic spectral parameter expan-

sion of F,/y as P — Py,

Fa()
y {:0 { I

o0
foe®, t=0/7"? o ==+l (1.92)
=0

Here, ﬂ denote the homogeneous coefficients in (1.6) (i.e., the ones satisfying
(1.4) with vanishing integration constants). In particular, ﬂ can be computed from
a nonlinear recursion relation as proven in Theorem D.1 in Appendix D. The
analogous expansion can be derived for H,, 1/, Knﬂ +1/Y> B € R, etc. The spectral
theoretic content of the polynomials F,, H,;, and Kf 41 18 clearly displayed in
(J.32)-(J.48) (particularly in the Green’s function formulas (J.45) and (J.46) in
connection with F),).

We continue with the theta function representation for ¢, v, and u. For the
general background and fundamental notation we refer to Appendices A and B.
To avoid the trivial case n = 0 (considered in Example 1.25), we assume n € N
for the remainder of this argument.

Let 0 denote the Riemann theta function associated with C,, (whose affine part
is assumed to be nonsingular) and {a;, b;} -, ., be a fixed homology basis on
IC,,. Next, choosing as a convenient base point Q¢ one of the branch points (E,,, 0),
m € {0, ..., 2n}, the Abel maps AQO and o, are defined by (A.34) and (A.35), and

the Riemann vector E, is given by (A.45). Let ®

.5 . be the normal differential
Po, i (x)
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of the third kind holomorphic on /C, \ { P, ig (x)} with simple poles at P., and
ig (x) and residues +1 and —1, respectively (cf. (A.23)—(A.26), (B.40)),

o = (' +0@)ds as P — P, (1.93)

Pudf@) ¢S50

3) e | NG
‘”px,xgm 5:0( T+ 00)de as P — Ay(x), (1.94)

where ¢ in (1.93) denotes the local coordinate
¢ =0/z"/ for P near Py,, o ==l

near Py, and analogously, ¢ in (1.94) that near )A»g (x). In particular,

3) _ P
/al_ Oy =0 J=1...n, (1.95)

and with Q() = (Emg’ 0)’

P
/ o = In(¢) + (1/2)In (Epy — My(x)) + OC) as P — Poy, (1.96)
Qo

Poordf(¥) ¢S50

P
/ o = —1In@) + (1/2)In(E,,, — A (x)) + O(2) as P — i (x).
Qo

Poord(¥) ¢S50

(1.97)

Equations (1.96) and (1.97) follow from (B.40) by computing f QP o 5+
o hoosing th h of i ti both sheets Ty, 0"
0o wa,ig(x)’ choosing the same path of integration on both sheets IT_..

Next, let “’(}2,0 denote the normalized differential of the second kind defined by

1 n
2) _ -
“hlo="3; j|=|1(z )z = (€7 + 0L as P — P, (198)

where the constants A; € C, j =1, ..., n are determined by employing the nor-
malization
/w(ﬁ;o:o, j=1,....n (1.99)
One infers
P
/ o2, =, '+ 0@)as P — P, (1.100)
0

since by (1.98), [, QPU a)ﬁ,i)c'o + fQPU* Wgo)o,o = 0, choosing the same path of integration
on both sheets IT.. Thus, the right-hand side of (1.100) is odd with respect to ¢
and hence contains no constant term. The vector of b-periods of a)(ﬁo)o,o /(2mi) is
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denoted by
1
U(Z) (Uézl)Uéz,),) Uézj) = %/ wf{i’o, j=1,...,n. (1.101)
bj

By (B.33) one concludes
Ug) = —2cj(n). j=1,....n. (1.102)
In the following it will be convenient to introduce the abbreviation
2P, Q) = By, — Ay, (P) +ay, (Do), (1.103)
P ey, Q=A{01,..., 0 € Sym"(Ky).
We note that by (A.52) and (A.53), z(-, Q) is independent of the choice of base

point Qy.

Theorem 1.20 Suppose thatu € C*(2) satisfies the nth stationary KdV equation
(1.10) on an open interval Q C R. In addition, assume the affine part of K, to
be nonsingular and let P € IC, \ {Px}, B € R, and x, xy € Q. Moreover, suppose
that D), or equivalently, Diﬁ ) is nonspecial for x € Q. Then,'

A~ Aﬂ
9 POO! 0 P, )\,
B ) =4I %ﬁ(x))) (P, 2 ()
0(z2(Poo, A (x))O(2(P, 1(x)))

P
X exp ( —/ o, + /) I(Ey, — )\g(x))>, (1.104)
Qo

Poo b (x)
and®
0(z(Pso, (1(x0)))0(z(P, ((x
WP = G it 20 (15 [ )

(1.105)

with the linearizing property of the Abel map,
0, (Diw) = 2, (Do) + iU (x = x0), (1.106)
20, (Do) = 2oy (Pigupitiuy) +1UG & = X0) (1.107)

! According to Remark 1.9, the right-hand side of (1.104) is symmetric Wlthrespect to )Lﬂ t=0,..., n;
hence, the pair ()J6 i ) can be replaced by any of the pairs (Aﬂ )Lﬂ ) L=1,..., n.

2 To avoid multi-valued expressions in formulas such as (1.104), (1.105), etc., we agree always to
choose the same path of integration connecting Qo and P and refer to Remark A.28 for additional
tacitly assumed conventions.
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The Its—Matveev formula for u reads

u(x) = Eog+ Y _(Esj_1 + Eaj — 2))
j=1

—2021n (0(8p, — Ag,(Pso) + 2, (Dpcx))) (1.108)
=Eo+ Y (Ezj1+ Ezj —2))
j=1
- 283 In (0 (EQO + AQU (ig(x)) + %o, (D)Lﬂ(x))))' (1.109)

Proof First we temporarily assume that
(X)) % i (x), M) # A (x)forj#j k#k andx € 2 (1.110)

for appropriate Q C Q. Since by (1.40), Dy ~ Dp_p, and Pog = (Poo)* ¢
{1, . ... fta) by hypothesis, one can apply Theorem A.31 to conclude that Dy €
Sym” (KC,,) is nonspecial. This argument is of course symmetric with respect to ft
and D. Thus, Dy, is nonspecial if and only if D; is. Next, let ¢ denote the right-han_d
side of (1.104)7with the aim of proving ¢ = @, with ¢ given by (1.38) (or (1.57)).
By (1.60) one infers that #(-, x) has simple poles at fi(x) and P and simple
zeros at )Jg (x) and A (x). By inspection, the function ¢ shares these properties
using (1.96), (1.97), the expression (1.104) for ¢, and a special case of Riemann’s
vanishing theorem (cf. Theorem A.26). By the Riemann—Roch theorem (Theorem
A.13) and since ¢ and ¢ share common zeros, one infers that ¢ /¢ = ¢ for some
constant ¢ € C. (Actually, the Riemann—Roch theorem implies ¢ = c¢ + d for
some ¢, d € Csince deg(Dp_p) =1 + 1and i(Dp_ ;) = 0. However, since )
and ¢ have common zeros, one concludes that d = 07.) Using (1.89) and (1.96),
one computes

_ BHid+ 0O +00)
—0 i+ 0()

¢
5 =, 1+ 0@
hence, ¢ = 1. This proves (1.104) subject to (1.110).

For the Baker—Akhiezer function v we will use the same strategy. However,
the situation is slightly more involved in that v has an essential singularity at Py,.
Denote by 1 the right-hand side of (1.105). To prove that i = v/, with ¢ given by
(1.41), one first observes, using (1.35), the definition (1.38) of ¢ and the Dubrovin
equations (1.66), that

$(P.x) =, duIn(z - w;(x)) 4+ o). (1.111)

= (x
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Together with (1.41), this implies

(z = pj(x)0() as P — 1j(x) # 1j(xo),
Y(P,x, x0) =1 0(1) as P — j(x) = f(xp), (1.112)
(z = wj(xo)~'O) as P — fij(xo) # fuj(x),
P =(z, y) € ICm X, X0 € 59
where O(1) # 0 in (1.112). Consequently, all zeros and poles of ¥ and ¥ on
Ky \ { P} are simple and coincide. Hence, one concludes by Theorem A.26 that v
contains a factor 6(z(P, E(x))) /0(z(P, E(XO)))' It remains to identify the essential

singularity of 1 and ¥ at P,,. The asymptotic spectral parameter expansion (1.89)
of ¢ yields

fxdx/¢(P, x) o i7"+ 0@)(x —xp)as P — Ps.  (1.113)

Thus, comparing (1.41), (1.100), the expression (1.105) for ¥, and (1.113) then
shows that 1/ and v/ have identical exponential behavior up to order O(¢) near Ps,.
Consequently, ¥ and v/ share the same singularities and zeros, and the Riemann—
Roch-type uniqueness result in Lemma B.2 (taking ¢, = #; ) then proves that
and V coincide up to normalization. The latter is determined by (1.48) (or (1.90)),
implying

Y (P, x, xo) ¥ (P*, x, xo) o 1. (1.114)

00

Hence, (1.105) holds subject to (1.110).

The Its—Matveev formula requires a more detailed analysis of the behavior of
Y near Po,. For this, one needs to expand a)(Pzi’O up to second-order with respect
to ¢. By (1.98), one finds

0} 0 =, €+ Ao+ O@) d¢ near Py, (1.115)

abbreviating
1 n
Ao = §<Eo + ;(Ezjﬂ + Eyj — 2)‘j))~
Combining (1.105) and (1.115), one computes
V(P x,x0) = exp(itx =x0)(¢ ™" = Aot + OE)(1 +c1(0)s + 0(@?),
(1.116)

where ¢ is yet to be determined. This implies that

Va (P2, x0) = (= 8704 280 +2ic14(¥) + O@) Y (P, ¥, x0),



48 1. The KdV Hierarchy

which results in
—Va + (280 +2ic1. = ¢ )Y = 0@

The right-hand side is yet another Baker—Akhiezer function with the same divisors
and same essential singularity at Py, as . By the uniqueness theorem for functions
of that type (see Lemma B.2) one infers

_wxx + (2A0 + 2icl,x - §_2)W = Os
and hence that
u=2~Ao+2icyy, (1.117)

in agreement with (1.90). It remains to determine ¢, . Since only the x-derivative
of ¢ enters the expression for u, we merely have to analyze the first ratio of theta
functions as the other ratio in the expression (1.105) for v is x-independent. From
(B.31), one infers

@ =, (2c) + 0@*)ds as P — P,

and hence

P
Ag(P) = / © (04 L) = Ag,(Px) =265 + O
Qo -

= Ag,(Px) + Ut + O as P — Py,
using (1.102). Thus,
0(Bg, — Ag,(P) + g, (Dp)
0(Ep, — Ag,(Poc) + 2, (Dp)
Y U0, 0B, — Ag,(Ps) +w + . (D)),

= 1- —=—¢ +0(¢Y),
= 6(Eq, — Ag,(P) + 2g.(D) ¢+0e)

(1.118)

where Z?zl UéZ; 0y, denotes the directional derivative in the U, (()2)-direction.
Next we prove the linearity of the Abel map with respect to x in (1.106) subject

to (1.110). From
o, (Dp) = (Z / h g) (mod Ly),
a j=170o

(B.30), and the Dubrovin equations (1.66) one infers

0o, (Dp) = D M Zg(k
j=1 k=1

k k—l

__J;1 ()He 1(/1«] o)




1.3. The Stationary KdV Formalism 49
The following special case of Lagrange’s interpolation formula (cf. Appendix E)
k! ]‘[(Mj —u) ' =8, wu;eC, jk=1,....n

Jj=1 t=1
L]

then yields (cf. also Theorem F.10)
By, (D) = —2icn) = iUY, xeQ. (1.119)

Given (1.119) we may write

n
. 2 - . 2
Y iUR00,0(Eg, — Ag,(Poo) + w0+ g, (Pcey) + UG (x = x0)) |, g
j=1

d .
= ——0(8g, — Ag,(P=) + 20, (Dacxy) +iU (x = x0))

and hence obtain from (1.118)

0P ) . .

Using (1.105) and (1.116) we may identify
c1e = 102 1n (0(z(Poc, 1)) on G,

and hence obtain the Its—Matveev formula (1.108) as a consequence of (1.117),
assuming (1.110). The second equality (1.109) then follows from the linear equiv-
alence meg ~ Digiﬁ, that is,

Ag,(Po) + a0, (Dp) = Ag, (1) + 2, (Dsp), (1.120)
and because A, (Px) is a half-period,

2A5,(Px) =0 (mod L,).

The extension of all these results from € to € then simply follows from the
continuity of o, and the hypothesis of D, being nonspecial on 2. Equation
(1.107) then follows from (1.106) and (1.120). [

Combining (1.106) and (1.108) shows the remarkable linearity of the theta
function with respect to x in the Its—Matveev formula for u. In fact, one can
rewrite (1.108) as

u(x) = Ao — 202 In(6(A + Bx)), (1.121)
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where
A=B,, — Ay, (P) — iU x0 + e, (Dpian)): (1.122)
B=iUY, (1.123)
Ao = Eog+ ) (Ezj1 + Eaj — 24), (1.124)
j=1

and hence the constants Ay € C and B € C" are uniquely determined by K, (and
its homology basis), and the constant A € C” is in one-to-one correspondence
with the Dirichlet data 1(xg) = (fi1(xo), - .., f,(x0)) € Sym"(k,,) at the point xg
as long as the divisor D_ﬂ(xu) is assumed to be nonspecial.

Remark 1.21 If D, is nonspecial and Pog & {fL1, ..., [}, then D;s is nonspecial
by Theorem A.31 (cf. also Lemma 1.18). N

Remark 1.22 The explicit representation (1.105) for ¢ complements Lemma 1.8
and shows that ¥ stays meromorphic on K, \ {P} as long as Dy is nonspecial
(assuming the affine part of IC,, to be nonsingular).

The algebro-geometric KdV potential « in the Its—Matveev formula (1.108) is
complex-valued in general. To obtain real-valued potentials, one needs to impose
certain symmetry constraints on K, and additional constraints on A in (1.121),
(1.122), which we will discuss next. In particular, the formal self-adjointness of
the Lax differential expression L = —d?/dx? + u with a real-valued potential u
leads to the reality constraints

Ey< Ei<---< Ey, (1.125)

on the zeros of Ry, 1, thatis, all branch points of /C,, different from P, are assumed
to be in real position.

Lemma 1.23 Assume (1.125), suppose that Dy, is nonspecial for some xy € R,
and choose the homology basis {a;, bj}?:? according to Theorem A.36(i)
(cf. the discussion in the paragraph following (B.20) and compare with Figure
B.2, implementing the additional constraint (1.125)). Then the meromorphic solu-
tion u in the Its—Matveev formula (1.108) is real-valued if and only if A in (1.122)
satisfies the constraint

Re(A) = (1/2)x (mod Z"), x =(x1,---»Xn)> Xj €{0,1}, j=1,...,n.
(1.126)

In particular, under the present hypotheses, the set of real-valued stationary
algebro-geometric KdV potentials Vin (1.121) consists of 2" connected components
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indexedbyl =(Xt>---» Xn) Xj €10, 1}, j =1, ..., n, and the component asso-
ciated with x = 0 comprises all real-valued smooth potentials u € C*(R).

Proof Define the antiholomorphic involution py: (z, y) = (z,Y), as in Exam-
ple A.35 (iii). By Example A.35 (iii), Theorem A.36 (cf. (A.65), (A.69)-(A.71)),
(B.27)-(B.29), (B.33), and (B.37)—(B.39) one infers that (IC,, p4) is of dividing

type and hence

r=n+1, T=-1, R=0, 0(z)=60@), zC",
pi(aj) =aj, py(bj)=—b;, j=1,...,n,
ck)eR", k=1,...,n, UY eR",

AeR, j=1,...,n.

Thus,
BE=-B
by (1.123); hence, real-valuedness of u in (1.121) is equivalent to
97 In(0(A + Bx)) = 92In(0(A + Bx)) = 9 In(0(—A + Bx)).
This, in turn, is equivalent to
A=—-A+m +nt, myn el
and hence to
Re(4A) = (1/2m;, m, € Z".
Replacing A by A + m + nt withm, n € Z" then yields
Re(A) =(1/2m; —m, m;,meZ"
and hence (1.126). Finally, since u is of the type
u(x) = Ay — 28? In(@@(Im(A) + ilm(B)x + (1/2)x)),
X=X xn)s x; €0, 1}, j=1,...,n,
u € C*(R)if and only if x = 0by (A.73) (with £ =0). U

Remark 1.24 The connected component of nonsingular KdV potentials (1.121)
associated with x = 0 in Lemma 1.23 can be described as follows: The initial
position of [ ;(xg) € K, must be chosen in real position with its projections lying

in the spectral gaps of H, that is,

wj(xo) € [Ezj1, Eajl, j=1,...,n,
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in order to render &, (Dp(x,)) purely imaginary mod Z" and u € L*(R). One
can show that all real-valued and bounded algebro-geometric KdV potentials arise
in this manner. In particular, as x varies, the motion of the projection p;(x) of
f1j(x) € K, remains confined to the spectral gap interval [E»;_i, E5;], and [,
changes sheets whenever it hits a branch point. Topologically, this motion corre-
sponds to one on a circle. Moreover, the initial data /i ;(xo), with the projections
 j(xo) constrained by (1.127), are independent of each other. Thus, the correspond-
ing isospectral set of all smooth (algebro-geometric) KdV potentials u € C*°(R)
corresponding to a fixed curve K, constrained by (1.125), that is, the connected
component associated with x = 0 in Lemma 1.23, can then be identified with the
n-dimensional real torus T". Effective coordinates on this torus uniquely charac-
terizing u are then the Dirichlet data E(xo) = (f1(x0), ..., fn(x0)) (cf. also the
notes to Section 1.3), or equivalently, Dirichlet divisors Dy, in real position con-
strained by (1.127). Solving the Dubrovin equations (1.66) with these initial data
then recovers u for all x € R from the trace formula (1.83). The Its—Matveev for-
mula (1.108) for u then provides a concrete representation of the elements of this
isospectral torus T". The potentials u in (1.108), in general, will be quasi-periodic’
with respect to x € R.

Real-valued KdV potentials # associated with XC,, constrained by (1.125) can also
be constructed by “misplacing” one or several initial values in the “wrong” spectral
gap (—oo, Ey]. This then results in the remaining 2" — 1 connected but noncompact
components of isospectral and singular KdV potentials (the singularities being
certain poles in x) in Lemma 1.23.

If in addition one is interested in periodic KdV potentials u# with a real period
Q > 0, the additional periodicity constraints

iQUS e 7"\ {0) (1.128)

must be imposed. (By (B.45) this is equivalent to 2i Q2c(n) € Z" \ {0}.) In fact, the
integers m; € Z \ {0} arising in (1.128), iQUé?; = m, have a topological inter-
pretation as winding numbers since by oscillation theoretic arguments they de-
scribe the number of full revolutions of 1 ;(x) in the jth spectral gap [E;_1, E»;],
j=1,...,n,as x traverses a periodicity interval of length €2.

An alternative strategy of proof of the Its—Matveev formula (1.108) based on the
trace formula (1.83) and theta function representations for symmetric functions of
w; is outlined in (B.44)—~(B.47).

Next, we briefly consider the trivial case n = 0 excluded in Theorem 1.20.

I A function f € C(R) is called quasi-periodic with fundamental periods (w1, ..., wy) € (0, 00)" if
wl, ..., wy, are linearly independent over Z and there exists an F € C(R") with periods w1, ..., Wy,
F(xy,..., Xj—1,Xj+@j, Xjy1, ..., xp) = F(xyg,..., Xxp) such that f(x)= F(x,..., x). f be-

comes periodic with period w > O ifand only if wj = mjwform; e N, j=1,..., n.
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Example1.25 Assumen =0, P = (z,y) € Ko \ {Ps},andlet (x, xo) € R?. Then

Ko: Fo(z,y) =y —Ri(2) =y> —(z— E)) =0, EyeC,

u(x) = Eo,
s-KdV,,(u) =0, m > 0,
L= —d—2 +Eo, P1= 4
dx? ’ dx’
Fo(z,x)=1, Hi(z,x)=2z—Ep, vo(x)= Ey,
¢(P,x) =iy,

Y(P, x, xo) = exp(iy(x — X))

Up to this point we assumed u € C*°(R) satisfies the stationary KdV equation
(1.10) for some fixed n € Ny. Next we will show that solvability of the Dubrovin
equations (1.66) on €2, € R in fact implies equation (1.10) on €2,,. As pointed
out in Remark 1.29, this amounts to solving the algebro-geometric initial value
problem in the stationary case.

Theorem 1.26 Fix n € N, assume the affine part of KC,, to be nonsingular, and
suppose that {{i;} 1., satisfies the stationary Dubrovin equations (1.66) on an
open interval Q, C R such that uj, j =1, ..., n, remain distinct on Q,,. Then
u € C*(R,), defined by

n
w=Eo+ Y (Esyji+ Eyj —2u;). (1.129)
j=1
satisfies the nth stationary KdV equation (1.10), that is,
s-KdV,,(u) =0on Q,. (1.130)

Proof Given the solutions ft; = (uj, y(1;)) € C®(R,, Ky), j=1,...,n of
(1.66), we introduce

n
Fo@) =[] —uponCx, (1.131)
j=1
and note that on €2,
L= (i, y(i)) = (wj, =@/ F (1)),  j=1,....n,  (1.132)
by (1.66) and F,, ((it;) = —p4jx [ [i=1(1t; — pk). Next we define a monic polyno-
k#j
mial H,;; of degree n 4+ 1 on C x €2, such that (1.13) holds, that is,

Rou41(2) + (1/4)F, 1(2)* = Fu(2)H,41(z) on C x Q. (1.133)
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The polynomial H, exists since the left-hand side of (1.133) has zeros atz = u,
j=1,...,nby (1.132). Hence, we may factor H,, as

Ho1(2) = [z = wo.
=0

A comparison of the coefficients of z" in (1.133) then yields

2n n n
D En=) uj+Y vonQ, (1.134)
m=0 j=1 £=0

Introducing u as in (1.129) and noticing u € C*(£2,) since u; € C*(RQ,), j =
1, ..., n, we next define the polynomial P,_; by

P,_1(z) = Hn+1(Z) - (1/2)Fn,xx(z) + (u — 2)F,(z) on C x Q/L

Since by (1.129) and (1.134)

n n
Pia@=2""" ="y v+ u =" Y i+ 0E"
=0 =

= 0" Yas|z| = oo,

P,_ is a polynomial of degree n — 1. Differentiating (1.133) with respect to x
yields

F x(2)Hni1(2) + Fu(2)Hyg1,x(2) = (1/2) Fy 1 (2) F 2 (2) = 0,
and hence
Fox(up)Puo1(uj) = Fo(uj)(—Hpp1x(uj) + @ — wj)Fy () =0
on . Restricting x € €, temporarily to x € EZM, where 52,4 C Q, is defined by

Q= {x € Q| Fux(u(x),x) = 2iy(2j(x)) #0, j=1,...,n}
Z{XEQM |Mj(x)¢{Em}m:0 ..... 2ns j:]"""n}v

one infers
Poa(u(x),x)=0, j=1,....,n,x€Q,. (1.135)
Since P,_; is a polynomial of degree n — 1, (1.135) then yields
P, =00nC x Q,, (1.136)
and hence (1.33),

Hy1(2) = (1/2)F,12(2) — (4 — 2)F,(2) on C x Q. (1.137)
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and (1.13),

Focx(@)Fa(2) = (1/2)F, 1(2)* = 2( — 2)F(2)* = 2Ran41(2) on C x Q..
(1.138)

Differentiating (1.138) with respect to x then yields
Fooxx(2) — 4 — 2)Fy 4 (z) = 2u, Fy(z) =00on C x 2, (1.139)

the fundamental equation (1.12). Introducing f;, j =1,...,n,0n fzﬂ by

Fu(z,x) =Y fie®)2',  (2,x) € CxQy,
=0

(1.139) then yields the beginning of the basic recursion relation (1.4)

~

f0:1s fj,xz_% j*l,xxx"i_ufjfl,x‘i‘%uxfjfls j=17"'7n7erM,'

(1.140)
Define f,+ . by (1.140) with j = n 4 1. Then
Jorrx = =/ frxxx + ufnx + A/ 2ux fr
= —(1/H) Fy 3xx(0) + uF,, 1(0) + (1/2)u, F,(0) = 0 on £2,,.
Thus,
0= —-2fnt1,(u) =s-KdV,(u) on S~2M. (1.141)

To extend (1.141) to all x € €2,,, we next consider the case in which /i ; hits one
of the branch points (E,,, 0). Hence, we suppose

Wj(x) = Epyasx — xo € Q
for some jy € {1,...,n},mg € {0, ..., 2n}. If one introduces
Cp@x) =0 (ujy(x) = En)'?, o =1, pujy(x) = Ep, + £j,(x)?

for x in an open interval centered around xo, the Dubrovin equation (1.66) for u ;,
becomes
12

2n
{jo,x(x) x: C(U) 1_[ (Emo - Em)
0 =0

—> X

m
m#£mg

< [TEm = )™ (1 + 0(o(x)))

&
for some |c(0)| = 1, and hence (1.135) extends to €2, by continuity. Consequently,
(1.136)—(1.141) extend to €2, by continuity. [
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Remark 1.27 The explicit theta function representation (1.108) of u on €2, in
(1.129) then permits one to extend u beyond €2, as long as D, remains nonspecial
(cf. Remark 1.22). This observation extends to all elementary}ymmetric functions
of the Dirichlet eigenvalues and hence to higher-order KdV invariants.

Remark 1.28 Although we formulated Theorem 1.26 in terms of Dirichlet eigen-

values uj, j =1, ..., nonly, the analogous result (and strategy of proof) works for
all B-boundary conditions (1.54) in terms of Af, £=0,...,n for each
B eR.

Remark 1.29 A closer look at Theorem 1.26 reveals that u is uniquely deter-
mined in an open neighborhood 2 of x¢ by K, and the initial condition E(XO) =
(ft1(x0), - . ., fin(x0)) € Sym"(KC,,), or equivalently, by the Dirichlet divisor Dy, €
Sym"(K,) at x = xg. Since u can be extended meromorphically to C with sin-
gularities given by second-order poles, u is actually globally uniquely deter-
mined by Dy ). Conversely, given I, and u in an open neighborhood 2 of
Xo, one can construct the corresponding polynomial F,( -, x) for x € Q (using the
recursion relation (1.4) to determine the homogeneous elements ﬂ and (D.9)
to determine ¢, = ¢,(E), £ =0, ...,n) and then recover the Dirichlet divisor
Diyxy for x € Q from the zeros of F,(-,x) and from (1.35). This remark is
of relevance in connection with determining the isospectral set of KdV poten-
tials u in the sense that once the curve /C, is fixed, elements of the isospec-
tral class of potentials are parametrized by (nonspecial) Dirichlet divisors Dy
(cf. Remark 1.24). a

We will end this section by providing some examples, we hope will aid in illus-
trating the general results of this section. We consider also some examples involving
singular curves and/or singular (i.e., meromorphic) algebro-geometric stationary
KdV solutions u, even though the principal results of this section were predomi-
nantly formulated for curves with nonsingular affine parts. We recall our convention
abbreviating algebro-geometric stationary solutions of some (and hence infinitely
many such) stationary KdV equations as KdV potentials.

The case of rational KdV potentials is treated first.

Example 1.30 The case of rational KdV potentials.
(i) The simplest nontrivial rational potential arises in connection with the arithmetic
genus one case, n = 1, where

2
ui(x) = o Y€ R\ {0},

s-IQ’d\Vm(ul) =0, meN.
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Then,

Lo 2, & 3d 3
Todx? k¥ T A3 T x2dx X3

and the corresponding rational curve reads
fl(za}’)zyz“‘ZS:O, Ey=E =E,=0.
Furthermore,
1 1
Fi(z,x)=z+ =, pi(x) = ——,
X X
, 1 1 '
) =2 — 2+ . w) = 22(1+( D'V3i), =01,

and hence one obtains for the two branches ¢;, j = 1,2, of ¢

1 2_ 1 1
Yi— o =2t )
$i@ 0 =" = =12,
z+ X2 y]+x3
)’I—ZZ ’)’2 —iz"?,

(i1) The next example is the arithmetic genus two case, n = 2. Here
6
u2(x)=_2, XER\{0}5
X

s-KdV,,(u2) = 0, m > 2,

and

d? 6 d? 15 &3 45 42 45 d
L = + -, P5 =
Cdx? ' x2

with the rational curve

dxS  x2dx3  x3dx?  x*dx

Foz,y) =y +2° =0, E,=0 m=0,...,4. (1.142)

Moreover,

3 9 3
Fy(z, X)—z+—z+ =1 (= 1YV3i), j=1,2,
3 3 5 36
Hi(z,x) =2" — 2"+ —,
X X

() =%, £=0,1,2,
X

(1-(17-12v2)73 = (17 - 12v2)'7),
= (1417 - 12v2)7 20 +iv3)/2 4+ (17 — 12v/2)'3(1 — iv/3))2),
= (1+ 17 -12v2)730 = iv/3)/2 4+ (17 — 12¢/2)3(1 +iV/3))2).

no
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Thus,
Vimmiog 23?4 R
¢j(Z,x)= ) 3 9 - - 3 18 .1:1’27
Z+x_ZZ+F yj+;Z+x—5
5/2 5/2
v =—i’? y =i

(iii) Next, we treat the arithmetic genus three case, n = 3. Here

12
uz(x) = 2 X€ R\ {0},

s-KdV,,(u3) = 0, m > 3,

and thus
I < d? n 12
Todx? XY
A’ 424> 210 44 315 &°
P = = _ - -

T dxT U x2dxS x3 dx* | x4 dxd
630 d? 2835 d n 2835
x5 dx? x® dx x7

with rational curve
Fz,y)=y*+7 =0, E,=0, m=0,...,6.

Furthermore,

Ly 8,8 S
Fex) =2+ 32+ g2+

win =", =123
mi=(—2-2"11(= 151 +75v5) "
+2715( =151 +75V5) "),
s — (_2+272/311(1 +iv3)(— 151 +75¢5)7"
— 21— i3~ 151 +75v3) "),
my = (=24272P1101 = iV3)(- 151 +75v5) "

— 2731 +iV3)( - 151 +75v5) "),

a6 9, 1 s
Hy(z,x) =12 2% Tt + x6z+ 5

Ue(x)=n—§, £=0,...,3,
x
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301 -
no=3+ 5(15 +993(1(5083 4 225i/2355))

1/3

12
+3(4(5083 + 225i+/2355)) 3)

1/3

1 .
-3 (30 —993(1(5083 + 225i+/2355))

— 3(1(5083 +225i+/2355)) "

5 331
_54(§ 22 (1(5083 + 225i+/2355))

wlr—

s —1/2\ 1/2
+ = (1(5083 +225i+/2355)) /> ) :

3

1 —
=2 5(15 +993(1(5083 + 2251v/2355)) " /?

[\

12
+3(1(5083 4 225i+/2355 )"/ 3)

1/3

1 .
+5 (30 — 993(1(5083 + 225i+/2355))
— 3(L(5083 + 225i+/2355)) "

5 331
- 54(§ 2 (15083 +225i+/2355)) "

| s 12\ 1/2
+ 5 (5(5083 +225i V2355 ))/> ) :

3

e = > — 5(15 +993(1(5083 + 225i+/2355))

>
13\
+3(4(5083 + 225i/2355)) /‘)

1/3

1 .
-3 (30 — 993(3(5083 + 225i+/2355))
— 3(L(5083 + 225i+/2355)) "

5 331
+54<§ 2 (45083 +225i+/2355)) "

| s 12\ 1/2
+ 5 (5(5083 +225i V2355 ))/> ) :

3 1

ny = — 5(15 +993(L(5083 + 225i+/2355)) "/

2
A 1/2
+3(4(5083 + 225i+/2355)) )

59
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1/3

1 .
+3 (30 — 993(1(5083 + 225i+/2355))
— 3(4(5083 +225i+/2355))

5 331 -
+ 54(§ + 7 (55083 +2257/2355) 3

1 U\ 12
g( (5083 +225i+/2355))"/ ) > .

Thus,
6.2 _ 90 675

yj— 52— N _ 6B
x3 )cS x7
iz, x) = 2 355
+ 2Z + 4z+x(,
’;

Z4_X_2Z 34224-15 +—ZS§5 .

= — =1,2

-+ 24 % +675 o )4
Yj =2

yi=—iz’ ,yz—tz/

(iv) In the general arithmetic genus n € N case, the corresponding rational potential
is given by

ww=""FD " e\ (o),

S'@m(un) == 0’ m > n,
with associated rational curve
Fu(z,y) =y + 2 =0, E,=0 m=0,...,2n. (1.143)

(v) More generally, all rational (nonconstant) KdV potentials u,, in the arithmetic
genusn € N case, vanishing at infinity, are obtained as follows. Let M € N, s, € N,

and x; € C be pairwise distinct, k = 1, ..., M. Consider
M
un(x) =Y sils + D —x0) 2 x € R\ {xhemry  (1144)
k=1

subject to the constraints

M
n(n+1) =Y silsc + 1), (1.145)
sp(sp + 1)
m—o forﬁ:l,...,sk and k=1,,M (1146)
k’;ék

Then u is a rational KdV potential vanishing at infinity if and only if u is of the
type (1.144) and the constraints (1.145), (1.146) hold. In particular, for fixed n, the
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constraints (1.145), (1.146) characterize the isospectral class of all rational KdV
potentials associated with the rational curve (1.143), and all KdV potentials of the
type (1.144)—(1.146) satisfy

s—IQ/d\Vm(un) =0, m>n.

Our second example describes the n-soliton potentials of the stationary KdV
hierarchy.

Example 1.31 The case of n-soliton KdV potentials.
Let n € N. Then

2

u,(x) = —2d—2 In(z,(x)), x €R\{yeR|z(y) =0}
dx

Ty (x) = det(f, + Cy(x)),
Ca(x) = (cjerlicj + )™ exp(=(kj +Kp)x) ;s

cj,kjeC, j=1,...,n,
S'@n(un):Q

with associated singular curve

Fulz,y) =y* +ZH (z +f<f)2 =0,
=1

Eyjo=Eyj1=—k}i, j=1,....n, Ey=0.

Nonsingular soliton potentials are obtained upon imposing the restrictions c¢; > 0,
ki>0,j=1,...,n.

Finally we consider elliptic KdV potentials. By (-) = o(-| w1, w3) =
©(-; 82, 83), we denote the Weierstrass g-function with periods 2w;, j =1, 3,
Im(ws/wy) # 0, w, = w + w3, invariants g, and g3, and associated fundamental
period parallelogram A (cf. Appendix H).

Example 1.32 The case of Lamé potentials.
(i) In the genus one case, n = 1, one has

ui(x) =2pkx), xeR, x#A0 (mod A),
s-KdV(u1) =0,

— 1 —
s-KdV,(u;) — ggQS—KdVO(Ml) =0, etc.,
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and

2 3

d d 3
L=—— +2p(x), Pi=———+3p)— + ~p'(x),
T3 290, Pr= =5 4 3p00) T+ 2p/()

with elliptic curve
Fiz,y)=y*+ (z3 — &z + &) =0,
4 4
Ey = —p(w1), E1 = —p(w), Er = —p(ws3).
Moreover,
Fi(z,x) =z+pkx), wkx)=—p),
Hy(z,x) = & = p()z + o) = 7.

1
V() = 3 () = (=D)'(e2 = 3p0)H)?), £=0,1.

Thus,
bz = t39'0) P —pztpn) -8 Lo
e 7+ px) yj — 19/ (x) 7
il 82 g&\2
y] :(—1)j+ll<z3—ZZ+Z) s J = 1,2

(i) In the genus two case, n = 2, one obtains

u(x) =6p(x), xeR, x#0 (mod A),

s-KdVa(uz) — %825-@0@2) =0,

s-KdV3(uz) — %gzs-K/d\Vl(Mz) - 2§7<g’38-la\\70(142) =0, etc,,
and

d2
L= + 6p(x),

T dx2
5 d3 4 d? 27 d
P —15 s (— — 45 2) =,
5= s — 15 -5 — — ') + (e —459()7)
with hyperelliptic curve
Foeiy) =y + ( 21 27 . 27 L8 81 )
202, YY) = y Z 2 822 2 832 2 821 2 —&283

9 27
=y + (> = 3@ — 187~ 789 =0

Ey = —(3g2)'?, E| =3p(w3), E; =3p(w),
E; = 3p(w1), Es = (3g2)"%
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Furthermore,

9
Fo(z,x) =22 4+ 3p(x)z + 9p(x)* — 18

jj(x) = %( — px) + (=1 (g2 = 3px))'?), j=1.2,
Hi(z,x) = 2° = 3p(x)z” — 3822 — 9g3 + 36p(x)°,
V() = p(x) + 217 (g2 + 9(0?) A@) 2 + 275 A,
() = P(x) — 273 (1 4+ V/30) (82 + p(x)*) Ax)™'/?
— 274301 = V3Bi) A(0)'3,
1) = () — 2773 (1 = V3i) (82 + p(x)?) Ax)™7
— 27431 4+ V3i) Ax)' 3,

where we used the abbreviation
A(x) =983+ 38 px) — 34 px)’

12
+ (083 +3820() = 349()")” =4 (2 + 9())’)

Thus,

biex)= 2t 39/ ()7 + 9p(x)p'(x)
e 2 +3p(x)z + 92 — g

_ 2= 3p()2% — 382z — 983 + 36p(x)° i=1.2

yi — 39'(x)z — 9p(x)e’(x) ’ ”

. 21 27 27 81 12
= ei(F - 2 - T T o) o2
i =(=DiT = 822 — 837" + o832+ 8283 J

(iii) In the general genus n € N case, the corresponding Lamé potential is given
by

up,(x)y=nn+ Hpkx), xeR, x#0 (mod A),

(1.147)
s-KdV, (u,) = 0

for a particular set of integration constants {c;}¢=1..., C Cin (1.147).

(iv) More generally, all elliptic (nonconstant) KdV potentials «, in the genusn € N
case are obtained as follows. Let M € N, s, € N, ug € C, and x; € C be pairwise
distinct (mod A),k =1, ..., M. Consider

M
wn(x) = uo + Y _ silsi + Dp(x — x0), (1.148)
k=1

xeR, x#x, (mod A), k=1,...,N
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subject to the constraints

M
nn+1)= Zsk(sk +1), (1.149)
k=1
M
> s+ DG —x) =0 forf=1,....5 and k=1,.... M.
K'=1k'k
(1.150)

Then u is an elliptic KdV potential if and only if u is of the type (1.148) and the
constraints (1.149), (1.150) hold. In particular, for fixed n, the constraints (1.149),
(1.150) characterize the isospectral class of all elliptic KAV potentials associated
with a curve of the form (1.30), (1.62). All KdV potentials of the type (1.148)—
(1.150) satisty

s-KdV,(u,) =0 (1.151)

for a particular set of integration constants {c¢}¢—1..., C Cin (1.151).

The rational case studied in Example 1.30 is obtained by letting w; and w3 tend
to infinity in (1.147) assuming that ws;/w; and w; /w3 do not converge to a real
number. Under these circumstances,

lim px| o, o) = x 2
w],w3—>00
Similarly, the soliton case described in Example 1.31 is obtained by letting w; tend

to infinity in (1.147), keeping w; fixed.

1.4 The Time-Dependent KdV Formalism

In this section we extend the algebro-geometric analysis of Section 1.3 to the
time-dependent KdV hierarchy.
For most of this section we assume the following hypothesis.

Hypothesis 1.33 Suppose that u: R*> — C satisfies

u(-,1) e C°R), t € R, u(x,-)eC'R), x eR. (1.152)

The basic problem in the analysis of algebro-geometric solutions of the KdV
hierarchy consists in solving the time-dependent rth KdV flow with initial data a
stationary solution of the nth equation in the hierarchy. More precisely, given n €
No, consider a solution u® of the nth stationary KdV equation s-KdV,(u®) = 0
associated with /C,, and a given set of integration constants {c;},=;,., C C. Next,
let r € Np; we intend to construct a solution u of the »th KdV flow KdV,(«) = 0
with u(ty,) = u® for some #5, € R. To emphasize that the integration constants
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in the definitions of the stationary and the time-dependent KdV equations are
independent of each other, we indicate this by adding a tilde on all the time-
dependent quantities. Hence, we employ the notation ﬁzrﬂ, F ,, H s K f 1 f o
Cy to distinguish them from Py, 1y, F,, Hyy1, K}y, fe, c¢ in the following. In
addition, we will follow a more elaborate notation inspired by Hirota’s t-function
approach and indicate the individual rth KdV flow by a separate time variable
t, e R.

Summing up, we are seeking a solution u of the time-dependent algebro-
geometric initial value problem

KdV,(u) = u, — 2 fri1c(u) =0, ul, Y = u®, (1.153)
s-KdV,(u®) = =2 f,11,@®) =0 (1.154)

forsome#y, € R, n,r € Ny, where u = u(x, t,) satisfies (1.152) and a fixed curve
IC,, is associated with the stationary KdV solution #? in (1.154). In terms of Lax
pairs this amounts to solving

d ~
77 L) = [Poraa (), L(t)] =0, 1, € R, (1.155)

[Pon+1(t0,r), L(to,r)] = 0. (1.156)

In anticipating that the KdV, flows are isospectral deformations of L(# ), we are
going a step further, replacing (1.156) by

[Pont1(t), L(1)] =0, 7, € R. (1.157)
This then implies
2n
=P, (t) = Ry (L(t)) = [ [(L(t) — Ej). t, eR. (1158)
Jj=0

Here we base the explicit solution of (1.153) not directly on (1.155), (1.157), and
(1.158), but instead take the following equations as our point of departure,

w, = —(1/2F 100(2) + 2 — 2)F, 1 (2) + u, F, (2), (1.159)
(1/2)F, (D) Fo(2) — (1 /) F, 1 (2)* — (4 — 2)F(2)* = Ropy1(z),  (1.160)
where
Fo@ =Y faez' =] [@— . (1.161)
=0 j=1
Foy=) frs2 (1.162)
s=0

for fixed n, r € Ny. Here f;, £ =0, ...,n,and fs, s =0,...,r,are defined as in
(1.5) with appropriate sets of integration constants ¢, ¢s, etc.
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First we will assume the existence of a solution u of equations (1.159), (1.160)
and derive an explicit formula for « in terms of Riemann theta functions. In addi-
tion, we will show in Theorem 1.48 that (1.159), (1.160), and hence the algebro-
geometric initial value problem (1.153), (1.154) has a solution at least locally, that
is, for (x, t,) €  for some open and connected set Q C R2.

We recall from (1.79), (1.32)—(1.34), (1.35), and (1.36) that

— (/D Fx@) = =i Y y(@) [ [ = mow; — w) ™,

j=1 k=1
k#j
Rou1(2) + (/4 F, 1(2) = Fu(2) Hy (2),

n

H,41(2) = l—[(z — Vo) = (1/2)Fy xx(2) — (u — 2) F(2),

=0
i 1) = ((x, 1), = /2) Fo (i (x, 1), X, 1)) € Ky, (1.163)
j=1....n (x.1,) e R
ﬁz(-xs tr) - (V((.x, tr), (i/z)Fl‘l,X(vj(-xﬂ tr)a xv tr)) E ICI‘H (1164)

£=0,...,n, (x,1,) € R%

As in Section 1.3, the regularity assumptions (1.152) on u# imply analogous regu-
larity assumptions on F,,, H, 1, i, and vy.

In analogy to (1.38), (1.39), and (1.41) one then considers the fundamental
meromorphic function ¢( -, x, #.) on IC,,

iy + (I/Z)Fn (Z,x, 1)

P,x,t)= - 1.165

o2 Fu(z, x, 1) ( )
_ - l’l+1(za X, tr)

iy —(1/2)F, (2, x, 1)’

P=(zy) ek, (x,t,) e R?

(1.166)

with divisor (¢(-, x, t.)) of ¢(-, x, t,) given by'
(@C-, x, 1)) = Doy, 0p0e,6) — Propten)s (1.167)
where
A=A{n ..., Qb D= {D1, ..., D} € Sym"(K,),

and the time-dependent Baker—Akhiezer function ¥ (-, x, xo, t,, tp,,) on /C,, \ { Po},

t ~ ~
w(Paxa-x()a tra t(),r) == exp (/ dS (Fr(va()a S)¢(P,.x0, S) - %Fr,x(z’x()’ S))

to,r

+/ dx/¢><P,x’,zr>>, (x, X0, 1y, f0,,) € RY. (1.168)

X0

! According to Remark 1.9, the right-hand side of (1.167) is symmetric with respect to ﬁf A =0,...,n,
and hence the pair (ﬁéj, Qﬁ) can be replaced by any of the pairs (fzf, g/”), t=1,..., n.
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Moreover, in analogy to (1.33) we also introduce the polynomial
Hy 1) = (1/2)F () = (u = DF, (). (1.169)
From (1.159) and (1.160) one then computes
Hoiro = (/DF, o — = DFry —uFr = —uy, + = 2)F,..  (1.170)

The following lemma records basic properties of ¢ and W in analogy to the
stationary case discussed in Lemma 1.8.

Lemma 1.34 Assume Hypothesis 1.33 and suppose that (1.159), (1.160) hold.
Moreover, let P = (z,y) € Ky \ {Px}, (x, X0, t:, t0.,) € R*. Then ¢ satisfies

¢x(P)+ ¢(P)* =u —z, (1.171)
¢, (P) = 0, (F,(2)$(P) — (1/2)F,.(2)) (1.172)
= —F,(2)¢(P)* + F, .(2)p(P) — H,(2), (1.173)
*\ HnJrl(Z)
d(P)P(P™) = F) (1.174)
$(P) + (P = Lrx@) (1.175)
- F() '
o(P)— (P = =22 (1.176)
C Fu(2) '

Moreover, \r satisfies

(L(t;) = z(P)Y(P) =0, (1.177)
(Pops1(t) —iy(P)¥(P) =0, (1.178)
¥, (P) = Py (1) (P) (1.179)

= FL(¥:(P) — (1/2)F () (P). (1.180)

In addition, as long as the zeros of F,(-,x,t.) are all simple for (x,t,) € Q,
Q C R? open and connected, (-, x, Xo, t,, to.r) is meromorphic on KC, \ { P}
fOl" (x, tr)9 (XO’ tO,r) S Q

Proof The proofs of (1.171), (1.177), (1.178), and (1.174)—(1.176) are analogous
to those in Lemma 1.8. To prove (1.172) one can argue as follows. By (1.159)
and (1.171),

0y, (9x + &) = b, + 200,
= U, = (Fr¢ - (1/2)Fr,x)xx + 2¢(Fr¢ - (1/2)Fr,x)x,

which implies

(0x +20)(¢r, — (Fr¢ — (1/DF,).) =0,
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and hence
¢Tr = (Frd) - (l/z)frx)x + CeXp < _z/x d-x/d))v

where C is independent of x (but may depend on P and t,). The behavior of
¢(P, x,t,) as the spectral parameter tends to infinity, derived from (1.167) for
fixed (x, t.) € R?,yields ¢(P, x, t,) = +iz'/> + O(1)asz — oo, P e Il.; hence,
C = Osince ¢;, — ( F cp— 27! F r.x)x 18 meromorphic on /C,,, and hence especially
near Py, while C exp ( — 2 /™ dx'¢) is meromorphic near Py only if C = 0. This
proves (1.172). Equation (1.173) is then clear from (1.169) and (1.172). By (1.168),
¥ (-, x, X0, tr, ty,r) is meromorphic on /C,, \ { Poo} away from the poles [ ; (xo, s) of
¢(-, x0,5) and i (x’, t,) of ¢(-, x’, t,). That ¥ (-, x, xo, t,, ty,,) is meromorphic
on IC, \ { P} if F,(-, x, t,) has only simple zeros is a consequence of
d(P,x',1,) = In(F,(z, X', 1)) + O(1) as z — p;(x', 1)

000
(cf. (1.52)) and from

F,(z, x0, $)p(P, X, 5) b ) 3 In (F,(z, xo,5)) + O(1) as 2 — (xo, $),
using (1.163), (1.167), and (1.181) ((1.181) in Lemma 1.35 follows from (1.172)
and (1.176), which have already been proven). This follows from (1.168) by
restricting P to a sufficiently small neighborhood Uf;(xo) of {ft;(xo,s) €
K, |(x0,5) € 2, s € (70, t,1} such that fix(xo,s) ¢ Uj()C()) for all s € [t0.r, 2]
and all k € {1,...,n}\ {j} and by simultaneously restricting P to a sufficiently
small neighborhood U;(z,) of {ft;(x", 1) € K, |(x', 1,) € Q, x’ € [x0, x]} such
that fix(x’, 2) ¢ U;(t,) for all x” € [xp, x] and all k € {1, ..., n}\ {/}. Finally,
(1.180) immediately follows from (1.168) and (1.172). U

The t,-dependence of F,, and H,, is governed by the following result.

Lemma 1.35 Assume Hypothesis 1.33 and suppose that (1.159), (1.160) hold.
Then,

Fuy, =Fn,xfr_Fnﬁr,x7 (1.181)
Foxr, = 2(Hn+1f, - Fnﬁr+l)s (1.182)
Hn+1,tr = n+1Fr,x - Fl1,xﬁr+1- (1.183)

Proof By (1.172) and (1.176),

¢, (P) — ¢, (P*) = =2iyF,*F,, = 8, (F.($(P) — $(P")))
= 2ly(anrx - Fn,xﬁr)Fn_2v
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implying (1.181). Similarly, by (1.169),
~(1/DF e = YD E F e = Fr o) = FyHpp = FrHo
Finally, (1.12), (1.33), (1.170), and (1.181) yield
Hopr, = /2D Fypxx — (W — 2 Fuy —ug Fy
= —FyHyo1 = FyHogro+ FroHyp + 0= D F, oy — u, F
= _Fn,xﬁr-H + Fr,anH

and hence (1.183). O
Next we record the remaining #.-dependent analogs of Lemma 1.8.

Lemma 1.36 Assume Hypothesis 1.33 and suppose that (1.159), (1.160) hold.
Moreover, let P = (z, y) € K, \ {Pso} and (x, xq, t, ty) € R*. Then,

Fou(z, X, 1,) )‘/2

) (1.184)
Fn(Za X0, tO,r)

W(Pa X, X0, tr, tO,r) - (

f N x
X exXp (iy/ ds F.(z, x0, $)Fu(z, X0, 5)"" + iy/ dx' F,(z,x', t,)1>,

fo Xo

Fo(z,x, 1)

I//(Pi X, X0, tr’ tO,r)W(P*, X, X0, trs tO,r) = = (1185)
Fn(Z, X0, tO,r)
Hn ’ ’ tr
V(P %, 5ot 0 W (P ., o, s ) = e 50 1) (1.186)
Fn(Zv X0, tO,r)
1/f(P, X, X0, tr’ tO,r)wx(P*, X, X0, trv tO,r)
« Fn,x(zaxvtr)
PP X, X0, b, to (P, X, X0, 1, f0,) = 5000 (187
Fn,x(Zs xO-tO,r)
x 2iy
W(w(Pa 'ax()atrato,r)v W(P ) '7-x07tr7[0,r)) = (1188)

Fn(Zs xOOtO,r) '

Proof Equation (1.184) follows from (1.165), (1.168), and (1.181). Combining
(1.168), (1.175), and (1.181) yields

l[’(P, -xv .X(), trv lO,r)w(P*, x, -xo’ tra tO,r)

1
= exp </ ds F, s(z, x0, s)F,(z, xo, s)_1

to,r

X
+/ dx' Fyv(z, x', t,)Fy(z, X', tr)l)

X0
- (Fn(Z, X0, tr)/Fn(Zv X0, tO,r))(Fn(Za X, tr)/Fn(Za X0, tr))
= Fn(Zv X, tr)/Fn(Zv X0, tO,r)v
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proving (1.185). Equations (1.174), (1.185) and v, = ¢y imply

Wx(P, X, X0, trv tO,r)wx(P*, X, X0, tr’ tO,r)
- (Hn+1(Z, X, tr)/Fn(Zv X, tr))(Fn(Za X, tr)/Fn(Za X0, tO,r))
= Hyt1(z, x, 1)/ Fu(2, X0, to,1)-

This proves (1.186). Equations (1.187) and (1.188) follow from (1.168), (1.175),
and (1.176). O

Turning to the 7,-dependent analog of (1.55)—(1.61) we start by introducing

n

K} (@) = Hy1 () + BFx@ + BF@ =[[(: =), BeR, (1189
=0

with
Hy41(2) = K,(,)H(z), v=21% €=0,...,n

One then verifies in analogy to (1.57)—(1.61) that
iy+ %Fn,x(z) + BF.(2)

Fu(2)

_wh
_ KL @)
iy —(1/2)F, (2) — BFu(2)

Ron1(@) + ((1/2)F,1(2) + BFu(2)” = FuKL, (2),

I
(@(P) + B)@(P*) + ) = %Z()Z)

(wx(Pv-xa an tra tO,r) + ﬁl//(Pa -xa an tra tO,r))

¢(P)+ B =

K,/?+1(Za X, tr)

X (1/fx(P*, X, X0, tr’ tO,r) + ,Bl/f(P*, X, X0, trs tO,r)) = s
Fn(Zv x()v tO,r)

(¢+B)= ng;" - Dng
with

W)= (o6, (/2)F (M 1), x,06) + iBF, (A (x, 1), x, 1)),
£=0,...,n. (1.190)

Equation (1.189) and Lemma 1.34 then yield
KYo, =KD (Fra +2BF,) — (Fux +28F)KE,. (1191

Before turning to the analog of Dubrovin equations in the time-dependent setting,
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we recall that the affine part of /C, is nonsingular if (1.62) holds. Moreover, as in
Section 1.3, we will always assume the eigenvalue ordering (1.63) in the special

E, <Eus form=0,1,...,2n— 1. (1.192)

In particular, if u(-,t.) € C®(R) N L>®(R) is real-valued, t, € R, then again

..........

ordering

Wi, t) < i (et forj=1,....n—1,(x,1,) € R?, (1.193)

M) <A ) fore=0,...,n—1,(x,1,) € R? (1.194)

in this case.

The stationary Dubrovin equations in Lemmas 1.10 and 1.11 have analogs for
each KdV, flow (indexed by the parameter ¢.), which govern the dynamics of
wj and Af with respect to variations of x and ¢.. In this context the stationary
case simply corresponds to the special case r = 0. We first provide the result in
connection with Dirichlet boundary conditions (where 8 = oo) and then turn to
the general boundary conditions (1.54) parametrized by g € R.

Lemma 1.37 (The Dubrovin Equations)
(i) Assume Hypothesis 1.33 and (1.159), (1.160) hold on an open and connected
set 2, C R2. Moreover, suppose that the zeros i j, j = 1,...,n, of F,,(-) remain

.....

order system of differential equations on 2,

i = =20y [ [y — o™ (1.195)
i)
~ n
Wia, = =20F (upy@) ] [ —mwo™" j=1,....n (1.196)
k=1
k#j

Next, assume the affine part of K, to be nonsingular and introduce the initial
condition

{ij(x0, t0,)} j=1,... T Kp,\ (1.197)

for some (xq, ty,,) € R?, where wi(xo, to,,), j =1,...,n, are assumed to be dis-
tinct. Then there exists an open and connected set §2,, C R?, with (xg, ty,) € Q2 w
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such that the initial value problem (1.195)—(1.197) has a unique solution
{j}j=1,..n C K, satisfying

pjeC(Qu Ky, j=1,...,n, (1.198)

and wj, j =1,..., n, remain distinct on .

(ii) Suppose in addition to Hypothesis 1.33 and (1.159), (1.160) that u is real-
valued and bounded and that the affine part of IC, is nonsingular. Moreover,
assume the eigenvalue orderings (1.192), (1.193). Then {1} j—1,... n, with pj(x, 1),
j =1,...,n, the Dirichlet eigenvalues of —% 4+ u(-,t) corresponding to a
Dirichlet boundary condition at x € R (i.e., the eigenvalues of HP(t,)), satisfies
(1.196) on R2. Furthermore, given initial data satisfying wj(xo, to,) = ug-o)(xo) €
[Ezj—1, Eojl, j=1,...n, then

wjx, 1) € [Eaj1, Eajl,  j=1,...n, (x,1,) € R%

In particular, 1;(x,t.) changes sheets whenever it hits E>j_y or Ej;, and its
projection ;(x,t.) remains trapped in [Eyj_y, Ey;] for all j =1,...,n and
(x,1,) € R2

Proof Since F, o = 1, the proof of (1.195) is identical to that in Lemma 1.10 in
the stationary case. Taking z = ; in (1.181) and observing (1.161) and (1.163)
immediately yield

Fug () = =y, [ [ = ) = Fas(u)Fr(a) = 2iy (i) F ()
k=1
ket

and hence (1.196). Similarly, the argument proving Lemma 1.10 (ii) applies to the
present time-dependent context line by line. For the proof of (1.198), one invokes
again the charts (B.3)—(B.6) and (B.12)—(B.15). As in the stationary case, the only
nontrivial issue to check is the case in which [i; hits one of the branch points
(Ewn,0) € B(IC,), and hence the right-hand sides of (1.195) and (1.196) vanish.
We suppose therefore that

,bLjO(.X, tr) — Emo as (.X, tr) — (XO, tO,r) S Q/L
for some jy € {1,...,n},mg € {0, ..., 2n}. Introducing

Cjo(x, 1) = o (ujy(x, 1) — Emo)l/zy o = =1,
(X, 1) = Epy + £jy(x, 1)

for (x,t,) in a sufficiently small neighborhood of (xo,#,), the Dubrovin
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equations (1.195), (1.196) for u;, become

1/2
2n
Co(x, f = c(o E, — E
Cratet) = e@) | [ Emg = En)
msnmg

< | TT (Bno — s, 1) ™" | (1 4 0. 1)),

ko
12
- 2n
Cioty (x,t) (er)H:(xn,m’r) C(O—)Fr(EmU’ X0, tO,r) nl1:[0 (Emo —E,)
mz#£mg

n

< | TT (Emo — o)™ | (1 4+ 0 (x, 1)9)
k=1
ko

for some |c(0)| = 1, and one concludes (1.198). [

For the general 8 boundary conditions (cf. (1.54)), we record the following
result.

Lemma 1.38 Ler 8 € R.

(l)Assume Hypothesis 1.33 and (1.159), (1. 160) hold on an open and connected set
Qi € R2. Moreover, suppose that the zeros )Ll, £=0,...,n of Kn+1( ) remain
distinct on Q;\. Then {A f}@ =0,...> deﬁned by (1.190), satlsﬁes the following first-
order system of differential equations on Qx

~2i (B —u+ )y (i) [T (+f - 28)7", (1.199)
m=0
m#L

B
)‘Z,x

n
2 —1
M, ==K ()G T =28)" e=0.....n.  (1200)
i
Next, assume the affine part of IC, to be nonsingular and introduce the initial

condition

(i Goston)} g, € Ka (1.201)

for some (xg, ty,) € R?, where Af(xo, to,), £ =0,...,n, are assumed to be dis-
tinct. Then there exists an open and connected set ) C R?, with (xo, to.r)
€ Q,, such that the initial value problem (1.199)—(1.201) has a unique solution
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.....

Vec®@, K, €=0,...,n, (1.202)

and Af, £=0,...,n remain distinct on ;.

(ii) Suppose in addition to Hypothesis 1.33 and (1.159), (1.160) that u is real-
valued and bounded and that the affine part of K, is nonsingular. Moreover,
£=0,...,n, the eigenvalues of Hf(t,), satisfies (1.200) on R2. Furthermore,
given initial data satisfying Lo(xo, to.,) < Eo and A¢(xo, to,) € [Eze—1, Ex], £ =
1,...n, then

M@ t) < Eg, A1) € [Eyor, Exl, £=1,...n, (x.1,) € R”.

In particular, )A»f(x, t,) changes sheets whenever it hits E»y_1 or Eyy, and its projec-
tion )»f(x, t,) remains trapped in [Exe—1, Exelforallt = 1,...,nand(x,t.) € R?
(and similarly for ):g (x, 1))

Proof Again the proofs of (1.199), (1.202) and part (ii) parallel those of Lemmas
1.10 and 1.11 line by line. Inserting (1.189) into (1.191), taking z = Af(x, t,), and
applying (1.190) yield (1.200). O

In a fashion analogous to (1.80)—(1.82), one can analyze the behavior of Af (x, 1)
as a function of the boundary condition parameter 8 € R. In fact, (1.189) yields

0pK. | = —Fy.+2BF, (1.203)

and hence

n

KL O] = —(03) [T (4 = 48) = —Fon(4) + 26, (:0)

= —2iy(Af) (1.204)

by (1.190). As in Lemma 1.15 this implies the following result for the 8-variation
of the eigenvalues Af (x, t,).

Lemma 1.39 Let (x, t,, B) € Q x U, where Q C R? is open and connected and

U C Risanopeninterval. Assume Hypothesis 1.33 and (1.159), (1.160) hold on <2.

B

wi1(s X5 1) remain

Moreover, suppose that the zeros A’Z(x, t),L=0,....,n0f K

.....
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following first-order system of differential equations on Q

n

oprf =2y ()]0 = 2£)™". e=0.....n.
m=0

m##L

Proof Combine (1.203) and (1.204). O

Since the stationary trace formulas for KdV invariants in terms of symmet-
ric functions of p; and Af in Lemmas 1.16 and 1.17 extend line by line to the
corresponding time-dependent setting, we next record their f.-dependent analogs
without proof.

Lemma 1.40 Assume Hypothesis 1.33 and suppose that (1.159), (1.160) hold.
Then,

2n n
u= ZEm _ZZ/‘Ljv
m=0 j=I

2n n

W= (1 Due =Y Ep =21, etc.
m=0 j=1

Lemma 1.41 Let B € R. Assume Hypothesis 1.33 and suppose that (1.159),
(1.160) hold. Then,

2n n
267 —u=3Y E,—2Y i,
m=0 =0
n

2n
(1)t — uCx, 1) + 281 + 4% — 284 = > E2 —23 (W), erc.
m=0 =0

Remark 1.42 We emphasize that instead of taking (1.159) and (1.160) as our
starting point for solving (1.153), and subsequently deriving the first-order dif-
ferential system (1.195), (1.196), one could have started directly with the system
(1.195), (1.196) and derived (1.159) and (1.160) as well as the remaining facts of
this section using the time-dependent trace formula for # in Lemma 1.40. This
algebro-geometric initial value problem approach will be explicitly carried out in
Theorem 1.48.

Clearly, Lemma 1.18 extends to the present time-dependent setting. We omit
the corresponding details.

We also record the asymptotic properties of ¢ (whose proof is identical to that
in Lemma 1.19).
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Lemma 1.43 Assume Hypothesis 1.33 and suppose that (1.159), (1.160) hold.
Moreover, let P = (z,y) € K, \ {Px}. Then, as P — Py,

(P) = it —/Dut + 0@, £ =0/ o =+1.

As in Section 1.3 we continue with the theta function representation of ¢, ¥,
and u, assuming the affine part of K, to be nonsingular. We start by introducing
some of the necessary quantities.

Let “)332;,2 , be a normalized differential of the second kind with a unique pole
at P, with principal part £ ~29=2d¢ near P, (cf. (A.20), (A.21), and (A.22)), and
define

QY ) =) Qg+ ey 5, Go=1, (1.205)
q=0

where ¢, are the constants introduced in the definition of F +. Thus, one infers as
in (1.98)—(1.100),

/ QY , =0, j=1...n, (1.206)
P ~ r

fQ Qy = D 6 gt 0@ as P — P, (1.207)
0 q=0

choosing Qg to be one of the branch points. Moreover, define the vector of
b-periods of Q%;,Zr /(2mi) by

~Q) ~Q ~Q ~Q S .
Uy =(U2.....02), U9 =-— [ QY ,. j=1....n. (1208

By (B.33) one obtains
fj;f}j =2 Z Gy Z cj(k)erntqg(E), j=1,...,n (1.209)
q=0 k=1

with ¢;(E) defined in (B.32). We also recall the definition of a)zl Apet)
properties in (1.93)—(1.97) with Ag(x) replaced by Ag(x, ), etc.

Recalling the abbreviation (1.103) and our choice of base point Q¢ = (E,, 0),
we can now state one of the principal results of this section.

and its

Theorem 1.44 Suppose Hypothesis 1.33 and (1.159), (1.160) hold on 2, and
assume the affine part of KC,, to be nonsingular. In addition, let P € K, \ { Px} and
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(x, t,), (x0, to.r) € Q, where Q C R? is open and connected. Moreover, suppose

that Dy(x.r), or equivalently, D is nonspecial for (x, t.) € Q. Then,!

A(r)

9 Py, MO (z(P, A -
S(Poxt)= B+ (2(Poos fu(x, 1:)))0(z( EN®)) (1210)
G(Z(Pom A0, 1,8 (P, ax, 1))

P
3) 8
 exp ( B /Qo wPoo,iff(x,;,.) + (1/2) In (Emn - )»0 (x, tr)))

and?
0(2(Peo, (X0, 10,,)))0(2(P, fi(x, 1,)))

P bt 14 = 1.211
VAR 0s b 00) = G (B i 1M, o, 10,)) e

X exp ( —i(x —xo)/ Wy o — ity — to,,)/ Qp 2,>

with the linearizing property of the Abel map

@, D) = o, (Dpceoto,) + iU (x — x0)

FiUY U — t0,), (1.212)

_ Qe
gQO(Dig(x’tr)iﬁ(er)) =%, (Dig(Xoato.r)iﬁ(xoqlm)) + lQO (x = xo)
.~(2)
+iU,, (tr — to.r). (1.213)

The Its—Matveev formula for u finally reads

u(x,t.) = Eo+ Z(EZj—l + Ezj —24))
=1

— 202 In (0(E, — Ag,(Po) + ag,(Pace))) (1.214)

n
= Ey+ Z(Ezj_l + Eyj —24))
j=I

—2021n (0(8g, + Ag, (A (x, 1) + 2 (Dys,, ). (1.215)

Proof The discussion with respect to the spatial variation of ¢ and ¥ in Theorem
1.44 is identical to that of Theorem 1.20. Moreover, the proof of (1.210) carries
over without any changes. The behavior of v, however, requires a more refined

! According to Remark 1.9, the right-hand side of (1.210) is symmetric Wlthrespect to )Lﬂ £=0,..., n;
hence, the pair ()J6 PN ) can be replaced by any of the pairs (Aﬂ )Lﬂ ) L=1,..., n.

2 To avoid multi-valued expressions in formulas such as (1.210), (1.211), etc., we agree always to
choose the same path of integration connecting Qo and P and refer to Remark A.28 for additional
tacitly assumed conventions.
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treatment since we have an extra time-dependent term in the exponential. Let
¥ be defined as in (1.168) and denote the right-hand side of (1.211) by . We
temporarily assume

wi(x,t,) # wp(x, ) for j # j and (x,1,) € Q (1.216)

for appropriate Q € Q. In order to prove that ¥ = v, one first observes that
(1.163), (1.165), (1.195), and (1.196) imply (cf. (1.111))

O(P. X\ 1) = dulnG = (<, 1)+ O(1),

=it

F,(z. x0. )p(P. x0. 5) . 9 In(z — pj(xo, 5)) + O(D).

— [ (xo,8

Together with (1.168) this yields

W(P» X, Xg, tr, tO,r)

(z—uj(x,6)01) as P — [i;(x,t,) # ii;(xo, to,r),
=100 as P — fi(x, 1) = fi;(xo, to,r), (1.217)

(z — wj(xo, t0,) " O(1) as P — fij(xo,to,) # Lj(x, 1),

P = (Za }’) € ’Cnv (x7 tr)v (xO’ z‘O,r) € 57
where O(1) # 0 in (1.217). Consequently, all zeros and poles of v and ¥ on
ICi \ {Poo} are simple and coincide. To apply the Riemann—Roch theorem (Theo-
rem A.13; cf. Lemma B.2), as in the stationary context in Theorem 1.20, it remains

to identify the essential singularity of ¥ and ¥ at P.,. For this purpose we first
observe that

/rds (F,(z. x0, )p(P. x0,5) — (1/2)F 1.1(z, X0, 5))

fo,r

—Zcr . / ds (Fyz. x0. 3P, x0.5) — (1/D)F (2. x0. 9)).

and hence it suffices to treat the homogeneous case in which &y = 1, ¢, = 0 for
q =1,...,r.Invoking (1.181) then yields from (1.167) and (1.92)

f s (Fo(z. 30 )30(P. x0.5) — (12 (2. 0. )

to,r

- f s (Fo(z. 30, )iy Fa(zo x0. )™ + (1/2)3, In(Fy (2. x0. 5)))

fo,r

Ir ~
= iy/ ds Fo(z, X0, $)Fu(z, x0,8)"" + 0%, ¢ =0/z.

£=0 fo.r
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Comparing (1.11) (in the homogeneous case) and (1.92), one obtains
iy Fr(@, 30, Fa(z, x0, )" = 077+ 00),

and hence (cf. (1.113))

/ dx'¢p(P,x', t,) + / ' ds (I?,(z, X0, S)P(P, xo, 8) — (I/Z)Frqx(z, X0, s))

X0 tO,r

o it = x0) + ¢ —10,) + O0). (1.218)
A comparison of (1.168), (1.207) (recalling &y = 1,¢, =0forg =1, ...,r), the
expression (1.211) for ¥, and (1.218) then identifies the f, -dependent behavior of
the exponentials of ¥ and v up to order O(¢) near P,. This completes the proof
of (1.211) subject to (1.216) and possibly the normalization of . The latter is
determined by (1.185) as in the stationary context (1.114).
Equations (1.196), the second part of (1.11) (with ¢,_; replaced by &,_,), and
(F.5) as well as Langrange’s interpolation theorem, Theorem E.1, yield

k—1

n n M
oo (Dp) =Y wjs ¥ clh)—=
=00 TR ; ”Z (it ;)

n H/k_l ~
=—2i 3 P E— 7
’j;c( >nz 0 Fr(u))
n Mk 1 r q
Y (5 P — N ep(E)DY (1)
lj;f l_[z 1(#1 He) :oc qp:(qX—;L)\/n Cp e

-1

—ZZZC(IC)Z Z Cr qcp(E)Z 1—[[ 1( EIJ)P(/”L)
Hj

q=0 p=(g—n)v0 ,bL[)

=203 Y k) irmg brnig(E) = ~Us . reN, (1.219)
0

using (B.33) and hence (1.212) subject to (1.216). (This computation is equivalent
to that in (F.87).) The extension of these results from Q to Q then follows by
continuity of & 5 and the hypothesis of D being nonspecial on €2. Finally, (1.213)
immediately follows from (1.212) and the linear equivalence D)Lﬂ i Dp,p- U

Combining (1.212) and (1.214) shows the remarkable linearity of the theta
function with respect to x and ¢, in the Its—Matveev formula for «. In fact, one can
rewrite (1.214) as

u(x, t,) = Ao — 202 In(0(A + Bx + C,1,)),
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where

o Lrr(2 .~(2)
Ep, = Ag,(P) = ZQE) )xo — iUy 10.r + 2o, (Dpto )

@ )
E_lQO ’ gr_lQZr’

A

n
Ao = Ep+ Z(Ezj'f] + Ezj —24);

j=1

hence, the constants Ay € C and B, C, € C" are uniquely determined by K, and
r, and the constant A € C" is in one-to-one correspondence with the Dirichlet

data A(xo, fo.r) = (f1(x0, fo.r), - - - » n(X0, 0.r)) € Sym" (/) at the point (xo, 7o)
as long as the divisor Dy y, 4, ) 1S assumed to be nonspecial.

Remark 1.45 Remark 1.21 applies to the current time-dependent setting, that is,
if DE is nonspecial and Py, ¢ {{L,..., Ly}, then Diﬁ is nonspecial by
Theorem A.31. N

Remark 1.46 The explicit representation (1.211) for v again complements
Lemma 1.34 and shows that ¢ stays meromorphic on C,, \ { P} as long as Dy is
nonspecial (assuming the affine part of /C,, to be nonsingular).

Remark 1.47 The linearization property (1.212) (and (1.106)) can also be obtained
via an alternative procedure that we briefly sketch. One introduces the meromorphic
differential

Q(x5 an tra t(),r) - 82 ln(‘ﬂ( ) xa -x()v tr’ t(),r))dz
and hence infers from the representation (1.211)

. 2 =2
Qx, X0, tr, fo.,) = —i(x — x0)wp. o — (t — t0.,)Q%. ,,
~
3)
— DO sy T -
=1
Here, w denotes a holomorphic differential on /C,,, that is,

n

w = E Cjw;j

j=1

forsomec; € C, j =1,...,n.Since ¥ (-, x, xg, t, to,,) is single-valued on /C,,
all a- and b-periods of Q2 are integer multiples of 27i; hence,

2nimk=/ Q(x,xo,t,,to,,)=/‘ w=c, j=1,...,n
ay Ay

for some my € Z identifies ¢; as integer multiples of 2mi. Similarly, for some
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nkeZ,

2nink:/ Q(x, xo, t, to,r)
by

. (2) : o
= —i(x —xo)/ wp o — i(t, — to,,)/ QPDO,Zr
by

n
3
- Z/ O oo ).y ety T 2T me/
j=1"7b j=1

= 2 UG (x — x0) + 2w U, (8 — 10,1) (1.220)

—2mi AH(x,)k(uj(xo,to,))+2n12m‘l:jk, k=1,...,n,
j=1 j=I

using (1.101), (1.208), (A.14), and (A.26). By symmetry of t (cf. (A.15)), (1.220)
is equivalent to

. .~ (2)
@, Pacx) = 2o, (Dpcony,) + iU (x — x0) + U5, (1 —t0,).  (1.221)

For a systematic approach to the linearization property (1.221) along the lines used
in (1.219), we refer to Appendix F.
Similarly, studying the meromorphic differential

Qﬂ(-xv X0, t!‘v to,r) = az ln (I/fﬂ( ©y X, X0, t!‘v t()’r))dZ,
where

Wﬂ(P, X, X0, tra tO,r)
_ wx(P» X, xO»traZO,r)"f_ﬂW(P» X, xOstrst(),r)
(vfx(P X, X0, Ir, to, r) + ﬁw(P X, X0, tr, tO r))|x:xo t-=to

_ 0(z(Pao, 27 (x0, t0r)))9(Z(P WV x, tr)))
= —i(x — xq) wP 0
0(z(Poo, 27 (x, 1,)0(P, 2 (x0, t0r)))

P
v 52 [ o®
l(tr tO,r) o QPx,Zr /;20 )LO(XO 10.0), )‘()(x 1) >

using (1.210) and (1.211), then proves (1.213).

The solution u in the Its—Matveev formula (1.214) is complex-valued in general.
To obtain real-valued solutions, one argues as in Remark 1.24. In particular, the
b-periods l~]£i)k, k=1, ..., n of the second-order differential ﬁ(lzi,Zr also become
purely imagihary, choosing ¢, € R, s = 1, ..., r. Moreover, the initial position of
f1j(x0, to,r) € IC, must be chosen in real position with its projections lying in the
spectral gaps of H, that is,

wi(xo, to,) € [Exj_1, E2jl, j=1,...,n



82 1. The KdV Hierarchy

in order to render &, (Da(x.1,)) purely imaginary (mod Z") as well and
u € L>°(R?). The rest is completely analogous to the stationary discussion in
Lemma 1.23 and Remark 1.24; hence, real-valued and smooth solutions u in
(1.214), in general, will be quasi-periodic with respect to x € R and 7. € R.

Up to this point we assumed Hypothesis 1.33 together with the basic equa-
tions (1.159) and (1.160). Next we will show that solvability of the Dubrovin
equations (1.195) and (1.196) on €2, < R? in fact implies equations (1.159) and
(1.160) on €2,,. In complete analogy to our discussion in Section 3.3 (cf. Remark
1.29), this amounts to solving the time-dependent algebro-geometric initial value
problem (1.153), (1.154) on €2,,. In this context we recall the definition of F F()

in terms of (i, . .., iy, introduced' in (F.16), (F.19),
Fruj) = %Jnk@)@ﬁ?(&), reNy, & =1, (1.222)
-
dii(E) =) Gist(E). k=0.....rAn, (1.223)
s=0
in terms of a given set of integration constants {¢y, ..., ¢} C C.

Theorem 1.48 Fix n € N and assume the affine part of IC, to be nonsingular.
Suppose that {fL;} =1, n satisfies the Dubrovin equations (1.195), (1.196) on an
open and connected set 2, C R? with I?,(/JLj) in (1.196) expressed in terms of
M k=1,...,n, by (1.222) and (1.223). Moreover, assume that jvj, =1,...,n
remain distinct on Q,,. Then u € C*°(R2,,), defined by

u=E0+Z(E2j,1+E2j—2M), (1.224)
j=1

satisfies the rth KdV equation (1.159), that is,
KdV,(u) =00n Q, (1.225)

with initial values satisfying the nth stationary KdV equation (1.160).

Proof Given the solutions ft; = (uj, y(1;)) € C®(R., Ky), j=1,...,n of
(1.195), (1.196), we define the polynomials F, and H,; as in the stationary
case (cf. (1.131), (1.133)) by

n

Fu@)=]]e@=pnj)onCxg, (1.226)
j=1

and

Ry i1(2) + (1/4)F, 1 (2)* = Fy(2)Hyy1(z) on C x Q.

U'm A n = min(m, n).
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The proof that H, satisfies (1.137),
Hy1(z) = (1/2)Fn,xx(z) —(u—2)F,(z) on C x Q/u

and that u satisfies (1.160) is identical to the stationary case treating ¢ as a param-
eter. Hence, we exclusively focus on the proof of (1.159).
Next we prove (1.181), that is,

Foi(2) = Fo (2)F(2) — Fu(2)F,1(2) on C x ,,, (1.227)

keeping in mind that f, on C x ©,, is defined in terms of u;, j =1,...,n by
(F.10) or (F.12) in the special homogeneous case and by

r

Frzzgr—sz’ 50=17
s=0

in general, with {¢1, ..., ¢} C C a given set of integration constants. To this end
we compute from (1.195), (1.196),

Fry(@=—Fu) Y Frupmjaez —pnp)™,

j=1

Fi@Fus(@) = —F.QF, @)Y pjale — )"
j=1

and hence infer (1.227) immediately from (F.74). Next we introduce
Ho1(2) = (1/2)F, () — (0 — D)F(2) on C x Q.
Then one computes
Fuxt, = Fugx = FriFous + FyFyx — FuxFr — FoF o

= F,QHyup1 + 2 — DF,) = Fy(2Hy 11 + 2 — 2)F)),

and consequently
Fpy, =2(Hy Fr — FyH, ) on C x Q. (1.228)

that is, we obtained (1.182). Given F, in (1.226) we define (as in (1.165)) on 2,

¢(P) - Fn(Z)

, P=(z,y) ek, (1.229)

and then observe
(6(P) = $(PY), = =2iyF,(DFu(2)

= 2iy(Fy(2)F1.1(2) = F(2)Fy 1 (2)Fo(z) 2
= 2iyF,F.)™"), = (F-@(P) — $(P))..
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using (1.227), and

(B(P)+¢(PY), = (Fux(@Fu()7"),
= (Fu(2)Fuxi,(2) — Fux(2)Fu 1, (2)) Fu2)
= Fo(2) 2 (Fu(2)2(F () Hy11(2) — Fu(2)H,11(2))
— Fon()(F 1 (2) 1 (2) = Frx(2)Fo(2)))
= F(@) 2 (Fa@F (D) F(2) — Fy(2)*Fr00(2)
— Fux(@?F,(2) + Fox (@ Fa(2)F ()
= (F,(@(P) + ¢(P")), — Fr1x(2),

using (1.227) and (1.228). Thus, we proved (1.172), that is,
$,(P) = (F(2)¢(P) — (1/2)F,.(2)), on Ky x Q. (1.230)
Equations (1.160) and (1.229) then yield (1.171), that is,
¢(P)+¢(P)* =u—zon K, x Q, (1.231)
and repeatedly combining (1.230) and (1.231) then implies

w, = o, + 200, = (Frdp — (1/2)F)xr + 20(Frp — (1/2)F ),
= _(I/Z)Fr.xxx + 2(“ - Z)Fr,x + ﬁrqux + 2¢¢xfr
= _(1/2)Fr,xxx + 2(” - Z)Fr,x + Mxﬁr on C x Qﬂ,

and hence (1.159)on C x ,. O

Remark 1.49 The explicit theta function representation (1.214) of u on €2, in
(1.224) then permits one to extend u beyond €2,, as long as D, remains nonspecial
(cf. Remark 1.46).

Remark 1.50 Again we formulated Theorem 1.48 in terms of Dirichlet eigenval-
ues i, j =1, ..., nonly. Clearly the analogous result can be proved in connection
with all 8-boundary conditions (1.54) in terms of Ap A =0,...,n,foreachB € R.

The analog of Remark 1.29 directly extends to the current time-dependent
setting.

As in our previous Section 1.3 we will end this section with a few examples
illustrating the general results. Again we also consider some examples involv-
ing singular curves and/or singular (i.e., meromorphic) algebro-geometric KdV
solutions u.

We start with rational KdV solutions.
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Example 1.51 The case of rational KdV solutions. Let (x, #,) € Q2 for some open
connected subset 2 C R?, r € N.

(i) The simplest nontrivial rational KdV; solution vanishing at infinity is the fol-
lowing,

_ —6n) .
uz('xvtl) - (x3 +3t1)2 - Z x —_XZ(I ))25 (-x7t1) € Qa

x #xe(t),  xe(t) = -3t Pwy, o =exprit/3), £=1,2,3,
s-KdV,,(u2) =0, m > 2, KdV;(us) =0,

with associated curve given by (1.142).
(ii) More generally, generic rational KdV| solutions vanishing at infinity are of the

type

N
Un(x, 1) = 221: = xk(n))z’ (x.1) €Q, x #x(t). k=1,....N,
(1.232)
where N € N must be of the form
N =n(n+ 1)/2 for some n € N,
and the points x;(;) are pairwise distinct and satisfy the constraints
Z(xk(m —x() =0, k=1,...,N,

k=1
K #k

—ka) =3 Z(xk(m —xm)? k=1....N,
v ;ﬁk
The KdV solutions (1.232) satisfy

s-@/m(un) =0, m >n, @71(%) =0,

with associated curve given by (1.143).
(iii) Finally, generic rational KdV, solutions are of the type

N
un (6, 1;) = g +2)

kl(x_Xk(tr))z’ (x’tr)eg’x;éxk(tr)’k=17~--aN,

(1.233)
where N € N must be of the form

N =nn+ 1)/2 for some n € N,
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uo € C, and the points x,(#,) are pairwise distinct and satisfy the constraints

N
> Gult) = xe@) =0, k=1,....N,

k=1
k' #k

d
—xi(t,) = a, t), k=1,...,N.
dt,xk( ) = ar14(t)

Here ay ; are recursively defined by
ao,j(tr)z()aj:l,...,N, 50:1’

A
asi1(t) = as j (6o — & — Y & porypul
p=1

=

=Y (agxty) + 2a,, ;1)) (2 (1) — zi(t:)) 2,
-

Ete
~—

with o, = 2727 (pH~22p)!, p € N.
The KdV solutions (1.233) satisfy

s-KdV,,(u,) =0, m >n, KdV,(u,) =0,

with associated curve given by y? + (z — u¢)***! = 0 and for a particular set of

.....

Here (and in Example 1.53) the notion “generic” refers to the collisionless case
in which all x; remain pairwise distinct.
Our second example describes the n-soliton solutions of the KdV hierarchy.

Example 1.52 The case of n-soliton KdV solutions.
Letn,r € N. Then

2
Mn(xs tr) = _2% ln(fn(.x, tr))v (-xv t!) € Rz \ {(y! S) € RZ | Tn(yv S) = 0}9
X

T,(x, 1) = det(l, + Cp(x, 1)),
cic

Ca(x.t;) = ( I exp(—(kj + i)x + (— 1) 2! +K,3’“>tr>) :

Kj =+ Kk jk=1,.n

ci,kj€C, j=1,...,n,

s-KdV,(u) =0, KdV,(u,) = 0.
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Nonsingular soliton solutions are obtained upon imposing the restrictions c¢; > 0,
ki>0,j=1,...,n.

Finally, we consider elliptic KdV solutions. We recall our notation go(-) =
P (- |w1, w3) = p(-; g2, g3) of the Weierstrass g-function with periods 2w;, j =
1, 3, invariants g, and g3, and associated fundamental period parallelogram A
(cf. Appendix H).

Example 1.53 The case of elliptic KdV solutions. Let (x, #.) € €2 for some open
connected subset Q@ c R2, r € N.
(i) Generically, elliptic KAV solutions are of the type

N
uy(x, 1) = ug + 22@(36 — xi (1)), (1.234)
k=1
(x,t1) € Q, x #xe(t;) (mod A), k=1,...,N,

where N € N must be of the form
N =n(n + 1)/2 for some n € N,

ug € C, and the points x;(71) are pairwise distinct (mod A) and satisfy the con-
straints

N

39/ Gn) = xe) =0, k=1,...,N,
k'=1

d N
—xi(t) ==3)_ plu(n) —xp(t)), k=1,...,N.
dy =1

k' #k

The KdV solutions (1.234) with uy = 0 satisfy
s-KdV,(u,) =0, KdVi(u,) =0

for a particular set of integration constants {c¢}¢=1. .., in s-KdV,(-).
(i1) More generally, generic elliptic KdV, solutions are of the type

N
(6, 1) = o +2 ) 96 = 0(t), (1.235)
k=1
(x,t,) € Q, x #xi(t,) (mod A), k=1,...,N,
where N € N must be of the form

N =nn+ 1)/2 for some n € N,
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ug € C, and the points x(z.) are pairwise distinct (mod A) and satisfy the con-
straints

N
Y @'t —xwt) =0, k=1,....N,

k=1
K #k

d
—x () =a, t), k=1,...,N.
dt,xk( ) = ary1k(t;)

Here ay, ; are recursively defined by

a0 (6) =0, j=1,....N. &=1,
S
~ ~ n
asq1,j(t) = as, j(t)ug — & — ch,papu(’)
p=1

N

= (asxlty) + 2a ;1) (2 () — zi(t,),
=y

s=0,...,r, j=1,...,N,
with o), = 272(pH22p)!, p € N.
The KdV solutions (1.235) satisfy

s-KdV,(u,) =0, KdV,(u,)=0

44444

in KdV,(-).

As in the stationary context described at the end of Section 1.3, the rational and
soliton cases described in Example 1.51 and Example 1.52 are appropriate limiting
cases of elliptic KdV solutions in (1.234).

1.5 General Trace Formulas

In this section we will extend the classical trace formula in the algebro-geometric
case presented in Lemmas 1.16 and 1.17,

2n n
=y En—2> uj (1.236)
m=0 j=1
2n n
267 —u=3 En—2) i, (1.237)
m=0 =0

as well as their higher-order analogs, to general C*°(R)-potentials # bounded from
below. The key to our approach is to consider pairs of self-adjoint operators, for
example (HXD , H), that are closely related in the sense that their resolvents differ
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only by a rank-one operator. For such pairs the associated spectral shift function
takes a particularly simple form in terms of the diagonal of the Green’s function of
H, and this circle of ideas will be our main topic in this section. In addition to the
pair of operators just mentioned, we will also do a complete analysis of the case
with the more general boundary condition (1.54), that is, for the pair (Hf , H).

As an aside, we develop a recursive method for computing small-time heat
kernel and asymptotic spectral parameter resolvent expansion coefficients asso-
ciated with the general 8-boundary conditions (1.54). (Additional expansions of
Weyl-Titchmarsh m-functions as the spectral parameter tends to infinity are pre-
sented in Appendix J.)

Unlike Sections 1.3 and 1.4, in which we focused on the special case of algebro-
geometric solutions of the KdV hierarchy, we now turn to the general situation
and throughout this section consider smooth and real-valued potentials that are
bounded from below.

Hypothesis 1.54 Let u: R — R satisfy
ueC*R), wu=c (1.238)

for some c € R.

As in Section 1.3, we study the differential expression L = —dd—; + u on R and
associate with it operators H and HP, Hf in analogy to Sections 1.3 and 1.4.
The self-adjoint operator HP is associated with the Dirichlet boundary condition
at the point x, that is, with g(x) = 0, whereas the self-adjoint operator Hf corre-
sponds to the boundary condition g’(x) + Bg(x) = O with 8 € R, asin (1.54). See
Appendix J for precise definitions.

Let G(z, x, x") and g(z, x) = G(z, x, x) denote the Green’s function and diag-
onal Green’s function of H, respectively, and recall formulas (J.20)—(J.22) for the
resolvent of Hxﬂo. Defining

ey o | EHIE TG frpeR

g(z, x) for B = oo,
(cf. the notation introduced in (J.23)—(J.24)) one computes for 8 € R U {oco}
d
w((HY =27 = (H=27") = = In (I, ), (1.240)
z
zeC\ (spec(Hf) U spec(H)).
Combining (1.239), (1.240), (J.16), (J.23), (J.24), (J.27), and (J.29) yields the

existence of asymptotic expansions of the type

w(H - —(H=-27") = Y rfw . peRU{c} (1.241)
=100 =0
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uniformly with respect to x varying in compact intervals. Moreover, one can derive
the heat kernel expansion

tr (e ™HT — 7H) Zs;”(x)r x R, (1.242)

where

(_1)€+I
rW) = @), LeNy (1.243)

and s7° and r;* are the well-known invariants of the KdV hierarchy. More precisely,
suppose u satisfies the th KAV equation (for some choice of integration constants
c¢) and generates r;°(x, 1), replacing u(x) by u(x, ) (cf. (1.152)-(1.162)). Then

d
E/dx r(x,t,)=0, £eN, reNy, (1.244)

where f dx denotes fR dx in the case of sufficient decrease of u(x, t,) as |x| — oo,
fo dx inthe case where u(x + 2, t,) = u(x, t,) is Q-periodic in x, and the ergodic
mean hmmOO S fo dx for classes of almost periodic solutions u(x, #,) with respect
to x. We will return to this circle of ideas at the end of this section where we briefly
discuss the Hamiltonian approach to the KdV hierarchy in the case of spatially
rapidly decaying solutions.

In the special case of algebro-geometric potentials considered in Section 1.3,
the connection of I'? in (1.239) with our polynomial approach in Section 1.3 is
clearly demonstrated by (J.45)—(J.48).

Before describing a recursive approach to the coefficients r , B € R, we recall
the definition of the spectral shift function associated with the pair (Hf , H). The
rank-one resolvent difference of Hf and H (cf. (J.21), (J.22)) is intimately con-
nected with the fact that T'#( -, x) is a Herglotz function' with respect to z for each
x € R, B € RU {oco}. The exponential Herglotz representation for ' (cf. (1.1)
then reads for each x € R,

1 A
B — B B B
I'(z,x) = exp <c (x)+/dA (()L D )LZ))(E A, x)+6 )>

P(x) = Re(TP (i, x)), B € RU {00}, 8 = {1 for p € R, (1.245)
0 for B = o0,

where, by Fatou’s lemma,
P, x)=n"" lig)llm(ln(I‘ﬁ()L +ie,x)) — 8, BeRU{oo} (1.246)
for a.e. A € R. Moreover,

—1<&(,x)<0, &0, x)=0, A <infspec(HP), B eR,
0<&®MR,x)<1, £®0A,x)=0, A <infspec(H)

! Herglotz functions are holomorphic maps C; — C, ; see Appendix I.
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for a.e. . € R. As a consequence, one can prove (cf. (1.2))
tr (f(HP) — f(H)) = f dr f'OVEP(L, x), BeRU{oo}), x e R (1.247)
R

for any f € C*(R) with (1 +12)fY) e L%((0, 00)) for j = 1,2 and for f(X) =
1/ —2),z€ C\ [infspec(Hf), 00). In particular, (1.247) holds for traces of heat
kernel and resolvent differences, that is, for any § € R U {oo}, x € R,

o0
(e — M) = 1 /ﬂ dre ™EP(0,x), T>0, (1.248)

€50

w(H - ' —H-2") =~ /:O dr(v—2)7*EP (0, x), (1.249)

7€ C\ (spec (Hf) U spec(H)),
where

x,0 —

g _ |infspec (Hf) for B e R,
infspec(H) for B = o0.

In the particularly simple case u =0, one derives the following explicit
formulas.

Example 1.55 Consider the case u = 0. Then

G(z,x,x) = (/22 expliz'?|Ix —x']), Im(z"/*) =0

yields
(2, ) = (B4 9:)(B + 0,)G(z, x1, x|, _
= /D72 +2'%), BeR,
Iz, x) = gz, x) = (i/2)z"'/2,
and
0 fori < —p2,
P x)={—-1 for—p2<r<0, BeR\{0}
1
-3 for A > 0,
0 0 forx <0,
Ex)=1
—5 fori >0,
0 fori <O,
0 x) =1,
5 fora >0.
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Thus,

_ Bz
22z + B2’
BeR, zeC\({—p*HUI0, 00)),

tr((H =)' —(H-27")

r((H*—2'—(H-2")= 2%, z € C\ [0, 00),

tr(e™ —eH) = —(1/2) + exp(tp>), BER, t >0,
tr(e™ —e)y=—-1/2, >0,

where H = —% in L*(R) with domain dom(H) = H*2(R). One has

spec(HP) = {—=p*}U[0,00), BeR,
spec(H™) = [0, 00).
Returning to a recursive approach for the expansion coefficients rf in (1.241),
we first consider the expansion
M) = =Y yfz'2 BeRU{oo). (1.250)
Z

—>100 2 ]

(A comparison of (1.250) and (1.92) reveals that y° = ng, ¢ € Ny in the case
B = o0.) To obtain a recursion relation for yf , one can use the following result.
Lemma 1.56 Assume Hypothesis 1.54 and let 7 € C \ spec(H), x € R.

(i) Suppose B € R. Then T'A(z) satisfies

2u— B = TP (TP (2) — (u — B> — )PP (2)* — 2u, TE()TP(2)
—4((u — 2)(u — B* — 2) — Bu, )P (2)?
= —(u—z— B (1.251)

(i) Suppose B = oo. Then I'*°(z) satisfies
I3(2) — 4 — 2)IP(2) — 2u, () =0 (1.252)
and

—2I'2()F™(2) + I'P(2)* + 4 — )T ®(2)* = 1. (1.253)

Proof The derivations of (1.252) and (1.253) follow from straightforward calcu-
lations using (J.14), (J.15), whereas the proof of (1.251), although straightforward
in principle, is very tedious. [
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Insertion of expansion (1.250) into (1.251) and (1.253) in Lemma 1.56 yields
the following result.

Lemma 1.57 Assume Hypothesis 1.54. Then the coefficients yzﬁ (x) in (1.250)
satisfy the following recursion relation.
(i) Suppose B € R. Then,

vl =1, = 82— Ju, v =3B+ SBu — pi¥ + fu,
v = =i + 3207 + Suc@Bu + uy) + fu(u — B
- %ﬂuxxx - éuxxmn
¢
via =3 Qu— B vl — =Bl vl (1.254)
k=1
- 47/kﬂ7/5tik+1 — 4u(u — ﬂz)ykﬂflylﬁfk — 2uy V/il?’ﬁk,x + Vkﬁfﬂ’zﬂfk)

4
1 B . B BB 2 BB
t3 Z (VeaVitow = 2V Vigwn — 4B =209 Vi)
=0

£=2,3,....
(ii) Suppose B = oo. Then,
¢ ¢
I 1 1 1
Ve =—3 Z Ve Veri-k T 3 Z VeV + TVEVEkx — 3 Vi Vi)
k=1 k=0
£ eN.

By comparison with the recursion (D.8) for f,, one infers
yeoo = fz, E S NO.
The final result for reﬂ then reads as follows.
Theorem 1.58 Assume Hypothesis 1.54. Then the coefficients rf in (1.241) satisfy

the following recursion relations.
(i) Suppose B € R. Then,

—1
=l = vkl e=23
k=1
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(ii) Suppose B = oco. Then,

oo 1 _ 1

ro =5, I = 3U,
-1

o0 __ o) 00 .00

rg =42y, —E Youle » £=2,3,
k=1

Proof 1t suffices to combine (1.240), (1.241), (1.250), and the following well-
known fact on asymptotic expansions:

o0

F(z) = -
(Z) |z|—>00 Z Cez

=1

implies
oo
In(14 F = dezt,
(1+ F(2) mw; 2

where

-1
k
d] = (1, d(ZCe—ZZCg_kdk, 522,3,.... Il
k=1

Combined with (1.254), Theorem 1.58 (i) yields an efficient algorithm for com-
puting rf, B eR.
The connection between rf and £# is illustrated in the following result.

Theorem 1.59 Assume Hypothesis 1.54 and let ¢/ | = inf spec(HY), B € R, and
eq® = infspec(H).
(i) Suppose B € R. Then,

rlx) = —%(ef’o)f — lim dr 0 — ) e (=)t (% +&P(n, x)),

z—> 100 efo
¢eN. (1.256)

(ii) Suppose B = oo. Then,

2
¢eN. (1.257)

1 o 1
) = 5 () + tim / N N (— — &%, x)),

Proof Since (1.256) and (1.257) are proved exactly along the same lines, we focus
on a proof of (1.257). Combining (1.241) and (1.248) and introducing w = 1/z
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yield

/ex dr(l — )»14))2(E —E®(, x)) ﬂ'jw ; (rﬁ_l(x) _ E(ESO)ZJFI)U)Z.
(1.258)

0

As pointed out in the paragraph following (J.31), the asymptotic expansions for
my o(z, x) in (J.29), and hence that for the diagonal Green’s function g(z, x), are
valid uniformly with respect to arg(z) in cones in C;. with apex ef°, symmetry
axis parallel to the imaginary axis, and arbitrarily small angle ¢ > 0 with the
real axis. Consequently, this property extends to (1.241) and hence to (1.258).
Moreover, since g( -, x) is analytic in C \ R, the asymptotic expansion (1.258) can
be differentiated term by term and infinitely often. Hence, differentiating (1.258)
k — 1 times with respect to w finally yields

) 1 ok : - —k—2 if 1
@) = S () = lim | dh (=) e+ DA 5 - 8040,
€

keN,

which is equivalent to (1.257). O

We conclude with an example that yields the higher-order trace formulas for
(real-valued) periodic potentials and simultaneously applies to the (quasi-periodic)
algebro-geometric potentials of Section 1.3.

Example 1.60 In addition to Hypothesis 1.54, assume that u is periodic with
period 2 > 0, thatis, u(x + €2) = u(x) for all x € R. Then Floquet theory implies
oo
spec(H) = U[Ezj—z, Eyj1l, Ey<EZEy<E3;=<---
j=1

(1) Suppose B € R. Then,

spec (HF) = {Af(x)}leNU U spec(H),
M) < Eo, Mix) € [Eyjy, Eajl, j €N,

0 ford <aj(x), Eajur < a <af(x),jeN,
EPOLx)=1-1 foraf(x) <i < Eo,A(x) <A <Ey, jeN, (1259
—1 forEyj, <A< Ey_y,jeN.
Inserting (1.259) into (1.256) then yields the higher-order periodic trace formulas

o0

1 1
rf =BG = (0) + 5 ) (Es o+ B3 —2(1)). €N (1.260)

j=1
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(i1) Suppose B = oo. Then,

spec(H°) = {u;(x)}jen Uspec(H), pj(x) € [Ezj_1, E2jl, j €N,

0 forA < Eo, uj(x) <A< E2_j,j S N,
E°(0,x)=11 forEy_; <A <pjx),jeN, (1.261)
% for Erj_o <A < Eyj_y,j €N

Insertion of (1.261) into (1.257) then yields

1 1 &
rgozEEngEZ(EgHJrEgj—zu’j), teN. (1.262)
j=1

The results (1.259) and (1.261) remain valid in the algebro-geometric situation
discussed in Section 1.3, where

Eyjui =M ()= Eyjn. jzn+1, peRU{oo}

Hence, (1.260) and (1.262) apply to the real-valued stationary KdV solutions of
Section 1.3 (e.g., (1.262) and (1.260) for £ = 1 coincide with (1.83) and (1.85),
which are reproduced in (1.236) and (1.237)). In general, these stationary KdV
solutions are quasi-periodic with respect to x.

We conclude this section with a brief description of the Hamiltonian approach to
the KdV hierarchy in connection with spatially rapidly decaying solutions. Given
the phase space P = Sg(R), the Schwartz space of rapidly decreasing real-valued
functions u: R — R, we will exhibit a symplectic structure €2 on P x P and
Hamiltonian functions H,,: P — R such that the nth KdV equation takes on the
form u, = 0,(VH,)..

To set up the formalism, we define

9: P =P, (Qu)x)=u.(x),
a7l P > C¥M®R), O 'wx)= /X dx"u(x’)

—00

and
QL:PxP—->R, Qu,v)= %/ dx ((871u)(x)v(x) — u(x)(aflv)(x)).
R

One verifies

QOu,v) = (u,v), u,vep, (1.263)
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where (-, -) denotes the inner product in the real Hilbert space Lﬂz{(R)
(«, ) LAR) x LAR) - R, (u,v) = / dx u(x)v(x), u,ve LE(R).
R

Thus, €2 is a weakly non-degenerate 2-form on P x P (i.e., Q(u, v) = 0 for all
u € P implies v = 0) since we may choose u = 9, v and use (1.263). Moreover, 2
is exact (i.e., 2 = dw for some 1-form w on P x P) and closed, that is, d2 = 0;
hence, 2 is a symplectic form for P and one can view P as a symplectic manifold.
If 7: P — R is a smooth functional, the differential dF of F is the 1-form on P
defined by

(dF)u(v) = if(u +ev),_, w.veEP:
de &=
hence,
(dF)u@) = (VF)u, v) = QOx(VF)u, v) = QUVF)u, v).

Here VF denotes the gradient with respect to the flat Riemannian structure on
‘P defined by the L]é inner product, and the symplectic gradient V F is given
by

(st)u = 8X(Vf)u

With attention focused on functionals F: P — R of the type
Fu) = / dx F(u U, Ugyy ooy 8;”14)
R

in the following, where F: R”*! — R is a polynomial function (the density of
F) with F(0) =0, a standard integration by parts argument in the calculus of
variations shows that

SF &
(VP =— =Y (=0} 0uwF,
Su =

where u® = u, u® = 8*u, k € N, and § F /8u abbreviates the variational deriva-
tive of F. In particular,

SF &
(VP =0— =Y (D9 90F, ueP
Su 1=

and

dF),(v) = / dx E()c) v(x), u,veP.
R du
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Hence, any such functional F is a Hamiltonian function on P defining the

Hamiltonian flow

SF
U= (ij:)u = ax_»
Su
where u(t) denotes a smooth curve in P. Writing u(¢)(x) = u(x, t), the ordinary
differential equation (1.264) on P becomes the partial differential equation

Uy = 3,3, F — 328, F+328, F+--+(=1)"3""8,mF.

(1.264)

Uxx
Concerning Poisson brackets in terms of the Riemann structure on P, one obtains

{F1, Fo} = dFi1(VsF2) = Q(VeFi, Vi) = Q0 (VF)), 0:(VF))

— (VF, 0.(VFy) = f dx ‘Sﬂu)(axm)(x).
R (SM

Su
This implies the Jacobi identity
{F1. o}, B3} + (P2, F), R + ({5, ), o) =0
and the Leibniz rule

{F1, 2R3} = {Fi, B} Fs + ol R, Fslh

If F is a smooth functional and u evolves according to a Hamiltonian flow with
Hamiltonian H and density H, that is,

SH
ur = (Vi) = 0x(VH)y = 0x—,
Su
then
dF d
— = — [ dx F(u,uy, thyy, ..., 00 n)
dt dt Jr
SF SF SH
= | dx —(x,Du;(x,t) = | dx —(x,t)| 0,— )(x, 1)
R Su R Ou Su
={F, H}. (1.265)
In particular, any functional G in involution with the Hamiltonian H,
{G,H} =0,
will be conserved by the flow
dg
~Z_o
dt

To apply this to the KAV hierarchy we first derive a few auxiliary results.

Lemma 1.61 Suppose u € Sg(R) and x € R.
(i) Let g(z,x) = G(z, x,x), z € C denote the diagonal Green’s function of H
(if z € spec(H), then we agree to take a nontangential limit toward z).
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Then
—0.(g(z. x)7") = 2g(z. x) (1.266)
s (g(z,xrl(g(z,x)-l)m — (s x)-l)x(g@,x)—l)z) |

g(z,x)73

(ii) The following asymptotic expansion holds as |z| — oo in a cone C, with apex
at inf(spec(H)), symmetry axis the imaginary axis, and opening angle w — € for
some () < ¢ <,

g(z,x) = 2Z1/ 2 fez™t foo) =1 (1.267)

zng

The expansion (1.267) is uniform with respect to arg(z) within the cone C, and
uniform in x as long as x varies in compact intervals.

(iii) Let i (z, x) = my o(z, x) be the Weyl-Titchmarsh m-function of H associated
with H on the interval [x, 00), as discussed in (J.29), (J.30). Then

Fox) =i = Dige_y(x) + hyr(x), £€N, (1.268)

where fig(x) = my o ¢(x) are the coefficients in the asymptotic expansion (J.29)
of my o(z, x) as |z| = oo in C¢, and hy is a differential polynomial in u without
constant term.

(iv) The quantities fj fk’x, J» k € Ny are x-derivatives of a differential polynomial.
More precisely, there exist differential polynomials p ; x in u without constant term
such that

Fifix=Pikw JokeN. (1.269)

(v) Regarding fz(x) = fAl(u, Uy, Uyy, ... ), L €N, as a differential polynomial in
u (by a slight abuse of notation), one obtains
8fy 20—1, df,

S = 5 f@_] = a—u, £ eN. (1270)

Proof In order to prove (1.266), one first rewrites the nonlinear differential equa-
tion for g = I"* in (1.253) in the form

28(g ex — Bgi + Dg 2 +4(u —2) = 0. (1.271)

Differentiating (1.271) with respect to z then yields (1.266) after a series of ele-
mentary (yet tedious) manipulations.

The existence of the asymptotic expansion (1.267) and its uniformity properties
as stated in (ii) follows from

8(z,x) =T(z,x) = (m_o(z, x) — m1 0(z, X))~
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(cf. (J.29)) and the corresponding expansions (J.29), (J.30) for m4 o(z, x). In the
present short-range case in which u € Sgr(R), the existence of the latter can be ob-
tained straightforwardly by iterating the Volterra integral equations for the Jost (i.e.,
Weyl-Titchmarsh) solutions of H. The actual expansion coefficients in (1.267) are
identified by noticing that the recursion relation (1.255) for y,;° coincides with that
of f, in (D.8).

Rewriting (1.266) in the form

1
g(z,x) = §(m+,o(z, x) = m_o(z, %)), + (.,

inserting the asymptotic expansions (1.267) for g and (J.29) for m o, and taking
into account (J.31) yield (1.268).
To prove (1.269), one first notes that the linear recursion (1.4) for f, implies

fjfk,x = fjJrlfkfl,x - 3x(fj+1fAk71 + (1/4)fj,xxfk71 - (1/4)fj,xfk71,x
+ /D frci —ufjfic), JkeN (1.272)

Iterating (1.272) while noticing f 0.x = 0 then proves (1.269).
To prove

af, 20-1

e _ ; 1.2
» s—Ffe1. teN (1273)

one can proceed inductively upon £ as follows. First, (1.273) is easily verified for
¢ =0, 1. Next, assuming (1.273) for £ =0, ..., k for some k € N and noticing

3, (0x P (u)) = 0:(9, P(u)) (1.274)

for any differential polynomial P with respect to «, the nonlinear recursion relation
(D.8) yields after a straightforward calculation that

Ofen  2k+1 F
u 2 U0
proving (1.273).
Finally, we turn to a proof of the remarkable fact

8f, 20—1,
e 26214 pen (1.275)
ou 2

To avoid technicalities with (formal) asymptotic power series, etc., and especially
to be able to compute §g/5u, we assume for the remainder of this proof that g is

of the special algebro-geometric form

iF,(z,x)

2Rop41(2)1/? (1.276)

gz, x)=
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associated with a compact hyperelliptic Riemann surface /C,: y> = Ry,41(z) of
genus g. The universal nonlinear second-order differential equation (1.253) for
diagonal Green’s functions g = I"*® of Schrodinger-type operators then reads

288 — & 4z —w)g* = —1,
and its z-derivative becomes

8:8xx T 88xxz — 8x8xz T+ 2g2 +4(z —u)gg, =0. (1.277)
Since by (1.276), g is adifferential polynomial with respect to u, one thus computes
(d8)u(©)gxx + 8(dgu)u(v) = 8x(dg)u(v) — 28
+4(z—u)gdg),(v) =0, u,veP. (1.278)
Multiplying (1.278) by g./g? then results in
8 (828 + 4z — 1)88:)(dg)u(v) + 87 8:(dgx (V)
— 8728:8:(dg)u(v) — 2g.v = 0. (1.279)

Since

(d(0x P(u)))u(v) = 0,((d P)u(v))
for any differential polynomial P with respect to u, one can rewrite (1.279) in the
form
(877(8:8xx + 4z — u)gg2) + (8:/8)xx + (828:/8)x)(d@)u(v)
= 877 (8:8ux +4(z — U)gg: + 88 — 818::)(d2)u(V) (1.280)
:2gzv+8x{"'}s

where {- - - } vanishes as |x| — oo since u, v € P. By (1.277), the middle expres-
sion in (1.280) simplifies to —2(dg),(v), and hence one obtains

(dg)u(v) = —gv+ 0 f-}
thus,

3
fdx (dg)u(v)zfdx —gvz —/dxgzv, veP.
R R Ou R

Since v € P is arbitrary, one finally concludes
5g
Su
for any g of the type (1.276). To conclude the proof of (1.275), we invoke the
following (convergent) asymptotic expansion of g(z) as |z| — oo. By (D.1) and

—g. (1.281)
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(D.10), one computes

_iFR@
8 = R I~ 2R, H(z)l/2 Z (Z B ")

n 14

. 2n+1 —1/2
=5 (Ha - <Em/z>>) 3 (z Q_k@fk)
m=0

=0 \k=0

. oo n 4
= 2le/2 (Z 6P(E)Z_p> Z (Z CE—k(E)fk) Z_e

=0 \k=0

0
= 2;1 7 Z( & @)ch k<E>fk> z”
i n n n—k

27177 fra 2;1/2 Z (Z fi Zérsk(ﬁ)cs(ﬁ)) a

r=n+1 \k=0 s=0

. n
1

=5z 2 fra T+ 00" as fzl - oo, (1.282)
r=0

N

where we used (D.16) to isolate the first term ) '_, ... in (1.282). As discussed in
the proof of Theorem D.1, the homogeneous coefficients f - 1n (1.282) are universal
differential polynomials of # uniquely defined by the nonlinear recursion relation
(D.8). The same computation then yields

5g i N8f, i
— = "+ 0 " 4 1.283
S = 221 ; s C + O(|z] )as |z] - oo ( )

and

i n+l1
8= 517 Z(r (/20 F, 12"+ 0zl ™ P as |z| — co.  (1.284)

By inserting (1.283) and (1.284) into (1.281) and comparing powers of z~", one
then proves

af, 20-1,

w2 T

Since n can be chosen arbitrarily large, this proves (1.275). O

As a consequence of identity (1.268), one obtains

/dx Ffea(x) =i+ 1)/ dx Ma(x), £ €N
R R
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and hence introduces the functionals' Z, = Z,(u, uy, sy, . .., o'u),

~ A 1 .
I, =i /l;{dx Moesr (x) = m/]Rdx Fferi(x), £ €Ny, (1.285)
Thus, (1.275) implies

~ 1 A 1 8fen
(VZe) 2e+1( /Rxf”l(x))u 20+ 1 bu

= %f@(u), ¢ e Ny. (1.286)

Hence, we may rewrite the nth KdV equation (for some n € Ny) in a variety of
ways,

0= Kan(u) = Uz, — 2fn+1,x(u)
n+l1

= Uz, — 2 Z cn+1—€f@,x(u)
=1

n+1

—a, Z 4cnq1—e 5f£+1

= 204+1 bu

=, — 0 Y 4ca (VI

=0
= Uy, — (Van)u
= uy, — 0x(VsHnu, (1.287)

where {H, },en, represents the sequence of KdV Hamiltonians,

Hy= ) ca-cHeo He=4Ter, LeN, (1.288)
=0
and we used again Hirota’s notation of a separate time variable ¢, for the nth KdV
flow.
The following result sums up the principal aspects of the KdV equations as
completely integrable Hamiltonian systems.

Theorem 1.62 Suppose u € Sg(R) satisfies the nth KdV equation (1.287) (for
some set of integration constants cg, £ = 1,...,nifn € N). Then Z;, £ € Ny are
conserved by this flow and hence represent the infinitely many KdV conservation
laws

d7,
=0, f¢eN,.
dt, 0

! We note that by (J.30), fi12¢+1, £ € Ny are purely imaginary if u is real-valued.
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In particular, since n € Ny is arbitrary, {fg}geN0 are conserved by any (higher-
order) KdV flow, and all Z,, £ € Ny are in involution,

{Z0.Zu} =0, £.m €N,

Proof Combining (1.265), (1.275), and (1.287), one computes

d7, 1 / dx5fe+1

dn, 20+ 1 Su

(x, tn) g, (X, 1)

1 L dciom sf sf
= sy o e [ 4Pt (0,2 )
2+12=2m+1 Jg Su Su
n+1

= ch+l—m/ dx f@(xa tn)fm,x(x’ tn) = 07 L e NOa
m=1 R

applying (1.269). The same argument also yields

—/ fz+1( ,tn)(axame)(x,t,,)
Q20+ D2m+ 1) Su

1 A A
= Z/dx f[(x’tn)fm’x(-xatn)z()v Kam ENO' D
R

{fla 2-\m} =

Rewriting the linear recursion (1.4) in the form

O fe =DV F, LeN, (1.289)
where we abbreviated
1 1
DY = —Zag +ud + Jux, (1.290)

yields a second Hamiltonian structure for the KdV hierarchy. In fact, the second
Poisson bracket {{ -, - }}, defined by

_ §Fy G)
{F1, R} = A x—( )| Dy (x), (1.291)

is also skew-symmetric and satisfies the Jacobi identity. As in Theorem 1.62, one
verifies that all Z,, £ € Ny are in involution also with respect to the second Poisson
bracket (1.291), that is,

{Ze. a1} =0, £, m e N,.

Finally, combining (1.285)—(1.287) and (1.289), (1.290) permits one to write
the nth KdV equation in the two Hamiltonian forms

0= Kdvn(u) = Uy, — 8)((an)14
=, = DO (VH, 1)y n €Ny

with the KdV Hamiltonians H,,, n € Ny, defined in (1.288) and H_; = 4?0.
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1.6 Notes

Section 1.1.There are many excellent sources for the highly interesting background
and historical development of the Korteweg—de Vries (KdV) equation, starting with
the observation and subsequent experiments by Russell in 1834 (Russell (1837;
1840; 1845)), the controversy with Airy and Stokes on the origin of the “great
wave of translation,” and the derivation by Korteweg and his student de Vries of
the fundamental KdV equation (Korteweg and de Vries (1895)). Nice surveys of
the early days of KdV and all that can be found in Bullough (1988) and Bullough
and Caudrey (1995). This includes the fact that the KdV equation was already
known to Boussinesq (1871a,b; 1872; 1877) as discussed in Pego (1998). We also
refer to van der Blij (1978), Heyerhoff (1997), and Miles (1981) for a glimpse at
the early history of the KdV equation.

For modern physical applications of the KdV equation in connection with shal-
low water waves, etc., we refer, for instance, to Ablowitz and Segur (1981, Sec.4.1),
Dodd et al. (1982, Ch. 5), Infeld and Rowlands (1990), Johnson (1997), and the
literature cited therein.

In 1965, Zabusky and Kruskal (Zabusky and Kruskal (1965)) coined the term
“soliton” while analyzing the important numerical results of Fermi et al. (1955)
on the a priori unrelated problem of describing phonons in an anharmonic lattice.
Their analysis prepared the ground for the breakthrough by Gardner et al. (1967).
It was their fundamental insight in 1967 that brought the KdV equation to the fore-
front of modern mathematical physics. They showed that one could solve the KAV
equation by relating it to the well-studied linear, one-dimensional Schrodinger op-
erator. In particular, the Cauchy problem for the KdV equation, with sufficiently
rapidly decaying initial data, was closely related to the inverse scattering problem
of the Schrodinger equation with the KdV solution u( -, ¢) serving as the potential
of the Schrédinger equation, which now depends on the parameter! ¢. Their key in-
sight was to realize that the #-dependence of the scattering data of the Schrédinger
equation with a potential that is a solution of the KdV equation was extremely
simple and could be characterized explicitly. Moreover, they showed the isospec-
tral property of one-parameter families of Schrédinger operators with potentials
being KdV solutions depending on ¢. Soon thereafter Lax (1968) explained this
magical isospectral property of the r-dependent family of Schrodinger operators by
what is now called the Lax pair? and introduced the whole hierarchy of nonlinear
evolution equations of KdV-type. In the same year an infinite sequence of poly-
nomial conservation laws was established with the help of Miura’s transformation
(Miura (1968)) in Miura et al. (1968) (see also Kruskal et al. (1970)), and the tools
to view the Korteweg—de Vries equation as a completely integrable system were

! We note that the time parameter ¢ is not the (quantum mechanical) time associated with the time-
dependent Schrodinger equation; rather, one considers the stationary Schrodinger equation with a
potential u( -, t) depending on an additional (deformation) parameter t € R.

2 He actually did view 7 as a time parameter in connection with an explicitly z-dependent Hamiltonian
given by a third-order differential operator.
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provided by Gardner (1971) and especially Zakharov and Faddeev (1971). The
early stormy period up to about the mid-1970s dealing with solitons, conservation
laws, Backlund transformations, Poisson brackets, canonical transformations, and
the inverse scattering method is summarized, for instance, in Flaschka (1975a),
Flaschka and McLaughlin (1976a,b), Gardner et al. (1974), Gel’fand and Dikii
(1975), Kruskal (1975), Miura (1976), and Scott et al. (1973).

The Zakharov—Shabat (ZS) (Zakharov and Shabat (1972; 1973; 1974)) and
Ablowitz, Kaup, Newell, and Segur (AKNS) (Ablowitz et al. (1973a,b; 1974))
approaches then extended the inverse scattering method to several other nonlinear
partial differential equations of mathematical physics, as will be discussed in the
notes to Chapters 2 and 3, but here we will focus on the development relevant to
the KdV hierarchy.

The analogous application of the inverse scattering method to the case of pe-
riodic initial data was not immediately possible. It was well-known that the cor-
responding Schrédinger equation with periodic potential generically has a spec-
trum consisting of infinitely many bands separated by spectral gaps, the lengths
of which decrease as the spectral parameter increases. The exceptional case, in
which the actual number of gaps in the spectrum is finite, the so-called finite-gap
case, is what we study in detail in this chapter. The extension of the inverse scat-
tering method to periodic initial data, partly based on inverse spectral theory and
partly relying on algebro-geometric methods, was developed by pioneers such as
Dubrovin (1975b), Flaschka (1975b), Its and Matveev (1975b), Lax (1974; 1975),
Marcenko (1974a,b), McKean and van Moerbeke (1975), and Novikov (1974), to
name just a few. We will return to this in some detail in connection with the notes to
Section 1.3.

For more recent reviews on the KdV equation we refer, for instance, to Bullough
(1988), Bullough and Caudrey (1995), Lax (1996), Palais (1997), and Segal (1999).
For textbook literature on the KdV equation, we refer to Ablowitz and Clarkson
(1991, Ch. 2), Ablowitz and Segur (1981, Ch. 1), Asano and Kato (1990, Chs. 6, 7),
Belokolos et al. (1994, Ch. 3), Calogero and Degasperis (1982), Cherednik (1996),
Das (1989, Chs. 1-8), Dickey (1991, Chs. 3, 4, 12), Dodd et al. (1982, Ch. 8),
Drazin and Johnson (1989, Chs. 1-5), Eckhaus and van Harten (1983, Chs. 1-4),
Eilenberger (1983, Chs. 2, 3), Faddeev and Takhtajan (1987, Part 1), Miwa et al.
(2000), Newell (1985, Ch. 3), Novikov et al. (1984, Sec. 1.10), and Toda (1989a,
Chs. 4-11).

Section 1.2. The approach presented in this section closely follows the one in
Gesztesy et al. (1996a).

The construction of the KdV hierarchy using a recursive approach is due to Lax
(1968). It has also been studied by Gel’ fand and Dikii (1975), Lenard (unpublished,
see Gardner et al. (1974, p. 130)), and McKean and van Moerbeke (1975) and
later on especially by Al’ber (1979; 1981) (see also Dickey (1991, Ch. 12),
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Gel’fand and Dikii (1979), Gesztesy and Weikard (1993), Levitan (1987, Ch. 12),
and Marchenko (1986, Ch. 4)). However, the recursion (1.4) was well-known to
Burchnall and Chaundy (1923) and used by them to construct differential expres-
sions commuting with L.

For explicit expressions of the KdV functions f; in terms of u and its
x-derivatives, we refer to Avramidi and Schimming (2000), Rosenhouse and
Katriel (1987), and Schimming (1988; 1995). That the functions f, given by (1.5)
are polynomials with respect to u and its x-derivatives, is proved, for instance,
in Eilenberger (1983, p. 19f) (see also Ohmiya (1988b), who attributes the proof
presented to Tanaka). To describe the argument in Eilenberger (1983, pp. 19-20)
briefly, one rewrites the recursion (1.5) in the form f;;; . = R(f;) and defines
O(f, 8) = —1(fQxxx + 3 fr8: + ufg. An explicit calculation then shows that
R(f)g + fR(g) = ®(f, g)x. In addition, one verifies that

m

fivix = Z (P(fj—es fO) = fi-efer1), + Fi-mox fnt1s

=0

wherem =0, ..., j, j € Ny, and

k 7®(firs fir)), J =2k,
fivr=cipi+ Y _(O(fj-e fo) = fi—efosr) + ? , b .
=0 3 fev J=2k+1

(1.292)

withc;;1 € C, k € Ny. By induction, relation (1.292) then shows that all f; are in-
deed differential polynomials with respect to u. An alternative argument of this fact
is mentioned in Remark 1.2; Gel’fand and Dikii (1975, Ch. 2) contains additional
results in this direction.

From a historical perspective it is interesting to remark that Appell was quite
familiar with our fundamental equation (1.12) for F,(z, -) in 1880. In fact, let y;
and y, be linearly independent solutions of —y” + Uy = 0. Then he showed that
y?, y1y2, and y3 are linearly independent solutions of

w” —4Uw —2U'w =0 (1.293)
(cf. Appell (1880)). This equation is easily integrated and yields
288" — (¢ —4Ug* = —W(y1. 3)’, (1.294)

where g = y1y, denotes the product of any two solutions y; and y, of —y”(x) +
Ux)y(x) =0, and W(yi,y2) = y1¥5 — y;y» denotes their (x-independent)
Wronskian. Noticing that the formal Green’s function G(z, x, x) of —d*/dx*> + u
on the diagonal x = x’ is in fact of the type g(z,x) = y1(z, x)y2(z, x)/
W(1(2), ¥2(2)), (1.294) with U = u — z is equivalent to the well-known univer-
sal nonlinear second-order differential equation satisfied by g (see also Gel’fand
and Dikii (1975; 1979)). A comparison of Lemma 1.8, (1.12), (1.13) and (1.293),
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(1.294) shows that (1.13) and (1.294) are equivalent in the special algebro-
geometric context of Section 1.3. Moreover, it should also be pointed out that
Drach used (1.293) to derive a class of completely integrable systems now known
as the stationary KdV hierarchy as early as 1918—19 (cf. Drach (1918; 1919a,b)).
In fact, it appears he was the first to make the explicit connection between com-
pletely integrable systems and spectral theory. More than 55 years later, Gelfand
and Dikii also based some of their celebrated work on the KAV hierarchy on (1.293)
(Gel’fand and Dikii (1975; 1979)). Finally, it must be mentioned that the linear re-
cursion relation for the coefficients f; in (1.4) was used by Burchnall and Chaundy
in 1923 in their construction of odd-order differential expressions P, (cf. (1.7))
commuting with the second-order differential expression L in (1.3) (Burchnall and
Chaundy (1923)).

Burchnall-Chaundy theory, the basic formalism underlying commuting differ-
ential expressions, has been pioneered by Burchnall and Chaundy in their semi-
nal papers Burchnall and Chaundy (1923; 1928; 1932) (see also Baker (1928)).
More recent treatments of this circle of ideas can be found, for instance, in
Amitsur (1954; 1958), Bogoyavlenskii (1976), Carlson and Goodearl (1980), Cha-
Iykh (1993), Chalykh and Veselov (1990), Dehornoy (1981), Dubrovin (1975b),
Dubrovin et al. (1976), Frentzen et al. (1993), Giertz et al. (1981), Krichever
(1976a; 1977a,b; 1978), Latham and Previato (1994), Mulase (1984; 1990a,b),
Mumford (1977), Nakayashiki (1994), Previato (1996; 1998), Previato and Wil-
son (1989; 1992), Race and Zettl (1990), Segal and Wilson (1985), Veselov (1979),
Weikard (1998b; 1999; 2000; 2002), and Wilson (1985). Some of the extensions
of the classical Burchnall-Chaundy theory in connection with formal pseudo-
differential expressions were anticipated in Wallenberg (1903) and Schur (1905).
The special case involving a second-order differential expression L in Theorem
1.3 then leads to hyperelliptic curves branched at infinity. Certain classes of com-
muting (non-self-adjoint) operators (as opposed to merely commuting differential
expressions) and their connections with algebraic curves are also discussed in var-
ious works by LivSic, Kravitsky, Vinnikov, and others. An extensive account of
these activities up to 1994 is presented in the monograph LivSic et al. (1995); more
recent work in this direction can be found in Vinnikov (1998) and the references
therein.

Section 1.3. Again the presentation of most of the material in this section follows
the one in Gesztesy et al. (1996a).

The fundamental meromorphic function ¢( -, x¢) on KC,, defined in (1.38) is in
many respects the key object of our formalism. For instance, in the special self-
adjoint case, where u € C*°(R) N L*°(R) and 4 and E,,,, m =0, ..., 2n are real-
valued, its two branches represent the two Dirichlet half-line Weyl-Titchmarsh
m-functions m4 ¢(z, x) associated with proper closed realizations of the differ-
ential expression L = —d?/dx? + u in L?((x(, 00)). In particular, the spectral
properties of the self-adjoint realization of L in L?(R) (as well as those of the



1.6 Notes 109

self-adjoint Dirichlet-type operators in L?((xo, £00))) can be inferred directly
from ¢(P, xo). Completely analogous remarks apply to all other (non-Dirichlet)
B-boundary conditions defined in (1.54). This clearly illustrates the distinguished
role played by ¢ in the special self-adjoint case (for details we refer to Appendix J).
However, as amply demonstrated in Sections 1.3 and 1.4, ¢ turns out to be the
principal object of the algebro-geometric formalism independently of any self-
adjointness considerations in connection with L.

A look at (1.38)—(1.40) shows that ¢ links the Dirichlet divisor D;, of degree
n and the Neumann divisor D; of degree n + 1. This is of course a direct conse-
quence of the identity (1.32) together with the factorizations of F, and H,; in
(1.31) and (1.34). This construction of positive divisors of degree n and n + 1 on
hyperelliptic curves /C,, of genus n apparently goes back at least to Jacobi (1846).
It has been applied to the KdV case in Mumford (1984, Sec. III a).1), and subse-
quently in McKean (1985), and our presentation of algebro-geometric solutions
of the stationary KdV hierarchy relies on these constructions.

The squared eigenfunction approach alluded to in connection with (1.53) is
discussed, for instance, in Ablowitz and Segur (1981, pp. 42-52) and Eilenberger
(1983, Sec. 3.5).

The Dubrovin equations (1.66) for Dirichlet-type eigenvalues in Lemma 1.10
appeared in papers by Dubrovin (1975a,b); (see also Dubrovin and Novikov (1974;
1975b)) around 1974-75. Additional discussions of these equations can be found,
for instance, in Dubrovin et al. (1976), Levitan (1987, Chs. 8-12), Marchenko
(1986, Ch. 4), McKean (1979a), and Trubowitz (1977).

The results in Lemma 1.10 can be extended to the case of colliding Dirichlet
eigenvalues as long as the corresponding Dirichlet divisor remains nonspecial.
The details are somewhat involved and have been worked out in Birnir (1986a,b).
As pointed out in Remark 1.27, symmetric functions of the Dirichlet eigenvalues
(such as u) are somewhat simpler to handle; in particular, they can be directly
expressed in terms of the underlying Riemann theta function associated with /C,.

Lemma 1.11 is well-known in the case of Neumann boundary conditions (cf.,
e.g., McKean and Trubowitz (1976) where the result is stated in the infinite genus
context). The general case 8 € R \ {0} can be found in Levitan and Savin (1988)
(and in Gesztesy et al. (1996a)).

For more results concerning Remark 1.13, we refer to Dauge and Helffer
(1993a,b), Kong and Zettl (1996a,b), Kong et al. (1999).

Lemma 1.14 is quite familiar in the context of periodic Schrodinger operators
with even potentials, that is, u(—x) = u(x), x € R; see, for instance, McKean and
Trubowitz (1976).

Lemma 1.15 is due to Gesztesy et al. (1996a).

The trace formulas in Lemmas 1.16 and 1.17 have a rich history going back to
Gelfand and Levitan. We defer a detailed discussion to the notes of Section 1.5.

The linearization property (1.106) of the Abel map, and hence the straighten-
ing out of the (higher-order) KdV flows on the Jacobi variety, is due to Dubrovin
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(1975a) (see also Dubrovin (1975b), Dubrovin and Novikov (1974)). For connec-
tions with the recursion formalism of Section 1.2, we refer to Gesztesy and Holden
(2002) and to Appendix F.

The celebrated expression (1.108) for # in terms of the Riemann theta function
associated with /C,, was found by Its and Matveev (1975a,b). Its and Matveev
utilized previous work by Akhiezer (1961) (see also (Akhiezer (1960), Akhiezer
and Tomcuk (1961)). By a remarkable coincidence around 1975,
Dubrovin (1975a,b) (see also Dubrovin and Novikov (1974; 1975b)) had also
noticed essentially simultaneously that Akhiezer’s methods applied to the inverse
spectral theory for finite-band potentials. In particular, he isolated the solution of
Jacobi’s inversion problem as a key tool in this context.

It should be remarked at this point that Novikov had noted earlier in 1974 that
finite-band potentials are the natural analogs of multi-soliton solutions in the sense
that they are solving stationary higher-order KdV equations (Novikov (1974)). He
also observed that, generically, such solutions would be quasi-periodic rather than
periodic with respect to x, and hence the solution of the inverse spectral problem
associated with finitely many spectral bands should be posed within the class of
quasi-periodic functions #. Moreover, assuming u to be real-valued, nonsingular on
R, and periodic, he showed that if u satisfies an nth-order stationary KdV equation,
then the L*(IR)-spectrum associated with u consists of at most n compact intervals
and an additional half-line (cf. (1.295)). Within a year, Dubrovin (1975b), Flaschka
(1975b), and McKean and van Moerbeke (1975) also proved the converse of this
assertion (a different proof of this result was also published in Goldberg (1976))
and hence it became possible to identify the set of real-valued periodic finite-band
potentials with the set of real-valued periodic solutions of stationary higher-order
KdV equations. It also became clear from Novikov’s 1974 paper that solutions of
the time-dependent higher-order KdV equations periodic with respect to x would
generically be quasi-periodic in 7. Independently, Lax (1975) (see also Lax (1976))
showed in 1975 that real-valued periodic solutions in x of the higher-order time-
dependent KdV equations lie on finite-dimensional tori and that they depend on
t in a quasi-periodic manner. In this paper Lax also gave a very simple proof of
the fact that if a real-valued periodic potential u satisfies an nth stationary KdV
equation, then its corresponding L?(R)-spectrum consists of at most # compact
intervals (see also Lax (1974)).

Finally, another milestone must be mentioned. As early as 1974, Marcenko
(1974a,b) solved the periodic Cauchy problem for the KdV equation assuming
real-valued and sufficiently smooth initial data. In particular, he also characterized
the monodromy matrices of all real-valued periodic finite-band potentials.

Looking back at this period (and now with some distance from it), one cannot fail
to be in awe of the amazing theory developed between 1974 and 1976 in Moscow,
St. Petersburg, Kharkov, and New York by pioneers such as Dubrovin, Flaschka,
Its, Lax, Marchenko, Matveev, McKean, Novikov, van Moerbeke, and others.
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Since this initial period, many authors presented reviews and slightly varying
approaches to algebro-geometric (respectively periodic) solutions of (stationary
and time-dependent) equations of the KdV hierarchy. We mention, for instance,
the very influential reviews by Dubrovin et al. (1976) and Matveev (1976), Date
and Tanaka (1976), all in 1976, and especially Dubrovin’s 1981 review (Dubrovin
(1981); see also Dubrovin (1982b)), which is still regarded as a masterpiece of
exposition and paved the way for a subsequent generation of scientists to en-
ter this exciting field. A wealth of additional material can be found in Bobenko
(1984), Bobenko and Kubenskii (1988), Cherednik (1978), Dubrovin (1977; 1983),
Dubrovin et al. (1990), Gel’fand and Dikii (1979), Gesztesy (1992), Gesztesy et al.
(1996a), Grinevich and Krichever (1990), Krichever (1976a,b; 1977a,b; 1978;
1995), Krichever and Novikov (1980b,a; 1981; 2000), Levitan (1977; 1984),
McKean (1979a,b; 1985), Moser (1983), Novikov (1978a,b; 1980), and Taimanov
(1997). Moreover, the subject is briefly treated in the monographs of Ablowitz
and Segur (1981, Sec. 2.3), Asano and Kato (1990, Sec. 7.3), Dickey (1991,
Ch. 12), Marchenko (1988, Ch. 4), Newell (1985, Sec. 3h), and Rodin (1988,
Ch. 6), and dealt with at length in the monographs of Belokolos et al. (1994, Ch. 3),
Levitan (1987, Ch. 8), Marchenko (1986, Ch. 4), and Novikov et al. (1984, Ch. II).
A succinct overview of the algebro-geometric method can also be found in the
introduction to Novikov et al. (1981) by Wilson.

It is perhaps worth mentioning that ¢(Py), Py = (Ep, 0) in (1.104) is a so-
Iution of the corresponding stationary equation of the modified Korteweg—de
Vries (mKdV) hierarchy related to u in (1.108) by the Miura transformation
u = ¢(Py)? + ¢ (Py) + Eo. Werefer to Gesztesy (1989; 1991a,b; 1992), Gesztesy
et al. (1991), Gesztesy and Simon (1990), Gesztesy and Svirsky (1995), Previato
(1993) for details.

We have repeatedly emphasized that # was usually assumed to be real-valued
(and nonsingular) in these early investigations. In this case the spectrum of the self-
adjoint realization H in L?(R) of the differential expression L = —d?/dx* + u is
given by a collection of bands of the type

spec(H) = J[E2j—2, E2j_1]U[E2,,00), Eg< E; <--- < Ey,  (1.295)
j=1

forsome n € N. Incidentally, this explains why potentials u with associated L>(R)-
spectrum of the type (1.295) are traditionally called finite-band (or finite-gap)
potentials. For the conclusion that the isospectral torus of a KdV potential u as-
sociated with an L%(R)-spectrum of the type (1.295) is an n-dimensional real
torus T = ]_['}zlS !, real-valuedness of u is crucial. The isospectral torus T” then
comes about as follows. For a fixed xo € R, the Dirichlet divisors (data) /i ;(xo) =
(1 j(x0), (=i /2)F, 5, (1 j(x0), X0)), j = 1, ..., n can be prescribed so that the pro-
jection 1 (xp) lies anywhere in the jth spectral gap w;(xo) € [E2j—1, E2j] and
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{1 j(xo) lies on the upper or lower sheet of KC,,. Effectively, this yields [E2;_1, Es;] x
{£} ~ S! for each spectral gap (cum grano salis) and thus leads to T" (or equiva-
lently, to the real part of the Jacobi variety of the underlying hyperelliptic curve)
since we have n such spectral gaps available for Dirichlet eigenvalues.

Apart from the Its—Matveev realization of the n-dimensional isospectral torus
I,,(up) of a given real-valued nonsingular KdV potential u(, with spectrum as in
(1.295) in terms of the Riemann theta functions associated with KC,, and positive
Dirichlet divisors Dy, of degree n (Its and Matveev (1975a,b)), there also exist
explicit realizations of I,(uo) in terms of 2n Darboux transformations representable
as a 2n x 2n Wronski determinant of certain Baker—Akhiezer functions. The rel-
evant papers (in case u is also periodic) are Buys and Finkel (1984) and Finkel
et al. (1987) with pertinent results also in McKean (1985), McKean and van Moer-
beke (1975), McKean and Trubowitz (1976), Ralston and Trubowitz (1988), and
Trubowitz (1977). A complete spectral theoretic characterization of this method
(including the effects of isospectral deformations on Weyl m-functions and spec-
tral functions for the associated Schrodinger operators on a half-line and on R) was
presented in Gesztesy et al. (1996b) (see also Gesztesy et al. (1996¢)). In particular,
their methods were applied to general one-dimensional Schrodinger operators with
gaps in their essential spectrum without assuming periodicity of the underlying
base potential uy. Hence, these results (like the Its—Matveev theta-function repre-
sentation) describe an explicit realization of the isospectral torus T" for general
quasi-periodic, finite-band potentials with associated L?(R)-spectrum of the type
(1.295). For yet another characterization of I,(uo) for periodic potentials ug, in
terms of Fredholm determinants, we refer to Iwasaki (1987).

Equations (1.128) single out those spectral band edges Ey, ..., E;, in (1.125)
that correspond to periodic potentials, that is, they separate periodic from quasi-
periodic (real-valued) algebro-geometric potentials u. This criterion, reformulated
in terms of conformal mapping techniques involving Schwarz—Christoffel integrals,
appeared already in Marcenko and Ostrovskii (1975a,b). The case of real-valued,
periodic algebro-geometric potentials and KdV solutions is exhaustively discussed
in the literature. We refer, for instance, to Ablowitz and Segur (1981, Sec. 2.3),
Belokolos et al. (1994, Sec. 3.6), Buys and Finkel (1984), Date and Tanaka (1976),
Dubrovin (1975a,b), Dubrovin et al. (1976), Dubrovin and Novikov (1974; 1975b),
Ercolani et al. (1986b), Finkel et al. (1987), Flaschka (1975a,b), Goldberg (1976),
Hochstadt (1965), Its and Matveev (1975a,b), Johnson (1982), Krichever and
Novikov (2000), Lax (1974, 1975; 1976), Marcenko (1974a,b), Marchenko (1986,
Secs. 3.4, 4.3, 4.4), MarCenko and Ostrovskii (1975a,b), Marchenko and Ostro-
vsky (1987), McKean (1979a; 1985), McKean and van Moerbeke (1975), Moser
(1983), Meiman (1977), Newell (1985, Sec. 3h), Novikov (1974; 1978a,b; 1980),
Novikov et al. (1984, Ch. II), and Trubowitz (1977).

In the complex-valued algebro-geometric periodic case much of the theory goes
through, but there are some characteristic changes apart from the corresponding
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isospectral manifold of # no longer being described by a real torus T”. In this
complex-valued situation, the spectrum of the associated closed realization H of
L = —d?/dx* +u in L*(R) is given by n regular analytic arcs in the complex
plane and a semi-infinite arc tending to oo. (This is why it seems much more ap-
propriate to use the notion of finite-band as opposed to finite-gap KdV potentials.)
Locally, these arcs may exhibit multiple crossings and hence exhibit a much more
intricate picture than in the real-valued case, although for sufficiently large ener-
gies the picture resembles again that of the self-adjoint situation (cf. Gesztesy and
Weikard (1995b), Pastur and Tkachenko (1991a), Rofe-Beketov (1963), Sansuc
and Tkachenko (1996a,b; 1997), Serov (1960), Tkachenko (1992; 1994; 1996),
and Weikard (1998a,c)). The corresponding Dirichlet eigenvalues 1 ;(x) now are
no longer confined to certain regions of C (as opposed to their trapping in the spec-
tral gaps [E;_1, E5;] in the self-adjoint case), and the simple torus T" now turns
into a complex torus, the Jacobian of the underlying curve K,,. This is discussed in
Dubrovin and Novikov (1974) and in great detail in Birnir (1986a,b; 1987). From
a spectral theoretic point of view, however, the distinction between real-valued and
complex-valued potentials is crucial in this finite-band context, as will be pointed
out next. In fact, Gasymov analyzed examples of the type uo(x) = exp(ix) (actu-
ally, he analyzed a whole class of generalizations of this example) and proved that
the spectrum of the corresponding closed L*(R)-realization Hy associated with
the differential expression —d?/dx* + uy is of the finite-band-type (cf. Gasymov
(1980)) spec(Hy) = [0, 0o). This spectrum is not only of the finite-band type but
is even a subset of the real line although Hj is clearly not self-adjoint. Further
extensions of this type of result where obtained in Guillemin and Uribe (1983) and
Pastur and Tkachenko (1988; 1991b). It is not difficult to see that this example,
despite its being of the finite-band spectral type, is not algebro-geometric, and
the underlying Riemann surface encountered from Floquet theoretic considera-
tions is, in fact, of infinite genus. The reason for this surprise is actually quite
simple. Although all spectral bands touch their neighboring spectral bands and
so all spectral gaps close (with the exception of only the spectral gap (—o0, 0)),
the corresponding Dirichlet eigenvalues are by no means trapped between these
bands but can roam freely in the complex plane once one varies the reference point
x € R at which the Dirichlet boundary condition is imposed. It is the number of
movable Dirichlet eigenvalues that decides the genus of the underlying curve. In
the algebro-geometric case, only finitely many movable Dirichlet eigenvalues are
available, whereas the remaining infinite Dirichlet eigenvalues are pinned down
(i.e., they are immovable with respect to variations of x). These facts (and others
on complex-valued singular periodic potentials) are discussed in detail in Gesztesy
(2001), Gesztesy and Weikard (1996), and Weikard (1998a,b). The upshot of this
analysis is that the notion of “finite-band” (and much less that of “finite-gap”) is
not a sufficient characterization of complex-valued, algebro-geometric (stationary)
KdV solutions. The safe alternative adopted in this monograph is to talk about



114 The KdV Hierarchy

algebro-geometric KdV potentials (or simply KdV potentials), whenever an un-
derlying finite genus case is implied.

Finally, for those not yet sufficiently convinced by these arguments, we rec-
ommend the paper Chulaevsky and Sinai (1989), in which the spectrum of a
self-adjoint discrete Schrodinger (Jacobi) operator with two basic (rationally in-
dependent) frequencies is shown to be a compact interval (i.e., without bounded
spectral gaps) consisting of a dense pure point spectrum. The corresponding quasi-
periodic potential term is real-valued, and yet it is clearly not an algebro-geometric
situation. In particular, the corresponding Dirichlet eigenvalues are certainly real-
valued and interlace with the eigenvalues of the discrete Schrodinger operator on Z.
What went “wrong” with this example is a bit different. The essential spectrum
of this operator is not absolutely continuous. Moreover, it is associated with a
positive Lyapunov exponent. Put differently, this potential is not reflectionless —
a terminology briefly explained in Appendix J. The property of being reflection-
less turns out to be a necessary (though not sufficient) condition for a real-valued
potential to be of the algebro-geometric type. The interested reader can find more
about this, for instance, in Belokolos (1990), Carmona and Lacroix (1990), Craig
(1986), Johnson (1982; 1983), Johnson and Moser (1982), Kotani (1984; 1988),
Kotani and Krishna (1988), and Sodin and Yuditskii (1995a,b; 1996).

Theorem 1.26 is certainly known, although, a detailed proof in the generality
we formulated it seems difficult to locate in the literature. That u extends mero-
morphically to C as stated in Remark 1.29 is a special case of Theorem 6.10 in
Segal and Wilson (1985).

Examples 1.30-1.32 can be found, for instance, in Dickson et al. (1999), Duis-
termaat and Griinbaum (1986), Gardner et al. (1974), Gesztesy et al. (1992; 2000;
2003), Kay and Moses (1956), and Ohmiya (1988b). In particular, the rational
KdV potentials summarized in Example 1.30 (v) have been analyzed in detail
by Duistermaat and Griinbaum (1986) in their study of bispectral pairs of dif-
ferential operators. A new approach to this circle of ideas that exploits results
due to Halphen (1885) and permits an extension to elliptic KdV potentials, was
developed in Gesztesy et al. (2000; 2003). The n-soliton solutions in Example
1.31 employ the determinant approach used in Kay and Moses (1956) and later in
Gardner et al. (1974). Alternative representations of n-soliton solutions were found
in Hirota (1971; 1980); (see also Miwa et al. (2000, Ch. 3), Newell (1985, Ch. 4),
and the references therein). Our notation in connection with elliptic functions in
Example 1.32 follows Abramowitz and Stegun (1972, Ch. 18); their basic proper-
ties are summarized in Appendix H. A large body of literature on Lamé potentials
can be found, for instance, in the classical monographs Burkhardt (1906), Halphen
(1888), Krause (1897), Picard (1928), and Whittaker and Watson (1986). A key re-
sult in their analysis is a theorem due to Picard (1879; 1880; 1881), with important
contributions to this circle of ideas by Hermite (1877; 1912), Floquet (1884a,b,c),
Mittag-Leffler (1880), and Halphen (1884; 1885). For applications of these ideas



1.6 Notes 115

to completely integrable systems, we refer to Gesztesy and Sticka (1998), Gesztesy
and Weikard (1995a,c,d,e; 1996; 1998a; 1999), Weikard (1998b,c; 1999; 2000),
and especially to Gesztesy and Weikard (1998b), and the extensive literature cited
therein.

The classical literature on Lamé potentials and alike amassed by the French
school in the latter part of the 19th century with very few exceptions — such
as Baker (1928), Burchnall and Chaundy (1923; 1928; 1932), and Drach (1918;
1919a,b), Guerritore (1909), and Strutt (1967)—went out of fashion for about the
first 75 years of the 20th century. A notable exception was a paper by Ince in
1940 (cf. Ince (1940)). He investigated the special case in which u is real-valued
and nonsingular on R and is given by u,,(x) = n(n + 1)p(x + w3), with —iw; > 0
from a Floquet-theoretic point of view and established that such a potential exhibits
a finite-band (gap) structure in the associated self-adjoint Schrédinger operator H,
on L2(R)if and only if z is an integer. In particular, if n € N, the spectrum spec(H,,)
of H, is of the type (1.295); that is, it consists of n compact intervals and one
half-line. It took 35 more years until an explicit expression of another finite-band
potential (i.e., not of Lamé-type) was found in Dubrovin and Novikov (1975b).
The actual history of the elliptic finite-band potentials (as solutions of some of
the stationary KdV equations) is not without interest, and hence we record it here
to a certain extent. Dubrovin and Novikov (1975b) explicitly integrated the KdV
flow u; = — Ly + %uux, with initial condition u(x, 0) = 6gp(x + w3) (see also

1
Enol’skii (1983; 1984a,b), Its and Enol’skii (1986)) and found it to be of the type

3
u@x, =2 plx —x,(1) (1.296)
j=1

J

for appropriate {x;(t)};j=1,2,3. Due to the time evolution operator U,, constructed
with the help of Py,1; via U, = Py,4+1U,, all potentials u( -, t) in (1.296) are
isospectral to u(-,0) = 6p(- + w3). In 1977, Airault, McKean, and Moser, in
their seminal paper Airault et al. (1977) presented the first systematic study of the
isospectral torus Ir(ug) of real-valued smooth potentials uq of the type

M
uo(x) =2 Z o —x)) (1.297)
j=1

with a finite-gap spectrum. Among a variety of results, they proved that any ele-
ment u of I'g(up) is an elliptic function of the type (1.297) (with different x ;) with
M constant throughout Ig(u¢) and dim Ig(uy) < M. In particular, if u( evolves
according to any equation of the KdV hierarchy it remains an elliptic finite-gap
potential. However, explicit new examples of elliptic KdV potentials remained
elusive even though it was clear from the Its—Matveev formula that there existed
a whole torus of elliptic potentials isospectral to a given elliptic base potential
(e.g., the base potential can be taken as the Lamé potential n(n + 1)gp(-), n € N).
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The potential (1.297) is intimately connected with completely integrable many-
body systems of the Calogero—Moser-type (Calogero (1975), Moser (1975) (see
also Calogero (1978), Choodnovsky and Choodnovsky (1977), Chudnovsky (1979),
Olshanetsky and Perelomov (1981), and Ruijsenaars (1987)). This connection with
integrable particle systems was subsequently exploited in Krichever (1980) (see
also Krichever (1983; 1990)) in his construction of elliptic algebro-geometric so-
lutions of the Kadomtsev—Petviashvili equation. In the KdV context of (1.297),
Krichever’s approach relies on the ansatz

M
Yz, x) =Y ARD(x — xj, p(2), (1.298)
j=1

for the Floquet solutions of L = —d?/dx? 4 uo(x), where

d(x, p) = olx—p) oS

o(x)o(—p)

(assuming for simplicity the generic case x; # x; (mod A) for j # k, where A
denotes the fundamental period parallelogram associated with g(-)). Applying
Ly to (1.298) then yields an M-sheeted covering of the torus associated with the
fundamental periods 2w;, 2w3 and hence a description of the underlying algebraic
curve. The next breakthrough occurred when Verdier (1988) published new ex-
plicit examples of elliptic finite-gap potentials. Verdier’s examples spurred a flurry
of activities and inspired Belokolos and Enol’skii (1989a,b), Smirnov (1989), and
subsequently Taimanov (1990a) and Kostov and Enol’skii (1993) to find further
such examples by combining the reduction process of Abelian integrals to elliptic
integrals (see Babich et al. (1983; 1986), Belokolos et al. (1994, Ch. 7; 1986))
with the aforementioned techniques in Krichever (1980; 1983). This development
finally culminated in a series of papers by Treibich and Verdier (1990a,b; 1992),
in which it was shown that a general complex-valued potential of the form

4
u(x) =y d; p(x — )
=
(wr = w1 + w3, w4 = 0)is afinite-gap potential if and only if d; /2 are triangular
numbers, that is, if and only if

dj =sj(s;+1)forsomes; € Z, 1 < j<4.

The methods of Treibich and Verdier are based on hyperelliptic tangent covers
of the torus C/A, A being the period lattice generated by 2w; and 2ws (cf. also
Colombo et al. (1994) and Treibich (1989; 1994)).

The state of the art of elliptic finite-gap solutions, until around 1993, was re-
viewed in Issues 1 and 2 of Volume 36 of Acta Applicandae Mathematicae, which
appeared in 1994, and we refer, for instance, to Belokolos and Enol’skii (1994),
Enol’skii and Kostov (1994), Krichever (1994), Smirnov (1994a), Taimanov (1994),
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and Treibich (1994) therein. For more recent results see Belokolos et al. (2001a),
Buchstaber et al. (to appear; 1997a,b,c; 1999), Eilbeck and Enol’skii (1994a,b;
2000), Eilbeck et al. (2000; 2001), Enol’skii and Eilbeck (1995), and Smirnov
(1994b). Moreover, Chapter 7 of the monograph Belokolos et al. (1994), and the
detailed review Belokolos and Enol’skii (2002a,b) present the connection between
reduction theory of Abelian functions and completely integrable systems. Here we
just add the comment that if one is interested in spatially elliptic (not necessar-
ily real-valued) solutions u in the Its—Matveev formula (1.108) with periods 2wy,
2ws, with Im(ws/w;) > 0 (cf. Appendix H), one necessarily needs to impose the
constraints

2iw,UY e 2"+ 72", p=1,3.

More about these constraints and a discussion of sufficiency is provided in
Belokolos et al. (1994, Sec. 7.7).

The whole development up to this point, however, missed the fundamental con-
nection between elliptic algebro-geometric KdV solutions and Picard’s theorem
mentioned a bit earlier. This connection was the starting point of a complete charac-
terization of all elliptic finite-band solutions of the KdV hierarchy by Gesztesy and
Weikard alluded to above. A detailed treatment of this approach will be the subject
of a forthcoming monograph, and so we refer the interested reader to Gesztesy and
Weikard (1996; 1998b) for now.

Darboux-type transformations and a complete account of their effect on the hy-
perelliptic curve /C,, (possibly with a singular affine part) associated with algebro-
geometric KdV potentials are discussed in Gesztesy and Holden (2000c) (see
Appendix G for details).

Section 1.4. As in Sections 1.2 and 1.3, the approach presented closely follows
the one in Gesztesy et al. (1996a).

Since most of the references provided in connection with Section 1.3 treat
the time-dependent KdV equation and not just stationary KdV solutions, we will
now mainly focus on issues different from stationary ones and topics not yet
covered.

In analogy to its stationary analog in Section 1.3, the role of ¢ defined in (1.165)
is still central to Section 1.4, and the corresponding facts recorded in the notes to
Section 1.3 apply accordingly in the present time-dependent setting.

The Dubrovin equations (1.195), (1.196) in Lemma 1.37 and their 8-dependent
analogs in Lemma 1.38 were found simultaneously with their stationary counter-
parts, as discussed in the notes to Section 1.3. However, they are often discussed
in connection with the simplest cases r = 0, 1 only.

Since the proofs of Lemmas 1.39, 1.40, and 1.41 are identical to those in the
corresponding stationary cases, what was said in connection with their stationary
counterparts in the notes to Section 1.3 again applies line by line.
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The linearization properties (1.212), (1.213) of the Abel map and the Its—
Matveev formula (1.214) for u in terms of the Riemann theta function associ-
ated with IC,, were again found simultaneously with their stationary counterparts,
and thus the historical development sketched in this connection in the notes to
Section 1.3 remains valid in the context of Theorem 1.44.

The argument presented in Remark 1.47 can be found in the monograph Novikov
et al. (1984, pp. 139-144).

As in Section 1.3, we remark that ¢(Pyp), Py = (Ep, 0) in (1.210) is a solution of
the corresponding equation of the modified Korteweg—de Vries (mKdV) hierarchy
andisrelated tou in (1.214) by Miura’s transformationu = O(Po)* + ¢ (Py) + Eo.

The solution of the algebro-geometric initial value problem in Theorem 1.48
is rarely presented in this detail. Again the result is well-known to experts, but
discussions in the literature (such as a related one in Dubrovin et al. (1976, p. 139))
are usually restricted to the first KdV equation (i.e., to r = 1). An attempt to
solve the periodic KdV initial value problem numerically (for » = 1) based on the
coupled system of Dubrovin equations (1.195), (1.196) is undertaken in Osborne
and Segré (1990a,b,c). For connections between the Dubrovin equations and the
Hamiltonian formalism, including action-angle variables for algebro-geometric
solutions, we refer the reader, for instance, to Al’ber (1979), Al’ber and Al’ber
(1985; 1987a), Alber and Marsden (1992; 1994a), Bittig et al. (1993a; 1995; 1997),
Kappeler (1991), Kappeler and Makarov (2000), Kappeler and Mityagin (1999),
McKean (1997), and Vanhaecke (1992).

The differences between real-valued and complex-valued KdV solutions pointed
out in Section 1.3 remain of course valid in the present time-dependent context.
However, there are additional difficulties due to the presence of time variables ¢,.
A special divisor Dy ;) may become trapped in the theta divisor, rendering the
Its—Matveev formula meaningless. This cannot happen for translations (i.e., » = 0)
but can occur for higher-order KdV flows in the presence of certain symmetries
in the distribution of the branch points of K, as discussed in Birnir (1986b). A
careful discussion of these issues is somewhat involved, and we refer the interested
reader to Birnir (1986a,b).

Examples 1.51-1.53 are taken from Gesztesy et al. (1992; 2000; 2003), and
the references therein. Example 1.52 describing n-soliton solutions employs the
determinant approach, as used in Kay and Moses (1956) and later in Gardner et al.
(1974). For Hirota’s alternative representation of n-soliton solutions Hirota (1971;
1980), we also refer the reader to the monographs Miwa et al. (2000, Ch. 3), Newell
(1985, Ch. 4), and the literature cited therein.

The connection between the Neumann system of constrained harmonic oscilla-
tors to a sphere and algebro-geometric solution of the KdV hierarchy is treated in
Ercolani and Flaschka (1985).

Although we mentioned rational and n-soliton KdV solutions at the end of
Sections 1.3 and 1.4, we did not explicitly study degenerations of quasi-periodic
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algebro-geometric solutions as certain periods tend to infinity, or alternatively,
systematically apply Darboux-type transformations (i.e., various commutation
methods) that can lead to Biacklund transformations between the KdV and mKdV
hierarchies as well as auto-Bécklund transformations for the KdV hierarchy. This
singularization procedure creates solitons and certain meromorphic solutions rel-
ative to a remaining algebro-geometric background solution (whose associated
Riemann surface has appropriately diminished genus) and leads to a singular
curve for the combined soliton and background KdV solution, etc. The possi-
bility of obtaining soliton solutions from degenerating hyperelliptic curves (i.e.,
pinching handles in the language of Fay (1973, Ch. III)) was recognized already
in Krichever (1975) (without, however, providing any details) and in the special
case of an elliptic genus one background solution by Kuznetsov and Mikhailov
(1975). Matveev (1976), and subsequently McKean (1979b), degenerated the
quasi-periodic algebro-geometric solutions into the class of soliton solutions by
explicitly exhibiting Hirota’s KdV soliton representation Hirota (1971) as the re-
sult of singularizing the Its—Matveev formula (1.214). Although this procedure
amounts to a complete degeneration of K, into the Riemann sphere with ad-
ditional double points, partial degenerations were also mentioned by Matveeyv,
and more details appear in Appendix 1 of Dubrovin et al. (1976) and in Levi-
tan (1989); the corresponding scattering matrix is described in Firsova (1989).
Additional degenerations into the Riemann sphere and one multiple point on it
then led to the class of rational KdV solutions (derived in Ablowitz and Airault
(1981), Ablowitz and Satsuma (1978), and Adler and Moser (1978)) as shown in
Ehlers and Knorrer (1982) using Darboux transformations. These singularization
procedures (especially, their practical implementation in terms of Darboux-type
transformations) have been intensively studied in the literature, and the interested
reader can find plenty of additional results in Bikbaev (1989; 1994), Bikbaev and
Sharipov (1989), Gesztesy (1991a; 1993; 2001), Gesztesy and Holden (2000c),
Gesztesy et al. (1991; 1996b), Gesztesy and Svirsky (1995), Gesztesy and Teschl
(1996), Grinevich (1989; 1994), Jaulent et al. (1989), Matveev and Salle (1991,
Ch. 3), McRae and Weikard (1997), Rybin and Sall (1985), Sharipov (1986; 1987),
Trlifaj (1989), Veselov and Shabat (1993), and Zagrodziriski (1984; 1991).

Section 1.5. Again our presentation follows Gesztesy et al. (1996a) to some
extent; the material on general trace formulas is taken from Gesztesy et al. (1995b),
Gesztesy and Simon (1996a,b).

For B € R, the fundamental Herglotz function I'?( -, x) in (1.239) and its associ-
ated spectral shift function £#( -, x), x € R, in (1.246) were introduced in Gesztesy
etal. (1995b). The corresponding quantities in the Dirichlet context (where 8 = o0)
were originally introduced in Gesztesy and Simon (1996b). Equation (1.245) fol-
lows from the exponential representation theorem for Herglotz functions as proven
in Aronszajn and Donoghue (1957). For more details, we refer to Appendix L.
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In addition to (1.241) for 8 = co and (1.255), one can derive the following
asymptotic expansion for < tr (H® — z)~' — (H — z)~'). From

d
Tr In(g(z, x)) = m_ o(z, x) + m4 o(z, x)
X
(cf. Johnson and Moser (1982)) and (J.28)—(J.30) one observes (see Gesztesy et al.
(1995b))

d d
o ((H - D' —H-2") = _E(m_’()(z’ xX) +my o(z, x))

[e ]
= 2 ; Emaga0(x)z” 7

Equations (1.242) and (1.243) are proved in Gesztesy et al. (1995b).

The trace formula (1.247) for f in various function classes has been discussed
a great deal in the literature. It originates in works of Lifshits (1952; 1956), who
had in mind applications to solid state physics. The first rigorous approach to the
spectral shift function and a proof of (1.247) is due to Krein (1953), Krein (1962;
1983). Since then this circle of ideas has been repeatedly revisited by many authors.
We refer, for instance, to Baumgirtel and Wollenberg (1983, Ch. 19), Peller (1985;
1990), Simon (1995; 1998), Sinha and Mohapatra (1994), Yafaev (1992, Ch. 8).

Lemma 1.56 is well-known in the Dirichlet case see, for instance, Gel’fand
and Dikii (1975), and the case of general 8 boundary condition can be found in
Gesztesy et al. (1996a). The special Neumann case 8 = 0 was derived in Gesztesy
and Weikard (1996).

Lemma 1.57 is an elementary consequence of Lemma 1.56 (cf. Gesztesy et al.
(1996a)).

Theorem 1.58 (i) was derived using a different strategy of proof in Gesztesy
et al. (1995b). The current derivation, based on the universal differential equation
(1.251) is due to Gesztesy et al. (1996a).

Theorem 1.59 is due to Gesztesy et al. (1995b). The case § = 0o, £ = 1 was
first proved in Gesztesy and Simon (1996b). For simplicity we confined ourselves
to the resolvent regularization trace formulas in Theorem 1.59. The analogous
approach using a heat kernel regularization for the coefficients s;° in (1.243) reads
(cf. Gesztesy et al. (1995b))

- (Ef 0 1
59°(x) = =D (—0 +£lif51/ dre ! (E — £, x))), ¢ eN.
t ego

£! 2

The original motivation that led to (1.257) (actually, its analog applying a heat
kernel regularization method) in Gesztesy and Simon (1996b), was to extend the
well-known trace formula for certain classes of reflectionless potentials, considered,
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forinstance, in Craig (1989a), Kotani and Krishna (1988), and Levitan (1982; 1985;
1987, Chs. 9, 11), to general non-reflectionless potentials. In the special scatter-
ing theoretic context, a trace formula equivalent to (1.257) stated in terms of a
reflection coefficient rather than a spectral shift function had been found earlier by
Deift and Trubowitz (1979). This formula was rediscovered in slightly different
terms in Venakides (1988) as a result of studying the periodic trace formula (1.262)
for £ = 1 in the limit where the period tends to infinity. For various connections
between trace formulas in terms of Krein’s spectral shift function and trace for-
mulas in terms of scattering theoretic objects (such as reflection coefficients, etc.;
cf. Gesztesy and Holden (1994) and the literature therein) we refer to Gesztesy
(1995). Additional results on trace formulas in terms of spectral shift functions can
be found in Gesztesy (1995), Gesztesy and Holden (1995; 1997), Gesztesy et al.
(1995a; 1993), Gesztesy and Makarov (2000), and Rybkin (2001a,b; 2002).

Historically, trace formulas for Schrodinger operators on compact intervals with
self-adjoint boundary conditions at the end points go back at least to the paper by
Gel’fand and Levitan (1953) with subsequent work by Gel’fand (1956), Dikii
(1961), Halberg and Kramer (1960), and Gilbert and Kramer (1964) (see also
Magnus and Winkler (1979, Ch. VI)).

In the real-valued algebro-geometric context (i.e., in the case of only finitely
many gaps in the spectrum), the periodic Dirichlet-type trace formula (1.262)
for j = 1 (or rather, (1.236)), had been noticed in Hochstadt (1965) and later in
Dubrovin (1975b). The general case j € N appeared in Flaschka (1975b), McKean
and van Moerbeke (1975). The general real-valued periodic case with infinitely
many gaps in the spectrum can be found in Trubowitz (1977). The Neumann
case § = 0 in (1.260) is due to McKean and Trubowitz (1976). The general case
B € R is taken from Gesztesy et al. (1995b). In particular, (1.260) and (1.262)
also extend to certain classes of real-valued almost periodic potentials; see, for
instance, Craig (1989a), Kotani and Krishna (1988), and Levitan (1982; 1985;
1987, Chs. 9, 11). For a (perturbative) trace formula approach to Schrodinger
operators on a finite interval with periodic boundary conditions in terms of the
trace of the corresponding semigroup (i.e., the trace of the heat kernel) see Kac
and van Moerbeke (1974), Novitskii (1995), and Sunada (1980).

It should also be noted that the distinction between real-valued and complex-
valued potentials is of some importance in connection with trace formulas. The
trace formula (1.247) heavily relies on a pair of self-adjoint operators and hence so
do the results stated in Theorem 1.59. On the other hand, in the algebro-geometric
context, the trace formulas (1.236) and (1.237) (as well as their higher-order
analogs) remain valid for complex-valued potentials, as proven in Lemmas 1.16
and 1.17. Yet the periodic and almost periodic trace formulas associated with
infinitely many gaps in the spectrum mentioned in the preceding paragraph all
assume real-valuedness of the potential u. In the special complex-valued peri-
odic case, however, it is not too difficult to prove that the trace formulas (1.262)
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remain valid whether or not the associated L?(R)-spectrum consists of finitely
many spectral bands (cf. Gesztesy (2001)). We hope to return to this topic in a
later book project.

For the origins of the Hamiltonian KdV formalism presented at the end of
Section 1.5, the interested reader might consult Gardner (1971) and Zakharov
and Faddeev (1971). Our presentation follows Dickey (1991, Ch. 12), Gel’fand
and Dikii (1975), Lax (1975; 1976; 1978; 1996), Palais (1997), and Sattinger and
Weaver (1986). Related material can be found, for instance, in Dubrovin (1975b),
Dubrovin et al. (1976), Flaschka (1975b), Gel’fand and Dikii (1979), McKean
and van Moerbeke (1975), Novikov (1974; 1980), Novikov et al. (1984, Chs. I,
II), and Serre (1981). The remarkable identity (1.275) is derived in Dickey (1991,
Sec. 12.1), Gel’fand and Dikii (1975), and Yusin (1978), using a somewhat different
approach based on formal power series. In addition to identity (1.266), we also
mention the closely related identity (cf. Carmona and Lacroix (1990, p. 369)),

—0.(g(z. x)7") = 2g(z, x) — 0x (g(zw)(ﬁ(z,x)‘z/ dx’ fi(z, x')?

X

—f,(z,x)-Z/x dx’ f(z,x/)z)), ze C\R, (1.299)

—00

where f.(z, x) denote the Jost (Weyl-Titchmarsh) solutions associated with H,
that is,

fi(z, ) € L*(R,+00)), z€C\R, ReR.
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The Combined sine-Gordon and
Modified KdV Hierarchy

Someone told me that each equation I included in the book would
halve the sales. I therefore resolved not to have any equations at
all.

Stephen W. Hawking'

2.1 Contents

The sine-Gordon (sG) equation,
Uy — sin(u) = 0,

for a function u = u(x, t), which has its origins in the 19th-century analysis of
surfaces of constant negative curvature, has a long and interesting history.” How-
ever, it got its name as a pun on the well-known Klein—Gordon equation when it
became a prominent model in elementary particle and condensed matter physics.
This chapter focuses on a relatively recent development since the mid-1970s —
the construction of algebro-geometric solutions of a combined sine-Gordon and
modified Korteweg—de Vries (sGmKdV) hierarchy whose first nontrivial element
reads

tyy + (1 /8) (] + 2urrx) | — sin(u) = 0.

Below we briefly summarize the principal content of each section. A more de-
tailed discussion, using the KdV hierarchy as a model, has been provided in the
introduction to this volume.

Section 2.2.

e polynomial recursion formalism, zero-curvature pairs (U, V,,)
* stationary and time-dependent sGmKdV hierarchy
* hyperelliptic curve IC,

A Brief History of Time, Bantam Books, Toronto, 1988, p. vi.
2 A guide to the literature can be found in the detailed notes at the end of this chapter.
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Section 2.3. (stationary)

» properties of ¢ and the Baker—Akhiezer vector ¥
* Dubrovin equations for auxiliary divisors

* trace formulas for u

* theta function representations for ¢, ¥, and u

* the algebro-geometric initial value problem

Section 2.4. (time-dependent)

* properties of ¢ and the Baker—Akhiezer vector W
* Dubrovin equations for auxiliary divisors

* trace formulas for u

* theta function representations for ¢, ¥, and u

* the algebro-geometric initial value problem

This chapter relies on terminology and notions developed in connection with
compact Riemann surfaces. A brief summary of key results as well as definitions
of some of the main quantities can be found in Appendices A, B, and F.

2.2 The sGmKdV Hierarchy, Recursion Relations,
and Hyperelliptic Curves
In this section we provide the construction of a hierarchy of integrable equa-
tions, the sGmKdV hierarchy, which combines the sine-Gordon (sG) equation
and the modified Korteweg—de Vries (mKdV) hierarchy. Using a polynomial re-
cursion formalism, we derive the corresponding sequence of zero-curvature pairs
and introduce the underlying hyperelliptic curve in connection with the stationary
sGmKdV hierarchy.
Throughout this section we suppose the following hypothesis.

Hypothesis 2.1 In the stationary case we assume' that

u € C*(R). (2.1)
In the time-dependent case we suppose>
u(-, ) e C°M), t €R, uclx, -)e C'R), x e R. (2.2)

To set up a zero-curvature formalism for the combined sine-Gordon and mKdV
equations, one can proceed as follows. One defines recursion relations for { f;}¢en, ,

! Alternatively, we could suppose that u: C — C,, is meromorphic.
2 Again one could assume that for fixed € R, u(-, t) is meromorphic, etc.
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{8¢}eeny, and {h¢}ien, by

fo=ho=1. 2.3)
g = (A/2)(fox +iusfo), €£eNy, (2.4
ge = (i/2)(=hex +iuche), £ e Ny, (2.5)

8ex =i(her1 — fer1), £ € No. (2.6)

From (2.4) (or (2.5)) and (2.3), one immediately infers that go = —u, /2. To show
that one can indeed solve this recursion for all £ € Ny, one first subtracts equations
(2.4) and (2.5) and then uses (2.6) to obtain

fithi= [ drugers. een @
By adding and subtracting equations (2.6) and (2.7), one finds
1 [ i
fe= 3 dxucge—1x + 381 (2.8)
1 [ i
he=3 [ drugerst e CeN 29)

Inserting any of these expressions into (2.4), one obtains

1 X
8¢ = _Z<g€—l.xx + uxf dx ”xgE—l,x>a teN. (2.10)

This proves that the set of recursion relations (2.3)—(2.6) can be solved.

Remark 2.2 One can show that the quantities f;, g, and h,, £ € Ny, are all
differential polynomialsin « (i.e., polynomials in # and (some of) its x-derivatives).
Starting from (2.8), one infers that

fé,x - (1/2)uxglfl,x + (i/z)géfl,xx - (1/2)(8A - iux)glfl,x
= (i/2)(Bx — i1,)9, ((i/2)(D + iuy)) fo-1
= —(1/A) frm1xx + Wi fro1x + A/ Dwy s fo, (2.11)

where we used (2.4) and introduced
wy = —((ux)” + 2iu)/4. (2.12)

However, the recursion (2.11) is nothing but the KdV recursion (1.4) with the KdV
potential u replaced by w.. Thus, f;, £ € Ny are differential polynomials in u (see
Remark 1.2). Similarly, one finds that A, in (2.9) satisfies

hex=—=(/Hhe—txxx + w_he1x +(1/2Dw_ ey, (2.13)
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with
== —((u)* — 2ius) /4, (2.14)

which is again the KdV recursion but this time with potential w_. Finally, by (2.4),
g¢ are obviously differential polynomials in u since f; are.

Explicitly, one computes

fo=1
1 1(..2 .
fi=swy 4o =—5(uF + 2iug) 1,
_ 1 3.2 1
fo=—gWi t 3wy +c;we t

_ 1.2
- _ﬁuxx + lﬁuxuxxx + lﬁuxxxx + 128 X + 32 Xuxx

n 2 .
— %‘(ux + 21uxx) + 2,
_ 1 5 5 2 5 3 1 3.2
f3 = 3 Wi — jgWAWiar — WL+ w3+ o1 (—gwi e + gwl)

1
+ 25wy + 3, etc,

1
80 = _Euxa
1, c
g1 = 16 x + uxxx - 711"-7“
3.5 1 i 5,2 S u?
82 = 356Uy — 3pUxxxxx T pUrxUxxx T gaUxUxxx — gzUxUyy

.
+or(ful + fure) — Suy, ete,

’

w_+c = —%(ui — 2iuxx) + ¢y,

=
fry
|
T[S,

1 3.2 1
hy = —gw_x + 3w- +c;w-+c

1.2 1 i 3
_ﬁuxx + Euxuxxx - Euxxxx + mux

- %(ui - 2iuxx) + ¢,

4 3.2
T 3 lalix

1 5 5.2 5..3 1 3.,2
h3 = W sexx = feW-W_r — W+ Fwl + o1 (—gw_ + wl)
—i—cQ%w_ + c3, etc.

Here {c¢}seny C C denote integration constants. For subsequent purposes, it is
convenient also to introduce the corresponding homogeneous coefficients fy, &¢,

and i, defined by the vanishing of the integration constants ¢y, fork =1, ..., ¢,
fo=fo=1, fe="fl g LeN, (2.15)
go=g0=—tuy, &= gg;qzo’kzl .... , CeN, (2.16)

ho=ho=1, h¢=h ¢ eN. (2.17)

=0, k=1,..,0°
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Hence,

¢
fe=ZCz—kfk, &t = Zcz K8k, he= Zcz vhe, € e Ny,
pry

=0

introducing
cop = 1.

Next, we establish the zero-curvature formalism for the sGmKdV hierarchy. Given
Hypothesis 2.1, one introduces the 2 x 2 matrix U by

1
5 1
Uz) = —i (2”" | ) , (2.18)
Z _Eux
and for each n € Ny the following 2 x 2 matrix V, by

o= ("GP PRO) cecvmmern, @)

assuming F,, H,, and G,_; to be polynomials of degree n and n — 1 with C*°
(or meromorphic) coefficients with respect to x. Postulating the stationary zero-
curvature condition

_Vn,x + [U, Vn] = Oa (220)

equation (2.20) yields the following fundamental relationships between the poly-
nomials F,, H,, and G,,_1,

F,,=—iu,F, —2izG,_q, 2.21)
H,,=iuy(x)H, +2izG,_y, (2.22)
Gn—l,x = i(Hn - Fn)' (223)

From (2.21)—(2.23) one infers that
0y det(Vi(z, 1)) = —(1/2)3:(2G -1z, X) + Fo(z, ))H,(z, X)) =
and hence
2Gyp_ + FyHy = Qap, (2.24)

where the monic polynomial Q,, of degree 2n is x-independent. It turns out that
it is more convenient to define

Ron1(2) = 200() = [ [ = En), Eo=0, Ei,..., E €C (2.25)

so that (2.24) becomes

ZzGi,1 + ZFan = R2n+1~ (226)



128 2. The Combined sine-Gordon and Modified KdV Hierarchy
Moreover, computing the characteristic equation! of i V/,

det(wl, — iV,(2)) = w? — det(V,(2)) = w? + Go_1(z)* + 2 ' Fo(2)Hp(2)
= w? 4+ 7 ?Ryt1(2) = 0, (2.27)

one is naturally led to introduce the hyperelliptic curve K, of arithmetic genus n
(possibly with a singular affine part) defined by

Kn: Fu(z,y) = y* = Raps1(z) = 0. (2.28)

To establish the connection between the zero-curvature formalism and the re-
cursion relations (2.3)—(2.6), we now make the following polynomial ansatz with
respect to the spectral parameter z,

Fu@) =Y faiz's Hi@) =Y hy2', (2.29)
=0 =0
n—1
Gu1@) =Y gn1-2'. G_1(x)=0. (2.30)
=0

Insertion of (2.29) and (2.30) into (2.21)—(2.23) then yields the recursion relation
2.3)-2.6)for£ =0, ...,n — 1 (assuming n € N to avoid cumbersome case dis-
tinctions in connection with the trivial case n = 0, which can easily be handled
directly, cf. (2.37)) as well as

fn,x = _iuxfnv (231)
hpx = iuch, (2.32)
and the constraint
2n
fulw = @2,(0) = [ ] En, (2.33)
m=1
taking z = 0 in (2.24). Thus, one obtains
fo=ae ™, acC, (2.34)
h, = pe™, pBeC. (2.35)

The corresponding homogeneous coefficients £, and /1, are then also defined by

~

fu=fo=ae ™, h,=h,=pBe" (2.36)
The trivial case n = 0 leads to
fo = fo = Ole_iu, g1 = O, il() = ho = ﬂei”. (237)

' I, denotes the identity matrix in C2.
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The last equation in (2.6) (i.e., the case £ = n — 1) then defines the nth stationary
sGmKdV equation'

s-sGmKAV, (1) = 2ig,_1.(u) +2(Be’ —ae™™) =0, neNy (2.38)

subject to the constraint (cf. (2.33))

2n
af = 02,(0) = [] En- (2.39)
m=1

Varyingn € Ny in (2.38) then defines the stationary sGmKdV hierarchy. We record
the first few equations explicitly,

s-sGmKdVy (1) = 2(Be™ — ae ™) =0,
s-sGmMKAV | (1) = —iuy, + 2(Be™ —ae™™) =0, (2.40)
s-SGmKdVa(u) = (i /8)(u] + 2utrxx), — Crittex + 2(Be™ —ae™™) =0, etc.

In particular, for @ = B # 0, the first equation in (2.40) yields the stationary sine-
Gordon equation (in light-cone coordinates), that is,

sin(u) = 0.

In the special case « = = 0, one obtains f, = h, = 0, and hence the (n — 1)th
stationary KdV equation is satisfied for the potential w . Introducing

V= _(i/z)u)h
we see that wy and v are related by the Miura transformation
wy = v? + Uy,

and we may conclude thatg,_; , = 0,n € N, equalsthe (n — 1)th stationary mKdV
equation with solution v.

By definition, the set of solutions of (2.38), with n ranging in Ny and ¢, in C,
£ € N, represents the class of algebro-geometric sGmKdV solutions. If u satisfies
one of the stationary sGmKdV equations in (2.38) for a particular value of n, then
it satisfies infinitely many such equations of order higher than n for certain choices
of integration constants ¢, (one can follow the argument in Remark 1.5). At times it
will be convenient to abbreviate algebro-geometric stationary sGmKdV solutions
u simply as sGmKdV potentials.

In the following we will frequently assume that u satisfies the nth stationary
sGmKdV equation. By this we mean it satisfies one of the nth stationary sGmKdV
equations after a particular choice of integration constants ¢, € C, £ =1, ...,
n — 1,n > 2, has been made.

'Ina slight abuse of notation we will occasionally stress the functional dependence of f;, g¢, iy on
u, writing fo(u), ge(u), he(u), etc.
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For subsequent purposes we also introduce the corresponding homogeneous
polynomials F A Ge 1, and H ¢ defined by

l

Fi(z) = Fe@|, o pr e Z ferdt, €=0,...,n—1,
=0

) 2.41)
Fu@)=ae™+)" fuidt =ae™™ +2F,1(2),
k=1
G_1(z) = G_i(z) =0,
. (2.42)
G =G|y 4er =Y g1, €=0.....n,
k=0
Z ~
Ho@ = He@, Ly o0 = D e £=0.om—1,
=0 (2.43)

H,(2) = Be + 3 hyit = pe™ + 2H,_1(2).
k=1

In accordance with our notation introduced in (2.15)—(2.17) and (2.41)—(2.43),
the corresponding homogeneous stationary sGmKdV equations are then defined
by

s-sGmKdVo(u) = 2(Be™™ — ae™™) =0

s-sGmKdV, (u) = s-sGmKdV, )|, ,,_, , , =0, neN

n—1

Using equations (2.21)—(2.23) one can derive individual differential equations
for F,, and H, as follows. From (2.21) and (2.23), one infers

Fpw = =it Fy +22(Hy — F) =3 Fy = 22u,Gpmy. (244
Multiplying (2.44) by F),, one can eliminate G,_; to find
FyFpxe — (1DF;  + 22+ (1/2u} +iu)Fy = 2Rppy1,  (245)
and differentiating with respect to x finally yields
Foxex + (42 + ud 4 20ty ) Fyx + (uttsy + ittie)Fy = 0. (2.46)
A similar analysis for H, results in
HyHyoo = (1/DH] 4 (22 4+ (1/20uF = iux)Hy = 2Ropi1 (247)
and

Hn,xxx + (4Z + ujzc - ZiMXX)Hn,X + (uxuxx - iuxxx)Hn = 0 (248)
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Recalling (2.12), (2.14), one observes that equations (2.46) and (2.48) take on the
form

—(/A)Fy axx + Wy = 2)Fx +(1/Dwy 1 Fy =0, (2.49)
—(1/4H, yxx +(w_ — 2)H, x + (1/2)w_H, =0, (2.50)

which are identical to the corresponding equations for the KdV hierarchy (see (1.4)
and footnote on this page) with KAV potential u = w_. Analogous assertions apply
to (2.45) and (2.47).

Equations (2.45) and (2.47) can be used to derive nonlinear recursion relations
for the homogeneous coefficients fg and h ¢ (i.e., the ones satisfying (2.15), (2.17) in
the case of vanishing integration constants) as proved in Theorem D.1 inAppendix D.
In addition, as proven in Theorem D.1, (2.45) leads to an explicit determination of
the integration constants cy, .. ., ¢, in

s-sGmKAV,, (1) = 2ig,_1 (1) + 2(Be’" —ae ™) =0

in terms of the zeros Ey = 0, E, ..., Ey, of the associated polynomial R, in
(2.25). In fact, one can prove (cf. (D.9))

ce=ci(E), £=0,...,n—1, (2.51)
where
co(E) =1,
k . .
@j)!+ (2j0)! -
w(E)=Y AL L Ef . Ef,

L PG (o2 = D Qon = )
it jn=k

k=1,....,n—1. (2.52)

Finally, we turn to the time-dependent sGmKdV hierarchy. Introducing a de-
formation parameter ¢, € R into u (i.e., replacing u(x) by u(x, f,,)), the definitions
(2.18), (2.19), and (2.29), (2.30) of U, V,,, and F, and H,, respectively, still apply.
The corresponding zero-curvature relation reads

U, = Vax +U,V,]1=0, neNp,

which results in the following set of equations

Uxt, = _2iGn71,x —2(H, — F), (2.53)
Fox=—iuyFy —2izGyy, (2.54)
Hn,x =iucH, +2izG,_. (2.55)

Inserting the polynomial expressions for F,, H,, and G, _; into (2.54) and (2.55),
respectively, first yields

Sox = =ity fu, hux =iuch,, neNy.
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In the general case we find

f() = 1, ne N,
Jox = (/D fo—tpnxr t Wi fooix A/ Dwy x foo1, €=1,...,n—1,n>2,

and
ho=1, neN,
Mo = —(1/Dhy_gxx +w_he_1c+A/Dw_ ey, £=1,...,n—1,n>2,
and (recalling our convention g_; = 0, cf. (2.42))
Uy, = —2i8n—1x — 2(hn — fu), n €Ny,

in addition to equations (2.4), (2.5), (2.34), (2.35), and (2.6) (the latter equation
for £ =0,...,n — 2 and only for n > 2). Varying n € Ny then defines the time-
dependent sGmKdV hierarchy by

sSGmKAV, (1) = uy;, + 2ig,_1..(u) +2(Be™ —ae ™) =0, (2.56)
(x,t,) € R* ne Np.
Explicitly, the first few equations read
sGmKdVo(u) = uy, + 2(Be' —ae ) =0,
sSGMKAV, (1) = uy;, — ity +2(Be’™ —ae ™) =0, (2.57)
sGmKdV,(u) = Uy, + é(“i + Zuxxx)x — Crilyg, + Z(ﬁem - aeim) =0, etc.

Similarly, one introduces the corresponding homogeneous sGmKdV hierarchy
by
SGMKAVo(u) = utyy, + 2(Be™ — ae™ ) = 0,
sSGmKAV,, (1) = sGmKdV, )|, _, ,_, , ,=0. neN

In contrast to the stationary case, the constraint (2.39) does not apply in the
t,-dependent context (2.56) (since the left-hand side of (2.53) is nonvanishing).

Remark 2.3 Choosing o = 8 =i/4, sGmKdVy(u) = sG(u) =0 is the sine-
Gordon equation in light-cone coordinates,
Uy, = sin(u). (2.58)
In general, by introducing the scaled function
v(x, 10) = u((i/2)(@B)™"’x, 10) = (i/2)In(B/e). ap € C\ {0}
the equation sGmKdVy(u) = 0 is equivalent to

Vs, = sin(v).
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Introducing v = iu and rewriting sGmKdVy(x) = 01in (2.57) in terms of v, setting
o = B =i/4, one finds

Uy, = sinh(v),

that is, the sinh-Gordon equation. Similarly, introducing § = x + 1, n =x — fy
produces the (hyperbolic) sine-Gordon and (hyperbolic) sinh-Gordon equations in
laboratory coordinates

Uge — Upy = sin(u),  vgg — vy, = sinh(v),

and & = x + tp, T = i(x — ty) produces the elliptic sine-Gordon and elliptic sinh-
Gordon equations

Uge + Uer = Sin(U),  Vegg + Vo = sinh(v).
Moreover, the case o = 0 yields
Uygy = —Zﬁei”

and a similar equation in the case 8 = 0. Hence, writing v = iu and changing
coordinates (x, fy) — (&, t) yield the Liouville hierarchy for v starting with

Vgg + Vi = 21.,3871). (259)

In particular, the results in Sections 2.3 and 2.4 extend to these hierarchies, and
hence we omit further distinctions and focus on the generalized sGmKdV hierarchy
in light-cone coordinates for the rest of this chapter. Finally, in the casea = 8 = 0,
we define

v(x, ) = =@/ Dux(x, ity),
and the sG hierarchy reduces to
v, —ign-1x =0, neN,
which equals the (n — 1)th modified KdV equation in terms of v.
Remark 2.4 The relation between the KdV and the modified KdV hierarchy on
the one side and the local sGmKdV hierarchy on the other side alluded to in

equations (2.12), (2.14), (2.49), and (2.50) can be made more precise as follows.
The equation

_ _ (¥
v, =UVY, \p_<1//2>

is equivalent to

Ipl,xx = (w+ - Z)wls IpZ,)cx = (w, - Z)WZ
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with
we =1 tv,,  v=—(/2u,. (2.60)

Equations (2.60) represent the familiar Miura transformation between solutions w
of the KdV hierarchy and v of the modified KdV hierarchy. Since sGmKdV,, (1) =
0 reduces to mKdV,(v) =0, n € N for « = 8 = 0, as discussed in Remark 2.3,
sGmKdV,(u) =0 for general «, € C represents a combination of the
sGmKdV(u) = 0 equation and the mKdV,,_;(u) = 0 equation. This corresponds
to our choice (2.19) of zV,(z) being a polynomial in z. The usually considered
nonlocal sG hierarchy then corresponds to a choice of zV, (z) rational in z with a
nontrivial principal part.

2.3 The Stationary sGmKdV Formalism

This section is devoted to a detailed study of the stationary sGmKdV hierarchy and
its algebro-geometric solutions. Our principal tools are derived from combining
the polynomial recursion formalism introduced in Section 2.2 and a fundamental
meromorphic function ¢ on a hyperelliptic curve K. With the help of ¢ we study
the Baker—Akhiezer vector W, Dubrovin-type equations governing the motion of
auxiliary divisors on /C,,, trace formulas, and theta function representations of ¢, ¥,
and u. We also discuss the algebro-geometric initial value problem of constructing
u from the Dubrovin equations and auxiliary divisors as initial data.
For major parts of this section we suppose

u e C*MR) (2.61)

(which could be replaced by u: C — C,, meromorphic) and assume (2.3)—(2.6),
(2.29), (2.30), (2.38), (2.39) (respectively, (2.21)-(2.23)), and freely employ the
formalism developed in (2.18)—(2.50), keeping n € Ny fixed.

We recall the hyperelliptic curve

Kn: Falz, y) = ¥ = Rany1(2) = 0,
2n
R2n+l(z)=1_[(z_Em)y E0=09 El"-'aE211€C5

m=0

(2.62)

as introduced in (2.28). The curve K, is compactified by joining the point P,
but for notational simplicity the compactification is also denoted by /C,. Points
P on K, \ {P} are represented as pairs P = (z, y), where y( - ) is the meromor-
phic function on /C, satisfying F,(z, y) = 0. The complex structure on /C, is then
defined in the usual way (see Appendix B). Hence, KC,, becomes a two-sheeted hy-
perelliptic Riemann surface of (arithmetic) genus n € Ny (possibly with a singular
affine part) in a standard manner.
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We also emphasize that by fixing the curve IC, (i.e., by fixing E¢ =0, Ey, ...,
E»,), the integration constants ¢y, ..., c,—1 in g,—1, (and hence in the corre-
sponding stationary sGmKdV,, equation) are uniquely determined, as is clear from
(2.51), (2.52), which establish the integration constants ¢, as symmetric functions
OfEl, ey Ezn.

To avoid numerous case distinctions in connection with the case n = 0, we will
assume n € N for the remainder of this section. (The trivial case n = 0 is explicitly
treated in Example 2.13.) Moreover, to simplify our presentation in the following,
we will subsequently focus on sG-type equations and hence assume

a, B C\{0}.
By (2.39) this is equivalent to

2n
02(0) = [T En=ap #0.

m=1

Hence, from this point on, we suppose
Ey=0, E,, e C\{0}, m=1,...,2n. (2.63)

In the following, the roots of the polynomials F,, and H, will play a special role,
and hence we introduce

F@=]]ec-unp) H=]]c-vp. (2.64)
Jj=1 j=1

Moreover, we introduce (lifting . ; and v; to KC,,)

Ljx) = (uj(x), = j()Gp1(pj(x), x) € Ky, j=1,...,n, x €R,
(2.65)
Di(x) = j(x), v;(X)G—1(vj(x), x) e Ky, j=1,....,n, xeR (2.66)

and
Py = (0, 0).

Due to the C*°(R) assumption (2.61) on u, F,(z, -), H,(z, -) € C*°(R) by (2.11),
(2.13) and (2.29). Thus, one concludes

v € CR), jok=1,...n, (2.67)

taking multiplicities (and appropriate renumbering) of the zeros of F, and H, into
account. (Away from collisions of zeros, i ; and v are of course C°.) In addition,
(2.34) and (2.35) imply

Wi ) #£0, jok=1,....n, xR
(cf. also (2.91) and (2.92)).
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Next, define the fundamental meromorphic function ¢( -, x) on IC, by

_ Y—=2G,(z, x)
o(P,x) = By (2.68)
- M (2.69)
y+2G,-1(z, x)

P=(,y) ek, xeR
with divisor (¢( -, x)) of ¢( -, x) given by
(@(-,x)) = Dpypr) — Dropc) (2.70)
using (2.64) and (2.67). Here we abbreviated
A=Ay, D= {01, ..., Dy} € Sym™(KCy).

The stationary Baker—Akhiezer vector

Yi(P, x, xo)

VP, X x0) = (wz(P,x,xw

), P e Ky \ {Px), (x,x0) € R% (2.71)
is defined by

V1i(P, x, xo) = exp (—(i/Z)(u(X) — u(xo)) + if dx' ¢(P, x/)) , (272)

X0

V2P, x, x0) = =Y (P, x, x0)p(P, x). (2.73)
We summarize the fundamental properties of ¢ and W in the following lemma.
Lemma 2.5 Suppose that u € C*(R) satisfies the nth stationary sGmKdV equa-

tion (2.38) subject to the constraints (2.39) and (2.63). Moreover, let P = (2, y) €
Ko \ {Pso}, (x, x0) € R Then ¢ satisfies the Riccati-type equation

—igs(P) + ¢(P)* — usp(P) = z, (2.74)
as well as
H,(z)
)= ——= 2.75
d(P)P(P™) an(Z), (2.75)
Gn—l(Z)
N=-2 2.
d(P) + ¢(P7) z ) (2.76)
o(P) — p(P*) = =2 @2.77)
) '
whereas WV satisfies
W, (P) =U(x)W(P), (2.78)

— YW (P) =V, (¥ (P), (2.79)
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1/2 X
Vi(P, x, xo) = <M> exp (iy/ dx’Fn(z,x’)_l>, (2.80)
Fn(Za .X()) X0
* _ Fu(z, x)
Y1(P, x, xo)¥1(P”, x, xo) = T xo) (2.81)
. H,(z, x)
I/IZ(Pa X, x())wZ(P s Xy .X()) = _ZF—’ (282)
n(Z» xO)
* * Gn—l(Zv .X)
wl(Ps X,xo)llfz(P 1x,x0)+¢1(P ,X,XO)’»”Z(vava):zva
(2.83)
2
VI, x, 2o WP X, 30) = Y1 (P7 X x0)Ya(Pox ) = == (2.84)
n(Zv-XO)

In addition, as long as the zeros of F,(-, x) are all simple for x € 2, Q C R an
open interval, V(- , x, xq) is meromorphic on KC,, \ { P} for x, xo € Q.

Proof Equation (2.74) follows using the definition (2.68) of ¢ as well as rela-
tions (2.21)—(2.23). The other relations, (2.75)—(2.77), are easy consequences of
y(P*) = —y(P), (2.68), and (2.69). By (2.72) and (2.73), ¥ is meromorphic on
K \ {Pso} away from the poles i ;(x”) of ¢(-, x"). By (2.21), (2.65), and (2.68),

ip(P, x') P e In(Fy(z, X)) + O(1) as z — p;(x"), (2.85)
— L (x’

and hence ¥, is meromorphic on IC, \ { P} by (2.72) as long as the zeros of
F, (-, x) are all simple. This follows from (2.72) by restricting P to a sufficiently
small neighborhood U; of {/1;(x") € IC, | x" € @, x’ € [x0, x]} such that fi;(x") ¢
Uj forall x" € [xo, x]and all k € {1, ..., n}\ {j}. Since ¢ is meromorphic on C,
by (2.68), V¥, is meromorphic on C,, \ { P} by (2.73). The remaining properties
of W can be verified by using the definition (2.71)—(2.73) as well as the relations
(2.74)—(2.77). In particular, (2.80) follows by inserting the definition of ¢, (2.68),
into (2.72), using (2.21). O

Equations (2.81)—(2.84) show that the basic identity (2.26), 72 Gﬁ_l +zF,H, =
Ry,+1, 1s equivalent to the elementary fact

W14V — + Y1V 1)® — 401 ¥ Yo Yo — = (Y1 4¥0— — Y1 -Yo ),

identifying ¥1(P) = v 1, ¥1(P*) = Y1 _, ¥a(P) = Yo 1, ¥2(P*) = v, _. This
provides the intimate link between our approach and the squared function systems
also employed in the literature in connection with algebro-geometric solutions of
the sine-Gordon hierarchy.

Next, we derive Dubrovin-type equations, that is, first-order systems of nonlin-
ear differential equations that govern the dynamics of u; and v; with respect to
variations of x. Since in the remainder of this section we will frequently assume
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the affine part of KC,, to be nonsingular, we list all restrictions on /C,, in this case,

Eo=0, E, € C\ {0}, Ey # E,y, mym' =1,...,2n. (2.86)

Lemma 2.6 Suppose that u € C°°(S~2,L) satisfies the nth stationary sGmKdV
equation (2.38) on an open interval Q,, C R subject to the constraint (2.39).
Moreover, assume that the zeros j, j =1,...,n, of F,(-) remain distinct on

of differential equations on 2,

n
i = =2y [ oy =™, j=1,....n (2.87)
k=1
k]
Next, assume the affine part of K, to be nonsingular and introduce the initial
condition

{ﬂj(x())}jzl,...,n C ’Cn (288)

for some xo € R, where pwj(xo), j =1, ...,n, are assumed to be distinct. Then
there exists an open interval Q, C R, with xo € Q,,, such that the initial value
problem (2.87), (2.88) has a unique solution {{1;};=1,. . C K, satisfying

.....

pjeC(Qu, Ky, j=1,...,n, (2.89)
and j, j =1, ..., n, remain distinct on 2,,.
Forthe zerosv;, j =1, ..., n, of H,(-) identical statements hold with jv; and 2,
replaced by v; and Q,, etc. In particular, {D;} ;=1 .., defined by (2.66), satisfies
the system
Vg = —2iy(a,)]_[(vj —vw L j=1,....n. (2.90)
k=1
k#j

Proof 1Tt suffices to prove (2.87) and (2.89) since the proof of (2.90) is analogous
to that of (2.87). Inserting z = p; into equation (2.21), one concludes from (2.65)
that

Fo(u) = =y [ [ty = m) = =211 Goo1 ) = 2iy(ft),
k=1
k#j
proving (2.87). The smoothness assertion (2.89) is clear as long as [1; stays away
from the branch points (E,,, 0). Hence, we suppose

Wjg(x) = Eyyas x — xo € Q,
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for some jy € {1,...,n},mg € {0, ..., 2n}. Introducing
Cpx) =0 (ujy(x) = En)'?, o = %1, pujy(x) = Ep, + £j,(x)?

for x in an open interval centered around xo, the Dubrovin equation (2.87) for u ;,
becomes

1/2

2n
Cox(0) = c) | [ Emy — En)
o

n

< | TT (Eny — @)™ | (1 + 05,0)%)
k=1
k# jo

for some |c(o)| = 1, and one concludes (2.89). [
Combining the polynomial approach in Section 2.2 with (2.64) readily yields
trace formulas for the sGmKdV invariants, that is, expressions of f; and hy in

terms of symmetric functions of the zeros ; and v; of F, and H,, respectively.
For simplicity, we just record the simplest case.

Lemma 2.7 Suppose that u € C*(R) satisfies the nth stationary sGmKdV
equation (2.38) subject to the constraints (2.39) and (2.63). Then,

iln <(—1)”a—1 ]‘[M]) (2.91)
j=1
—iln ((—1)",31 ij>, (2.92)
j=1
where aff = ]_[fn":1 E,, # 0. In particular, one infers the constraint

n 2n
[Twivi=]]En (2.93)
j=1 m=1

S
I

Proof Equation (2.91) follows by considering the constant term in F), in (2.29)
combined with (2.34) and (2.64). Equation (2.92) can be deduced in a similar
way by studying the polynomial H,. Equation (2.93) follows upon exponentiating
(291)and (2.92). O

Remark 2.8 If « = 0 (as in Liouville-type equations (2.59)), the fact that f,,(x) =
(=" ]_[;z1 wj(x) = Oforces (atleast) one /i j,(x) to coincide with Py = (0, 0) and
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hence to be x-independent. Similarly, if« = 8 = 0, then {1, (x) = D;,(x) = P for
some ji, j» € {1,...,n}.

Now we turn to asymptotic properties of ¢ and ¥;, j = 1, 2.

Lemma 2.9 Suppose that u € C*°(R) satisfies the nth stationary sGmKdV
equation (2.38) subject to the constraints (2.39) and (2.63). Moreover, let P =
(Za y) € ICV! \ {POO}! (x7 XO) € RZ. Then;

O(P) = ¢+ (/D + ((1/8)us + ([ /Auw)s + 0@ as P — Po,

(2.94)
Vi(P, x, xo) o exp(i¢ ™ (x — x0))(1 + O()) as P — Pw, (2.95)
V2(P, x, xo) o exp(it ™ (x — x0))(¢ ' + O(1)) as P — Pu, (2.96)

c=0/7'"? o =+l.

Proof The existence of the asymptotic expansion of ¢ in terms of the local coor-
dinate { = 0/z'/?, 0 = %1 near Py, (cf. (B.7)—(B.11)) is clear from the explicit
form of ¢ in (2.68). Insertion of the polynomial F, into (2.68) then yields the
explicit expansion coefficients in (2.94). Alternatively, one can insert the ansatz

¢ = ¢z’ + g+ P+ 0ET (2.97)

— 00

into the Riccati-type equation (2.74). A comparison of powers of z~!/? then proves

(2.94). Equation (2.95) then follows from inserting (2.94) into (2.72) and (2.96) is
clear from (2.73), (2.94), and (2.95).

Next, we derive representations of ¢, 1, as well as u in terms of the Riemann
theta function of /C,, assuming the affine part of I, to be nonsingular. We will
freely use the notation established in Appendices A and C. To avoid the trivial case
n = 0 (considered in Example 2.13), we assume n € N for the remainder of this
argument.

We choose a fixed base point Qg on /C, \ { Py, P} to be one of the remaining
branch points. Let wgi’ p, be anormal differential of the third kind holomorphic on
Ko \ {Poo, Po} with simple poles at P, and Pj and residues 1 and —1, respectively

(cf. (A.23)~(A.26)),
W) 1, =, @+ Oz as P — P (2.98)

W) gy =, (L7 0L as P P, (2.99)
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where the local coordinates are given by

¢ =0/z" for P near Py, ¢ =o'z"%for Pnear Py, 0,0’ €{l,—1}.

(2.100)
In particular,
fw;”;fozo, j=1,...,n, (2.101)
and with Q¢ = (E,,, 0),
P
fQ o b =y @)+ (1/2)In(Ey) + O@) as P = Poc, (2.102)
0

P
f o b = IO+ (1/DIN(En,) + 0@) as P — Py (2.103)
Qo -

in analogy to (1.96), (1.97).

Next, let w(ﬁl,o be the normalized differential of the second kind holomorphic

on K, \ {Poo} such that (cf. (A.20), (A.21), and (A.22))

/ ")gi,o =0, j=1,...,n (2.104)

. o o (€24 0(1)dg as P — P, (2.105)
P

/ o o "+ 0@)as P — Py (2.106)

0

in analogy to (1.98)—(1.100). Denoting the vector of b-periods of w(}%; 0/ @2mi) by

U (02), one obtains

1
2 2 2 2 2 .
Uv® = Ud.....u2). U&}:T/ o o= ~2¢;(m), j=1.....n.
Tl b;
(2.107)

applying (B.33). In the following, it will be convenient to introduce the abbrevia-
tions
2P, Q)= Ey, — Ag,(P) +ay (Do),
2P, Q. A) = By, — Ay, (P)+ay, (Do) + A, (2.108)
P € Knr Q = {Qh MR Qi’l} € Symn(lcn)'

We note that by (A.52) and (A.53), z(-, Q) and z(-, @, A) are independent of the
choice of base point Q.

Theorem 2.10 Suppose that u € C*(2) satisfies the nth stationary sGmKdV
equation (2.38) on Q2 subject to the constraints (2.39) and (2.86). In addition,
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let P € K, \ {Px} and x, xy € 2, where Q2 C R is an open interval. Moreover,
suppose that Dy (x), or equivalently, Dyy) is nonspecial for x € 2. Then ¢ admits
the representation

0(z(Poo, 1(x))O(2(P, f(x), A)) P .
= — — - 51 m ,
P = G P a0, 200G ) P ( /Q ©rn 2 InE °)>
(2.109)
where A is a half-period defined as
A=Ap(Px), 2A=0 (mod L,). (2.110)

The components v;, j = 1, 2 of the Baker-Akhiezer function ¥V are given by!
0(2(Poo, L(x0))0(2(P, [1(x)))

VI 0 = G e, ARCONBGP, A0))
X exp <—i(x — X0) /QP w;%;()) (2.111)
and 0
Pxngy = PGP RGP, ). A)

0(2(Poo, f1(x), A)O(2(P, [i(x0)))

P P
3 1 . 2
X exp ( - /Q a)ipo)mp0 + 5 In(Ey,) — i(x — xo) . w(Po)c,O)'
0 0

(2.112)

The Abel map linearizes the auxiliary divisors in the sense that (cf. (2.107))

2o, (Daw) = 2o, (Dacy) + iU (x — x0), (2.113)
2o, (Diw) = 2, (Do) + UG (x — xp). (2.114)

Finally, u is of the form

0(z(Pa, A(x), A
w(x) = —(i/2) In(@/B) (mod 271Z)+2i1n< (&(Pec, 20) —))). 2.115)

6(2(Puc 1))

Proof First, we assume temporarily that

wi(x) # pp(x), ve(x) # vp(x) for j # j,k #k and x € Q (2.116)

for appropriate Q C Q. Since by (2.70), Dpyp ~ Dpxﬁ, and Poo = (Pxo)* ¢
{ft1, ..., 1.} by hypothesis, one can apply Theorem A.31 to conclude that D; €

! To avoid multi-valued expressions in formulas such as (2.109), (2.111), (2.112), etc., we agree always
to choose the same path of integration connecting Q¢ and P and refer to Remark A.28 for additional
tacitly assumed conventions.
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Sym"(/C,,) is nonspecial. This argument is of course symmetric with respect to
and D. Thus, D, is nonspecial if and only if D; is. Next, we denote the right-hanﬁ
side of (2.109) By @. To prove that ¢ = ¢ by applying the Riemann—Roch theorem
(Theorem A.13), it suffices to show that ¢ and ¢ have the same poles and zeros as
well as the same value at one point on K. From the definition (2.68) of ¢( -, x)
one concludes that it has simple zeros at D(x) and Py and simple poles at fi(x)
and Ps. By (2.102), (2.103), the expression (2.109) for ¢, and a special case of
Riemann’s vanishing theorem (cf. Theorem A.26), ¢ also shares these properties.
As a consequence of the linear equivalence Dp_; ~ Dpyp, that is,

Ag,(Pso) + g (Dp) = Ap, (Po) + g, (Dy), (2.117)
one obtains
@0,(Ds) =y, (Dp) + A, (2.118)
with
A= Ap (P). (2.119)

Since Py and P,, are branch points of /C,, the right-hand side of (2.119) is a
half-period, proving (2.110). By the Riemann—Roch theorem (Theorem A.13) and
since ¢ and ¢ share common zeros, one concludes that ¢/¢ = ¢ for some constant
¢ € C. Using (2.94), one infers together with (2.102) that

27 A+ o +00)
¢ ¢—0 14 0(1)

(i() 1+ 0(),

and hence ¢ = 1. This proves ¢ = ¢ subject to (2.116).

Next we turn to the proof of (2.111). Denote by 1 the right-hand side of (2.111).
To prove | = &1, with i, given by (2.72), one first observes, using (2.65), the
definition (2.68) of ¢ and the Dubrovin equations (2.87) that

iMngg;»wm@—M@m+oay (2.120)

j(x

Together with (2.72), this yields

(z = wj(x)O() as P — fuj(x) # f1;(xo),
Y1(P, x,x0) = 1 O(1) as P — [i;(x) = fij(xo), (2.121)
(z = p1j(x0)"'O() as P — f1;(xo) # (%),
P=(z.y) €Ky x,x0 € Q,
where O(1) # 0 in (2.121). Consequently, all zeros and poles of ¥ and ¥ on

K, \ { P} are simple and coincide. Hence one concludes by Theorem A.23 that v,
contains a factor 6(z(P, E(x))) /0(z(P, E(xo))). It remains to identify the essential
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singularity of ¥, and v/, at P.,. The asymptotic spectral parameter expansion
(2.94) of ¢ yields

30— utc) i [ A3 gPx) = i = e+ 0@ as P P

X0

(2.122)

and thus comparing (2.72), (2.106), the expression (2.111) for ¥, and (2.122)
then shows that v/ and v/, have identical exponential behavior up to order O(¢)
near P,,. Consequently, ¥ and ¥, share the same singularities and zeros, and
the Riemann—Roch-type uniqueness result in Lemma B.2 (taking ¢, = #;,) then
proves that v/, and | coincide up to normalization. The latter is determined by
(2.81), implying

Y1(P, x, x0)¥1 (P*, x, x0) o 1. (2.123)

00

Hence (2.111) holds subject to (2.116). The corresponding expression (2.112) for
Y, is then obvious from (2.73), (2.109), and (2.111).

Next we prove the linearization property (2.113) using Lemma 2.6 (and still
assuming (2.116)). Equation (2.114) then follows from (2.113) and (2.117). From

oy, (Dp) = (Zl / N g) (mod L,)
Jj= 0

and the Dubrovin equations (2.87), one infers on €2

n n k—1 n k—1
W u
ety (D) =Y pjx Y cl)—2—==2i Y cl)mm——"—.
QP = 2t 2 SR s = 1_15;1‘(#/—#@)
J

Lagrange’s interpolation formula (cf. Theorem E.1)

Z“]Jfl H(“j —u) ' =8, k=1,....n
j=1 =1
=y
then yields
dxe (D) = —2ic(n) = iU}, xe€Q (2.124)

and hence (2.113), subject to (2.116). In particular, applying (B.33) establishes the
relation between the left-hand side of (2.124) and the vector U, of b-periods of
oy /(2mi) introduced in (2.107).

To prove formula (2.115) for u we employ an asymptotic spectral parameter
expansion for ¢ and the Riccati equation (2.74). First we conclude from (B.31)

@ =, (2 + 0@*)ds as P — P,
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and hence
p
Ag (P) = / © (0d L) = Ag,(Px) = 2605 + O
0
= Ag,(Px) + UGt + 0D,

using (B.33) and (2.107). Expanding the subsequent ratios of Riemann theta
functions in (2.109) one finds

(P, 1)
6(Psc, [1)
Y U0, 0(B g, — Ag,(Poo) +w + &, (1)) Lo ,
= 1- = ~ £+ 0(7)
-0 O(EQO - AQO(POO) + qQo(ﬁ))
(2.125)

and the same formula for the theta function ratio involving the additional half-
period A. Here Z';:, Ué?} 0w, denotes the directional derivative in U, f?-direction.
Given (2.107), we may write

n

D UG 00,0(Eg, — Agy(Poo) + w + &, (Ux0) + iU (x = x0))| o
j=1

= 3:0(Eg, — Ag,(Po) + &g, (A(x0)) +iUg" (x — x0)

and hence obtain from (2.125)

6(z(P. p)) 3 ‘ ) 3
m t—0 148, In (6(2(Poo, )¢ + O as P — Po,

and the identical formula for the theta function ratio involving A. Together with
(2.102) this shows that

0(2(Poo, s A))

= ¢ 14+i0.1

)+ O(l)as P - Py.

Expanding the Riccati equation (2.74) for P near P, then yields

0(z(Pso, i, A ~
iy = 2id, In M . xeQ
and hence
0(z(Ps, 1, A ~
u=2iln M +ConQ
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for some integration constant C € C. The equalities

fu=ae " = (=1 1_[“.1' — we—i€ ( (2(Pos; V)))

)
2
2(Poo, 1)
hy = pei* = <1>"va— (ﬁ)

and the facts that 4 and D satisfy identical Dubrovin-type equations and the con-
straint ]_[;le Hjvj = ]_[i"z1 E,, 1s symmetric with respect to /i and D then yield

ae*ic — ﬂeic

and hence (2.115), assuming (2.116). The extension of all these results from Q to
€2 then simply follows from the continuity of &, and the hypothesis of D, being
nonspecial on 2. [

Combining (2.113), (2.114), (2.118), and (2.115) shows the remarkable linearity
of the theta function arguments with respect to x in the formula for u. In fact, one
can rewrite (2.115) as

M(x) — CO + 2i ]n <w>’

6(A + Bx)

where

=Ap(Px), co=—(i/2)In(a/B) (mod 277Z),

and hence the constants A, B € C" are uniquely determined by /C, (and its ho-
mology basis), and the constant A € C” is in one-to-one correspondence with the
Dirichlet data (xo) = (21(x0), - - -, n(x0)) € Sym"(K,)) at the point x¢ as long
as the divisor Dy, is assumed to be nonspecial.

Remark 2.11 Although this approach to the algebro-geometric solutions of the
sGmKdV hierarchy resembles that of the AKNS hierarchy (which includes the
mKdV hierarchy) in many ways, there are, however, some characteristic differ-
ences. In particular, the branch point Py = (0, 0) is an unusual necessity in the sG
context, and P, (as in the KdV context) is a branch point as opposed to the AKNS
case. This shows that sGmKdV curves are actually special KdV curves (with (0, 0)
a branch point).

Remark 2.12 The explicit expressions (2.111), (2.112) for ¥;, j = 1, 2 comple-
ment Lemma 2.5 and show that ¥ stays meromorphic on /C, \ { P~} as long as
D, is nonspecial (assuming the affine part of X, to be nonsingular).
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The sGmKdV potential « in (2.115) is complex-valued in general. A discus-
sion of the isospectral set of real-valued (quasi-periodic and periodic) algebro-
geometric sGmKdV solutions will be deferred to the next section (cf. Lemmas 2.30
and 2.31 and Remark 2.32).

Next we briefly consider the trivial case n = 0 excluded in Theorem 2.10.

Example 2.13 Assumen =0, P = (z,y) € Ko \ {Px} andlet (x, x9) € R?. Then

Ko: Foz y) =y = Rix) =y* —2=0, Eo=0,
u(x) = —iln(e), o€ C\{0},

Fo(z,x)=1, G_i(z,x)=0, Hi(z,x)=1,
¢(P,x) =y,

Vi(P, x, xo) = exp(iy(x — xo)),

Va(P, x, x0) = —yexp(iy(x — Xo)).

Up to this point we assumed u € C*°(R) satisfies the stationary sGmKdV
equation (2.38) for some fixed n € Nj. Next we will show that solvability of the
Dubrovin equations (2.87) on S/EM C Q,, such that ; # 0 on ﬁxw j=1,...,n,
in fact implies equation (2.38) on Qu As pointed out in Remark 2.17, this amounts
to solving the algebro-geometric initial value problem in the stationary case.

Theorem 2.14 Fix n € N, «, 8 € C\ {0}, and assume (2.86). Suppose that
{ftj}j=1,..n satisfies the stationary Dubrovin equations (2.87) on an open interval
ﬁﬂ C R such that wj, j =1,...,n, remain distinct and nonzero on ﬁu- Then
u € C®(Q,), defined by

u=iln ((—1)”a—1 1_[;1,]> (2.126)
j=1

satisfies the nth stationary sGmKdV equation (2.38), that is,

s-sGmKdV,(u) = 0 on Q, (2.127)

subject to the constraint aff = ]_[,2,1"=1 E, #0.

Proof Given the solutions ft; = (i, y(i;)) € C“(ﬁu, K., j=1,...,n of
(2.87), we introduce

n

Fu@)=]Jc-nponCxQ, (2.128)
j=1

and define u € C °°(§M) by (2.126). In addition, we introduce

Gu-i1(2) = ZLZ(Fn,x(Z) + iuan(Z)) on C x ﬁ;u (2.129)
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(cf. (2.21)), where G,,_1(0) is well-defined because of (2.128) and (2.129). We
also note that on €2,

= g~ /DFa(i) = (j, —;Gooi ), j=1,....n  (2.130)

by (2.87) and F,, «(it;) = —jx HZ:IA(Mj — pg). Next, we define a monic poly-
nomial H, of degree n on C x ﬁu éﬁééh that (2.26) holds, that is,

Ryut1(2) = 22G 1 (2)* = 2Fu(2)Hu(z) on C x Q.. (2.131)

The polynomial H, exists since the left-hand side of (2.131) vanishes at z = 0, and
z=pjx), j =1,...,n by (2.130). Introducing the polynomial P,_; of degree
n—1onC x Q, by

Poo1(2) = Hy(2) = Fy(@) +iGyo1.:(2) on € x Q,,
and differentiating (2.131) with respect to x yields
22G,-1(2)Gn-1x(2) + Fux(2)Hy(2) + Fu(2)Hy x(2) = 0, (2.132)
and hence
wiGua(uj)P(uj) =0, j=1,...,n

on ﬁu From this point on one can follow the proof of Theorem 1.26 step by step;
hence, one concludes that

P,_1=00nC x QM,
and therefore (2.23), that is,
Hy(2) = Fy(z) = iGp_1 (2) on C x Q.. (2.133)
Combining (2.132) and (2.133) then yields (2.22),
Hy 1 (2) = it Hy(2) + 2i2G-1(2) on C x Q5

thus, we have derived the fundamental equations (2.21)—(2.23) and (2.26) on
C x €. One can now mimic our analysis in (2.26)—(2.35) to arrive at the nth
stationary sGmKdV equation (2.38) satisfied by u, subject to the constraint (2.39),

afp =12, En#0. O

Remark 2.15 The explicit theta function representation (2.115) of u on €2, in
(2.126) then permits one to extend u beyond €2,, as long as D, remains nonspecial
(cf. Theorem A.31).

Remark 2.16 Although we formulated Theorem 2.14 in terms of Dirichlet eigen-
valuesuj, j =1, ..., nonly,the analogousresult (and strategy of proof) obviously
works intermsof v;, j =1,...,n.
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Remark 2.17 A closer look at Theorem 2.14 reveals that u is uniquely deter-
mined in an open neighborhood 2 of x¢ by K, and the initial condition fi(xy) =
(fi1(x0), - - -, fln(x0)) € Sym"(KC,)), or equivalently, by the auxiliary divisor_D,g(xO) €
Sym"(IC,,) at x = x¢. Conversely, given K, and « in an open neighborhoodiﬂ of
Xo, one can construct the corresponding polynomials F,(-, x), G,_(-, x), and
H, (-, x) for x € Q (using the recursion relation (2.3)—(2.6) to determine the ho-
mogeneous elements fg, 8, fzg, and (D.9) to determine ¢, = ¢¢(E), £ =0, ..., n)
and then recover the auxiliary divisor Dy for x € € from the zeros of F,(-, x)
and from (2.65). This remark is of relevance in connection with determining the
isospectral set of sGmKdV potentials u in the sense that once the curve C, is
fixed, elements of the isospectral class of potentials are parametrized by (nonspe-
cial) auxiliary divisors Dy, (cf. Remark 2.32).

2.4 The Time-Dependent sGmKdV Formalism

In this section we extend the algebro-geometric analysis of Section 2.3 to the
time-dependent sGmKdV hierarchy.
For most of this section, we assume the following hypothesis.

Hypothesis 2.18 Suppose that u: R*> — C satisfies
u(-,1) € C°MR), t € R, uy(x, -) e C'R), x e R. (2.134)

The basic problem in the analysis of algebro-geometric solutions of the sGmKdV
hierarchy consists in solving the time-dependent rth sGmKdV flow with initial
data a stationary solution of the nth equation in the hierarchy. More precisely,
given n € Ny, consider a solution u® of the nth stationary sGmKdV equation
s-sGmKdAV,,(u®) = 0 subject to the constraint af # 0, associated with i, and a
given set of integration constants {c;},—;... ,» C C. Next, let » € Ny; we intend to
construct a solution u of the rth sGmKdV flow sGmKdV, () = 0 with u(ty,) =
u® for some 1y, € R. To emphasize that the integration constants in the definitions
of the stationary and the time-dependent sGmKdV equations are independent of
each other, we indicate this by adding a tilde on all the time-dependent quantities.
Hence, we employ the notation V,, F,, G,_1, H,, fs, &, hs, &, &, B to distinguish
them from V,,, F,,, G,—1, H,, f¢, ¢, he, ¢, @, B in the following. In addition, we
follow a more elaborate notation inspired by Hirota’s t-function approach and
indicate the individual rth sGmKdV flow by a separate time variable ¢, € R.

Summing up, we are seeking a solution u of the time-dependent algebro-
geometric initial value problem

sGmKAV, (1) = uy;, +2ig, 1 (1) + 2(361'14 — &eiiu) =0,
(2.135)

= U .

u
Ir=lo,r

s-SGmKdV,, (@) = 2ig,_; . (u®) +2(Be™” —ae™™”) =0 (2.136)
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forsome#p, € R, n, r € Ny, where u = u(x, t,) satisfies (2.134) and a fixed curve

IC,, is associated with the stationary solution u® in (2.136). Actually, relying on the

isospectral property of the sGmKdV flows, we will go a step further and assume
(2.136) not only at ¢, = 1y, but for all #, € R. Hence, we start with

U, = Vox + U, V,]1 =0, (2.137)

_Vn,x + [U’ Vn] = 07 (2138)

where (cf. (2.18), (2.19), (2.29), (2.30))

1
U(z) = (zux 11 )

n—12) (1/2)Fu(2)
Vi(z) = , 2.139
©= l( Hi() G ) @1
~ 6
V() = r— 1(1) (1/z)F (2)
r I(Z)
and
Fu(z) = Z _ :]_[(z—uj (2.140)
=0
n—1
Gu1(2) =Y gn1-42", G_1(2) =0, (2.141)
=0
Hy() =) hz =] v, (2.142)
=0 j=1
F,(z) = Z Frosz’, (2.143)
s=0
r—1
G =Y &-1,2, G_i1(2) =0, (2.144)
s=0
H@) =Y h_y (2.145)
s=0

for fixed n, r € Ny. Here fy, f_v, 8¢, &, hy, and he,0=0,....n—1,5s=0,...,
r — 1, are defined as in (2.3)—(2.6) with appropriate sets of integration constants.
Explicitly, (2.137) and (2.138) are equivalent to (cf. (2.53)—(2.55))

Uy, =—2iGr_1x —2(H, — F,), (2.146)
Fry=—iuF, —2izG,_y, (2.147)
H,,=iu.H, +2izG,_, (2.148)
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and (cf. (2.21)—(2.23)),

Fn,x = _iuan _ZiZGn—lv (2149)
Hn,x == iuan + ZiZanls (2150)
Gn—l,x =i(H, — F), (2.151)

respectively. Taking z = 0 in (2.147)—(2.150), yields
‘f~r = deiiu’ flr = Bel’ll7 (2.152)
fo=ae ™, h, = Be", (2.153)

as discussed in Section 2.2. It will turn out later (cf. Remark 2.21) that «, 8, &, E
in (2.135) and (2.136) are not independent of each other but constrained by

fnflr = f~rhn or OlB =ap. (2.154)
We also recall our conventions g_; = G_; = 0in (2.42) and set
5_1(z,x,t0) =0, 2_1(x,t0)=0forr =0. (2.155)

Hence, (2.3)—(2.50) apply to F,, G,_1, H,, f;, g;, and h and (2. 3) (2.6), (2.29),
2.30) withn - r,c; = ¢, > @, 8 — f8 apply to F,, G, 1 H,, f], gj,and
h . In particular, the fundamental identity (2.26) holds,

G2+ 2Fy Hy = Ry, (2.156)

and the hyperelliptic curve IC, is still given by (2.62) assuming (2.63) for the
remainder of this section, that is,

Ey=0, E, e C\{0}, m=1,...,2n. (2.157)

First we will assume the existence of a solution u of equations (2.146)—(2.151),
(2.154) and derive an explicit formula for u in terms of Riemann theta functions.
In addition, we will show in Theorem 2.34 that (2.146)—(2.151), (2.154) and hence
the algebro-geometric initial value problem (2.135), (2.136) has a solution at least
locally, that is for (x, #,) € €2 for some open and connected set 2 C R2.

In analogy to equations (2.65) and (2.66) we define

l/‘\l'j(xv tr) = (l’l/j(xv tr)v _I'Lj(xv tr)anl(Mj(-xv tr), )C, tr)) € ,Cn,
(2.158)
j=1,...,n (x,t,) e R?,

i)](x, tr) = (Uj('x’ tr), Uj(x, tr)Gn—l(‘)j(x’ tr)5 x’ tr)) € ICna
(2.159)
j=1,....n, (x,1,) e R%

As in Section 2.3, the regularity assumptions (2.134) on u imply analogous regu-
larity properties of F,,, H,, i, and v;. Moreover, (2.153) implies

Wi ), (e, 1) #0, jok=1,...,n, (x,t,) € R%
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Next, in accordance with (2.68), one defines the meromorphic function ¢( -, x, t,)
on K, by

y - ZGV!—I(Z’ -x’ tr)
P,x,t,) = 2.160
¢( * ) Fn(za -xa tr) ( )
H,(z, x, 1t
2Hiz %, ) (2.161)

T V426G )
P=(z,y) € Ky \ {Pxc}, (x,1,) e R?,

and hence the divisor (¢( -, x, t,)) of ¢(-, x, t.) reads
(@(-, x, 1)) = Dpyixe,) — Drapen)s
with
a={f, ...t} D=y, ..., D} € Sym"(K,).
The time-dependent Baker—Akhiezer vector

P, x, X0, b, I
Y1(P, x, xg 0, ))7 (2.162)

WZ(Py -x9 .X(), tra tO,r)

P e ICn \ {Poo» PO}s (x» X0, trv tO,r) S R4

\II(P,X,XO, tr» tOJ') = (

is defined by

1 -
Y1(P, x, xo, t, o) = €Xp ( - / ds (27" F(z, x0, $)p(P, x0, 5)

fo,r

+G,-1(z, X0, 9)) —(i/Z)(u(x,tr)—u(xo,tr))+i/ dx’¢(P,x/,tr)),

X0

(2.163)
V(P x, X0, 1y, fo.r) = =Y1(P, x, X0, 1y, 0, )P(P, X, 1;). (2.164)

Basic properties of ¢ are summarized next.

Lemma 2.19 Assume Hypothesis 2.18 and suppose that (2.137), (2.138) hold. In
addition, let P = (z,v) € K, \ {Pso} and (x, t.) € R?. Then ¢ satisfies

—i¢(P) + ¢(P)* — u p(P) = z, (2.165)
¢, (P) = F.(z) — H,(2) + (i /2)(¢(P)F,(2))s (2.166)
= (1/2)F(2)(P)* + 2G,_1(2)¢(P) — H,(2), (2.167)
o Ha(2)
d(P)P(P*) = an(Z), (2.168)
o G,-1(2)
O(P)+ ¢(P*) = -2z ) (2.169)
« 2y
¢(P)—¢(P") = . (2.170)

Fo(2)
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Proof Equations (2.165) and (2.168)—(2.170) are proved as in Lemma 2.5. To
prove (2.166), we first observe that

(0 +iQ2p — u)) (¢, + (H, — F.) — (i/2)@F,)) =0,
using (2.165) and relations (2.146)—(2.148) repeatedly. Thus,

¢, + (H, — F,) — (i/2)(¢F ), = Cexp (—i f dx' (2¢ — u))

where the left-hand side is meromorphic in a neighborhood of P,,, whereas the
right-hand side is meromorphic near P, only if C = 0. This proves (2.166).
Equation (2.167) is then clear from (2.147), (2.165), and (2.166). O

Next we prove that relations (2.146)—(2.148) and (2.149)—(2.151) determine the
time development of F,,, G,, and H,.

Lemma 2.20 Assume Hypothesis 2.18 and suppose that (2.137), (2.138) hold.
Then,

Fn,l, = 2(Grl—li::r - Fnér—l)a 2.171)
Zanl,t, = FnH~r - Hnﬁrs (2.172)
Hn,t,‘ = 2(Hn5r—l - Gn—lﬁr)- (2173)

Equations (2.171)—(2.173) are equivalent to

Vi, + [V, Vil = 0.

Proof We prove (2.171) by using (2.170), which shows that

Fa.,
(9(P) = ¢(P7), = —2y—. (2.174)
However, the left-hand side of (2.174) also equals
* 4y -~ ~
@(P), — P(PY), = E(Gr—IFn - F,.G,—1) (2.175)

by means of (2.166), (2.170), (2.149), and (2.147). Combining (2.174) and (2.175)
proves (2.171). Similarly, to prove (2.172), we use (2.169) to write

* 2z
(¢(P) + ¢(P7)), = _E(Gn—l,t,. Fy — Gy 1Fuy,). (2.176)

n

Here we can express the left-hand side as

* ~ Hn ~ Gn—l 2~ Gn—l ~
O(P), + p(P*), = —2Hr+27F,+4z(T) Fo— 42006

2.177)
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using (2.147) and (2.149). Combining (2.176) and (2.177) by means of (2.171)
proves (2.172). Finally, (2.173) follows by differentiating (2.156), that s, (zG,_)*
+ zF,H, = Ry,+, with respect to #,, and using (2.171) and (2.172). O

Remark 2.21 Taking z = 0 in (2.172), one infers the compatibility relation
fni;lr = frhna

or equivalently, using f, =ae ™, f,=ae ™, h,=pe", and h, = Be'"
(cf. (2.152), (2.153)), one obtains the constraint

af =ap.
Lemmas 2.19 and 2.20 permit one to characterize W.

Lemma 2.22 Assume Hypothesis 2.18 and suppose that (2.137), (2.138) hold.
In addition, let P = (z,y) € K, \ {Pso, Po} and (x, xo, t,, to.,) € R*. Then the
Baker—Akhiezer vector \V satisfies

W, (P) = U(z)¥(P), (2.178)
—yW(P) =V, ()W (P), (2.179)
W, (P) = V,(2)W(P), (2.180)

Fou(z, x,1,) )”2

Fn(za an tO,r)

I/II(P1 xs-x()’ tr’ tO,r) = (

Ir ~
X exp <—(y/z)/ ds F,(z, X0, $)Fy(z, X0, 5) "
fo.r

X
+ iy/ dx'Fy(z, x', tr)_l), (2.181)
X0
* El(z1 -x7 tr)
WI(PaanOatrvtO,r)wl(P aanOatrvtO,r): ., . (2182)
Fn(z’ X0, tO,r)
H,(z,x,t,
Yo (P, x, xo, ty, to )Y (P*, X, X0, 1y, to,r) = —ZM, (2.183)
Fu(z, xo, to,r)
I/fl(P, x, xO’ tr’ tO,r)wZ(P*7 x, xO’ tr’ to,r)
Gn— ’ ’ tr
(P 30 1 to WP x0n 1 f0,) = 22 2B g 1y
Fn(Za X0, tO,r)
I/fl(P, x, xO’ tr’ tO,r)wZ(P*7 x, xO’ tra tO,r)
2
— Y1 (P*, x, X0, tr, to, )2 (P, X, X0, by, tor) = Y (2.185)

Fn(Zv X0, tO,r) ’
In addition, as long as the zeros of F,,( -, x, t,) are all simple for (x, t,), (xo, to,;) €
Q, Q € R? open and connected, W( -, x, Xg, t,, to.r) is meromorphic on IC,, \ {Poo}
fOV ()C, tr)’ (-xOs tO,r) € Q
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Proof By (2.163), ¥1( -, x, Xo, t, for) is meromorphic on I, \ {Poo} away from
the poles [1;(xo, s) of ¢( -, x0, ) and fLi(x’, 1) of ¢( -, x', t.). That 1 (-, x, xo, 1,
to.r) is meromorphic on K, \ { P} if F,(-, x, t,) has only simple zeros is a con-
sequence of (cf. (2.85))

ip(P, x/’tr) = Oy In(F,(z, X/, )+ O01)asz — Mj(x/’tr)v

P—fj(x’,t)

and

~ ' F G0, 900(Pxo,s) =3I (Fu(z x0.9)) + O(1)

—[1j(x0,8)

as z — [j(xo, s)

by means of (2.158), (2.160), and (2.171). This follows from (2.163) by restricting
P to a sufficiently small neighborhood ¢ (xo) of {2 j (xo, s) € IC, | (x0,5) € 2, 5 €
[%0,r, t,]} such that fix(xo, s) ¢ Uj(xo) for all s € [to,, t,] and all k € {1,...,n}\
{j} and by simultaneously restricting P to a sufficiently small neighborhood ¢/ (#,)
of {ii;(x',1,) e K, | (¢, 1,) € 2, x" € [x0, x]} such that i, (x, 7,) & U;(2,) for all
x" € [xg,x]and all k € {1,...,n}\ {j}. By (2.164) and since ¢ is meromorphic
on /C,,, one concludes that ¥, is meromorphic on /C, \ { P} as well. Relations
(2.178) and (2.179) follow as in Lemma 2.5, and the time evolution (2.180) is
a consequence of the definition of W in (2.163), (2.164) as well as (2.166) and
(2.167). To prove (2.181), we recall (2.163), that is,

Vi(P, x, X0, t, lo.r) = €Xp <—(i/2)(u(x, 1) — u(xo, 1)) + i/ dx' (P, x', 1)

Xo

tr » ~
- / ds (z7'F,(z, X0,5)¢(P,Xo,s)+Gr—l(Z,xo,S))>,
1

0.r

X t, -
=exp(z‘y / dx' Fy(z,x', )" = (y/2) f ds F,.(z, x0, 5)Fy(z, X0, 5)~
fo,r

X0

— (i /2)(u(x, t,) — u(xo, 1)) — iz /X dx' G,_1(z,x', ;) Fu(z, X', t,) 7!

X0

[ - -
+ [ ds (Fr(z. X0, $)Fa(z, X0, 5) "' Gu1(z, %0, 8) — G,_1(2, Xo. S))>
fo,r

by means of (2.160). By first invoking (2.149) and subsequently (2.171), we obtain
relation (2.181). Evaluating (2.181) at the points P and P* and multiplying the
resulting expressions yield (2.182). The remaining statements (2.183)—(2.185) are
direct consequences of (2.169), (2.170), and (2.181). O

The stationary Dubrovin-type equations in Lemma 2.6 have analogs for each
sGmKdV, flow (indexed by the parameter ¢#.) that govern the dynamics of y; and
v; with respect to variations of x and ¢,. In this context the stationary case simply
corresponds to the special case r = 0, as described in the following result.
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Lemma 2.23 Assume Hypothesis 2.18 and (2.137), (2.138) hold on an open and
connected set Q,, C R2, and suppose that the zeros w;, j =1,...,n, of F,(-)

.....

the following first-order system of differential equations on 2,

wjx = =2y [ Jej — o™ (2.186)
k=1
k#j
_ K —l./n - -1 .
g = 2F (up; v [ [y =m0~ j=1,...,n. (2187
k=1
k#j
Next, assume the affine part of K, to be nonsingular and introduce the initial
condition
{ij(xo0, to,)} j=1...0 C Ka (2.188)
for some (xg, ty,,) € R2, where wilxo, o) #0, j=1,...,n, are assumed to be

distinct. Then there exists an open and connected set 2, C R?, with (x, to,) €
Q,, such that the initial value problem (2.186)—(2.188) has a unique solution

(i} j=1,..n C Ky satisfying

pjeC(Q Ky, j=1,...,n, (2.189)
and wj, j =1,..., n, remain distinct and nonzero on §2,,.
For the zeros vj, j = 1, ..., n, of H,(-) identical statements hold with jv; and 2,
replaced by v; and Q,, etc. In particular, {D;} ;=1 », defined by (2.159), satisfies
the system
n
vjw = =2y [ [ov; — v (2.190)
k=1
k]

Vi, = 2ﬁr(vj)v_f1y(f)j)]_[(vj —w)h j=1,...,n  (2.191)
=
Proof 1t suffices to prove (2.187) and (2.189) since the argument for (2.191) is

analogous to that of (2.187) and that for (2.186) and (2.190) has been given in the
proof of Lemma 2.6. Inserting z = p; into (2.171) with (2.158) observed yields

L Fr(u)) Fr(1))
Fug ) = =, [ Tty = ) = 2=, G () = -2
k=1 J J
k#j

y(ij)

and hence (2.187). For the proof of (2.189) one invokes again the charts (B.3)—(B.6)
and (B.12)—(B.15). As in the stationary case, the only nontrivial issue to check is
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the case in which /i; hits one of the branch points (E,,, 0) € B(K,), m # 0, and
hence the right-hand sides of (2.186) and (2.187) vanish. Thus, we suppose

I'Ljo(x’ tr) g Emo as ()C, tr) g ()C(), tO,r) € Q/A

for some jy € {1,...,n},mg € {1, ..., 2n}. Upon introduction of
Lio(x, 1) = 0 (wjy(x, 1r) = Epy)'?, 0 = %1,
1jo(x 1) = Epy + £jo(x, 1)

for (x, t,) in a sufficiently small neighborhood of (xy, f ), the Dubrovin equations
(2.186), (2.187) for u ;, become

172

(x, 2 )— (x0,10,r

2n
Gnalety) = @) | [ By = En)

m=0

mz#£mg

n

< | T By — i)™ | (14 005, 1)7).

k=1
k# jo
12
- 2n
Cnaprate) = (@) F o (Egs X0, 10.)Epy X 1"[0 (Eny = En)
rzzn;?mo

n

< | TT (Buy = e 1) ™ | (14 005, 1)2)
k=1
k# jo

for some |c(0)| = 1, and one concludes (2.189). [

Since the stationary trace formulas for sGmKdYV invariants in terms of symmetric
functions of  ; and v; in Lemma 2.7 extend line by line to the corresponding time-
dependent setting, we next record their 7.-dependent analogs without proof.

Lemma 2.24 Assume Hypothesis 2.18 and (2.157) and suppose that (2.137),
(2.138) hold. Then,

u=iln <(—1)"a—' Hu;) (2.192)
j=1

= —iln ((—1)",3—1 I1 v_,-), (2.193)
j=1
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where aff = ]_[,31"=1 E,, # 0. In particular, one infers the constraint

n 2n
[Twvi=]]En (2.194)
j=1 m=1

Proof The proof is identical to that of relations (2.91)-(2.93). O

Remark 2.25 Consider the case n € N, and r = 0, and « = 8 = i /4. Then
u(x,t) =iln <(—1)”oe1 ]_[Mj(x, to)>
j=1

satisfies
Uy, = Sin(u)

whenever {{1;(x, fo)}j=1,.., satisfies (2.186) and (2.187) for r = 0. Conversely,
when solving the Dubrovin-type equations (2.186), (2.187), the trace relation
(2.192) for u(x, t.) yields algebro-geometric solutions of (higher-order) sGmKdV
equations as will be shown in Theorem 2.34.

Now we turn to asymptotic properties of ¢ (which are proven as in
Lemma 2.9).

Lemma 2.26 Assume Hypothesis 2.18 and (2.157) and suppose that (2.137),
(2.138) hold. Moreover, let P = (z,y) € K,, \ {Po}. Then, as P — P,

O(P) = ¢!+ (/D + ((1/8)uf + [/ Duc)§ + 0@,

. =0/7'? o ==+l.

Next we turn to one of the principal results of this section, the representation of
¢, ¥, and u in terms of the Riemann theta function associated with /C,, assuming
(2.86). We start by introducing some notation.

Let wfi,zq be a normalized differential of the second kind with unique pole
at Py, and principal part ¢ ~29-2d¢ near P (cf. (A.20), (A.21), and (A.22)) and

define

r— ~ 2
SO _ ZFB(ZCI + Dér1—4 wgvi,zq forr e N,

= co=1, (2.195
Poo.r 0 for r — 0. 0 ( )

where &, are the constants introduced in the definition of F ~. Thus, one infers
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/ QY , =0, j=1....n (2.196)
P G MT O eN
/ a2 = > g=0Cr-1-¢¢ @), r as P o Po.
Qo t=0 10, r=0,
(2.197)

choosing Q to be a branch point different from Py and P.,. The corresponding

vector of b-periods of '{z(ﬁi 2r_2/(2mi) is then denoted by U (22,)72,

~2 i~ ~2) ~o 1 S0 .
Uy =(Upln1 - Uyl ) Upoaj = 5 A Qp o0 J=1n
J

2mi
(2.198)

One computes from (B.33),
r—1 n
Uy s, ==2Y G1g Y cj(0éinigE).  j=1.....n, (2.199)
q=0 k=1
with ¢é¢(E) defined in (B.32), using the convention that ¢_;(E) = 0 for k € N.

Moreover, let a)ﬁio be the normalized differential of the second kind, holomorphic
on /C, \ {Po}. Then (cf. (B.34)-(B.36)),

l/2d
@ _ Q7" dz -
== = o(1))d P P, 2.200
@py.0 7 o C_)O(C + O0(1))d¢ as P — Py ( )
and
a 1/2 P (2) a 1/2 -1
-0V wpy = —=07 7+ 0)as P — Py, (2.201)
o o)) =0 o

with local coordinate ¢ =o'z'/?, ¢’ € {1, —1} near P,. Since by (2.200),
/, QPO wf{io + /, QP: ‘03320),0 = 0, choosing the same path of integration on both sheets
1., the right-hand side of (2.201) is odd with respect to ¢ and hence contains no
constant term. The vector of b-periods of (& /a)Q"/ zw%)’o (27i) will be denoted
by %2) in the following, and one computes (cf. (B.36)),

~ 1/2 ~
@ _ (@ ) @_ a0 @ _,a
Wo' = (Wols o W), Wo; = o 20 | w0 = 2501'(1),
j=1...,n. (2202

Recalling the abbreviations in (2.108) and our choice of base point Qg = (E,, 0),
we can now state one of the principal results of this section.

Theorem 2.27 Assume Hypothesis 2.18 and (2.137), (2.138) hold on 2 subject to
the constraint (2.86). In addition, let P € K, \ { P, Py} and (x, t,), (xo, % ,) € L2,
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where Q C R? is open and connected. Moreover, suppose that Dy 1., or equiv-
alently, Dy ;) is nonspecial for (x, t.) € Q. Then ¢ admits the representation

9(;(})00’ E(xs tr))) G(Z(Pv E(x’ tr)v é))
(2(Poos (x, 1,), A)) 0(2(P, fu(x, 1,)))

¢(P,x,t,): 9

»
X exp ( - / o) p +(1/2) ln(EmU)> (2.203)
Qo

with the half-period A defined in (2.110). The components \;, j = 1,2 of the
Baker-Akhiezer vector W are given by'

0(2(Poo, fU(x0, 10.r)))0 (2(P, fU(x, 1,)))
0(2(Poo, fUx, 1,)))0 (2(P, P(x0, 10.1)))

P
xexp(—i(x —xo)/ “’5'2,0
Qo

& in [T o s
+ (tr - tO,r)<_Q / / wPO,O + / pr’r))
4 o Qo

(2.204)

IIII(P,X,antratO.r) =

and

0/(2( oo (0. 10,)))0 (2(P. f(x, 1), A))
0(2( Poos (. 1), D)0 (2(P, fxo, 10,,))

P P
X exp (-/ o p + (1/2)IN(Ep,) —i(x — xo)/Q ol
0

Qo

a 1/2 d () g o®
+ @ —t.r) &Q ®p o + QP@C,r . (2.205)
Qo

0

WZ(P» X, X0, trs tO,r) = -

The Abel map linearizes the auxiliary divisors in the sense that

@, (Pacx) = 2o, Ppgnn,) + iU (x — x0) + d,(t; — t0,,), (2.206)
@, (Dirs) = &g, (Dairon) + UG (x = x0) +d, (1 —10,,), (2.207)

where U is defined in (2.107) and d, is given by (cf. (2.199))

_Q(er)—Z —2(&/a)c(l) forr €N,

— (2.208)
—2(&/a)c(l) forr =0.

=Zr

! To avoid multi-valued expressions in formulas such as (2.203)-(2.205), etc., we agree to always
choose the same path of integration connecting Qo and P and refer to Remark A.28 for additional
tacitly assumed conventions.
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Finally, u is of the form

G(Q(Pom E(X’ tr)))
(2.209)

0(2(Poo, (x, 1), A
u(x,t,) = —({/2)In(e/B) (mod 27w7Z)+ 2iIn ( (Z( Alx, 1) _)))

Proof First one observes that the proofs of (2.203) and (2.209) carry over without
changes from the stationary situation described in Theorem 2.10 since they are
based on the Riccati-type equation (2.165) in both cases with essentially the same
expression for ¢. Hence, we turn to the Baker—Akhiezer vector W whose first
component ¥ is given by (2.181). We temporarily assume

i 1) # ., for j # j and (x,1,) € (2:210)

for appropriate Q C Q. The time-dependent term in the exponential of (2.181)
has two potential singularities, one at P, and the other at Py. We first study this
term as P — P,. First assume that F » 1s homogeneous, that is, F ;= F, +. Then,
using the asymptotic spectral parameter expansion (1.92) atx = x, (identifying the
KdV potential # with the expression —(1 /4)(u§ ~+ 2iu,,) in the sGmKdV context,
cf. (2.12)), equation (2.41) at £ = r, as well as (2.36) (with n, «, 8 replaced by
r, &, B), we obtain

yﬁr(zvx()vtr) 2 ra - 7 q y
ZFn(Z,xo,tr) _ C (fr + ;fr—q(xOytr)z ) Fn(Z,XO,tr)
=7 (fr(xos 1) — fr(xo, £)C + Oy as P — Po.

Here f, is computed from the KdV recursion (2.11), whereas f, = @e"*. Simi-
larly,

yﬁ (z, x0, tr) 2g+1
CA Dk AR A + 0 as P — P, =0,...,r—1L
F G xo. 1) H){ (S s 4

Hence, one concludes

yF (2, x0, 1r) Z~ yl? (z, x0, 1)
YIS0, 0) NN s Vg% A0, )
2Fa(z, x00t) A 2Fa(z X0, 1)

1 Gr—gC M 4 0(¢) forr €N,
;»0 §+0(§ ) forr =0,

and thus

y ffr Fr(zv-x()vs)

zJu,  Falz, x0,5)
(et — 10,) + O) forr €N,
=0 | ¢t — 10,) + O forr =0

7

(2.211)
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Secondly, we study the behavior near Py (using the local coordinate { = oz!/? —
0,0 = +£1, cf. (2.100)). One finds

yﬁr(zwxo»t}’) _ g

2F,(2, X0, 1y) ¢>0 aQI/ZC_] + 0(¢)as P — P,
n\s» s br

and hence

s = —0Y2 7Yt —1y,)+ O(t)as P - Py, (2.212)
z Fu(z, x0,8) ¢=0 a

X/”d Fiz,x0,5) _ @
1o,

where Q7% = (]_[,27:’:1 Em) '/2 and the sign of Q'/? is determined by the compati-
bility of the charts. A comparison of (2.197), the expression (2.204) for ¥/, (2.181),
(2.211), and (2.212) then identifies the #.-dependent behavior of the exponentials
of ¥ and ¥ up to order O(¢) near Py, and Py. The x-dependent exponential
behavior of ¥ and i can be discussed as in the stationary context of Theorem
2.10 (cf. (2.122)). Next we turn to the local behavior of ¥ and v/ and compare
their zeros and poles. One first observes that (2.158), (2.160), and (2.187) imply

(cf. (2.120))

i¢(P’x/vtr) = ) 8)(’ ln(Z _Mj(x/atr))+ 0(1)7

P—fuj(x',t,
~(1/2)F 1 (z, x0. $)$(P, x0, 5) o= OsIn(@ = p(xo, 5)) + OCD).

— 1 (x0,5)

Together with (2.163), this yields

Y(P, x, xo, t, to,r)
(z = pj(x, 1:))0(1) as P — fi;(x, t,) # f(xo, t0,r),
=100) as P — fi;(x,t.) = fLj(xo, to,r), (2.213)
(z — pj(x0,70,)7"O(1) as P — Qj(xo, to,) # [1(x, 1),
P =(zy) €K (x, 1), (x0.f0,) € 2,

where O(1) # 0 in (2.213). Consequently, all zeros and poles of ¥ and ¥ on
KCo \ {Pw} are simple and coincide. Thus, ¥ and 1 share all singularities and
zeros, and an application of the Riemann—Roch-type uniqueness result in Lemma
B.2 then proves that 1 and ¥ coincide up to normalization. The latter is deter-
mined by (2.182), as in the stationary context (2.123). This proves (2.204) subject
to (2.210).

Next we indicate the proof of (2.206) using Lemma 2.23 and following the
corresponding argument in the proof of Theorem 2.10. Equations (2.187), (F.8),
Lagrange’s interpolation theorem, Theorem E.l, and (B.33) then yield the
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following for r € N,

n n k—1
l,L.
O ap,(Pp) =) wjy Yy clk)—=
=0 £ ; o k=1 y(:uj)
4 pi! Fo(u:)
=2 ek L
= Hz:l,(ﬂ; — o) K

k 1 r—1 q
g Z C(k)l_[e 1(M — ) <Z 2 Gial®)

j.k=1 q¢=0 p=(g—n)Vv0

@(/)p( ) @(J)I(M))

k 1

_zzc(m SO a qCP(E)Zm

q=0 p=(q—n)v0

1

k
q>(/) =z (j)
x @) (1) Z H[ : (u, ) )

- ZZC(k) (Z Z C) 1—q Cp(E)(sk n—(g—p) — _(Sk 1)

q=0 p=(qg—n)v0

“r

and hence (2.206). (This computation is equivalent to that in (F.87); see also
Corollary F.11.) The extension of all these results from  to  then follows by
continuity of &, and nonspecialty of Dy on £2. Equation (2.207) then follows
from (2.206) and the linear equivalence of Dp_; and Dp,p, that is,

a0, (D) =y (Dp) + A. (2.214)
O
Combining (2.206), (2.207), (2.214), and (2.209) shows the remarkable linearity

of the theta function arguments with respect to x and ¢, in the formula for . In
fact, one can rewrite (2.209) as

(2.215)

06(A+ B Ct+A
u(x,tr)=c0+2iln( A+Bx+C, +_)>,

O(A + Bx +C,1,)
where
A=Ep Ay (Po) = iUPx0 — d,to, + & (Ppgony,)s (2:216)
B =4a,, 2.217)
A= APO(POO), co=—(i/2)In(e/B) (mod 2n7Z), (2.218)
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and hence the constants A, B, C, € C" are uniquely determined by /C, and r,
and the constant A € C" is in one-to-one correspondence with the Dirichlet data
xo, 10.r) = (L1(x0, t0.r)s - - -, fn(X0, T0,r)) € Sym"(K,) at the point (xo, o) as
long as the divisor Dy y,s,,) is assumed to be nonspecial.

Remark 2.28 The explicit expressions (2.204), (2.205) for ¥;, j = 1,2 again
complement Lemma 2.19 and show that W stays meromorphic on K, \ { P} as
long as Dy is nonspecial (assuming the affine part of K, to be nonsingular).

Remark 2.29 The linearization property (2.206) (and (2.113)) can also be obtained
as follows. One introduces the meromorphic differential

Ql(-x’ X0, tr’ tO,r) = az ln(‘(//l( <y X, X0, tr» tO,r))dZ
and hence infers from the representation (2.204) that

. 2 ~2
Qi(x, xo, t,, tO,r) = —i(x — XO)a)(po)mo + @ - tO,r)Q(po)oqgr_g
~ n
LIPSV INO) 3)
= to,)=Q Fwp o~ Y oty T -
j=1

Here w denotes a holomorphic differential on /C,,, that is,

n
w = E cja)j
Jj=1

forsomec; € C, j =1,...,n.Since ¥ (-, x, X9, t,, to ) is single-valued on /C,,
all a- and b-periods of 2; are integer multiples of 277, and hence

2nimk=/ Ql(x,x(),tr,to,r)=/ w=c, j=1,....n
ay ai

for some m; € Z identifies c¢; as integer multiples of 2mi. Similarly, for some
ny € 7,

2ming =/ Q1 (x. 20, 1r. 10,)
b

k
. 2 a 1/2 2
= —i(x — xo)/ wﬁolo + (- —t0.,)= Q" wﬁzo),o
hk ' o bk

n n
o 3) .
+(’r_t0,r)/ $p, 02~ Z/ D et ) oty T 20 me/ ®;
by j=1"7b j=1 by
2 (77 (2 2
= 2 UG (x — x0) + 2mi (U5 , + W3t — to,)

n n
=27 Y Ap a0, t0,) +2i Y miTin, k=1,....n,

-

J Jj=1

(2.219)
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by use of (2.107), (2.198), (2.202), and (A.26). By symmetry of 7 (cf. (A.19)),
(2.219) is equivalent to

. 2
@0, (D)) = 2o, (Dpixon)) + UG (x — x0)

— (U, + W)t —10,).

The algebro-geometric solution u in (2.209) is complex-valued in general. To
obtain real-valued solutions, one needs to impose a certain symmetry on C, and
additional constraints on A in (2.215), (2.216). Since the cases r =0 and » € N
in (2.209) are quite different (cf. (2.208)), we only focus on the important case of
the sine-Gordon equation, where

2n 1/2
a=p=i/4 a:ﬁ:(nEm) eR,
m=1

r=0in(2.135), and d, = (2ia) (1)

(2.220)

(recalling g_; = 0, cf. (2.155)). Then the corresponding symmetry of /C, results
in the constraint that the projections of the branch points of IC,, different from
Py and P, occur either in pairs on (—oo, 0) or else in complex conjugate pairs.
Hence, we list the corresponding symmetry constraints on the zeros of R, as'

{Ep}p:l 44444 % Ei<Ey<---<Ey_ | <Ey<0,
U (2.221)
q’Eq}q:I ..... 2 k+£:n

with the convention that k = 0 corresponds to the absence of pairs on (—oo, 0) and
£ = 0 corresponds to the absence of complex conjugate pairs in (2.221). The occur-
rence of possibly complex conjugate pairs indicates the inherent non-self-adjoint
character of the underlying linear (pseudo)differential expression (the analog of
the Schrodinger differential expression L in the KdV case) and points to marked
differences with the far simpler reality discussion in the KdV context.

We start by recalling that real-valued algebro-geometric sine-Gordon solutions
are smooth (cf. the notes of this section for a pertinent reference). For simplicity
we abbreviate 7y with ¢ since we only discuss the case » = 0 in the following.

Lemma 2.30 Assume (2.220) and (2.221) and suppose u is a real-valued algebro-
geometric sine-Gordon solution

sG(u) = u,, — sin(u) =0
of the type (2.209). Then,

u € C®(R?).

1 Of course we still assume the affine part of /C,, to be nonsingular; cf. (2.86).
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Lemma 2.31 Assume (2.220) and (2.221), suppose that Djy, 1) i nonspecial
for some (x¢, to) € R?, and choose the homology basis {a j,@ jVi=1 according to
Theorem A.36 (i). Then the algebro-geometric solution u in (2.209) is real-valued
if and only if A in (2.216) (with d,, given by (2.220)) satisfies the constraint

Re(A) = (1/2)((1/2)diag(R) —A+@©,...,0, x1,---, Xk)) (mod Z"),
x; €1{0,1}, j=1,..., k. (2222)
In particular, under the present hypotheses, the set of real-valued algebro-geometric

sG solutions u in (2.215) consists of 2k connected components indexed by (x1, . . .,
xi) xj €10,1}, j =1,...,k, and all such solutions u are smooth, u € C*(R?).

Proof Define the antiholomorphic involution p; : (z, y) + (z, y) asinin Example
A.35 (iii). For brevity we only treat the case 1 < k < n — 1, where (K, p) is of
nondividing type, in some detail. The case k = n is slightly simpler and commented
on below. By Example A.35 (iii), Theorem A.36 (cf. (A.66), (A.69)—(A.71)), one
infers

r=k+1, T=R-—1, diag(R)=(...,1,0,...,0),

e — e e’
¢ k

6(z) = 6@ + (1/2)diag(R)), z € C",

pi(aj) =aj, pi(bj)=(@R); —bj, j=1,...,n,

U, 82) e R".
Thus,

E = _Ev
by (2.217) and hence real-valuedness of « in (2.215) is equivalent to the condition
| — 0(A+ Bx+ A)P(A+ Bx + A)
~ 6(A+Bx)6(A+ Bx)
(A + Bx + A)0(—A + Bx — A + (1/2)diag(R))
B 0(A + Bx)0(—A + Bx + (1/2)diag(R))

This in turn is equivalent to
A=—A+(1/2)diag(R) — A+m +nt,
— - _ (2.223)
A= —A+(1/2)diag(R) — A +m, +nyt

for some n,, n, € Z" and arbitrary m,, m, € Z". Taking real and imaginary parts
in (2.223) then yields m;, = m,, n; = n, and

Re(A) = (1/2)((1/2)diag(R) — A +m, +n,R), meZ",
0 = +Im(A) + n,Im(z). (2.224)
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Noticing that
AeRY,

since lim, o y(A & ig) is real-valued for A € [0, 00), one finds that (2.224) implies
n, = 0. Replacing A by A +m + nt withm, n € Z", then yields

Re(A) = (1/2)((1/2)diag(R) — A +m; + (n1, ..., ng, 0, ..., 0)) — m,

m,meZ', njel, j=1,...,¢,

and hence (2.222). In the case k = n, £ = 0, where (IC,,, p;) is of dividing type,
one infers » = n + 1 and R = 0 according to (A.65), simplifying the formulas just
presented. Finally, u € C*®(R?) by Lemma 2.30. O

The assumption E » < 01in (2.221) is crucial for the solvability of (2.224), for
otherwise A acquires a nontrivial imaginary part.

Remark 2.32 A careful analysis of the sine-Gordon case (pertinent references
are provided in the notes to this section) reveals the following additional facts
concerning the 2 connected components of real-valued algebro-geometric sG
solutions described in Lemma 2.31: In contrast to the self-adjoint KdV case, the
motion of the auxiliary divisors! & j(x, 1) is not constrained to certain fixed curves
on /C, (in addition, collisions between them may occur). Moreover, and again in
sharp contrast to the KdV case, the initial projections 1 ;(xo, fp) cannot be chosen
independently from each other due to the following additional constraint they need
to satisfy:

n 2n
[T1nieo, ) = [ Enm- (2.225)
Jj=1 m=1

This follows from (2.194), af = o = ]_[,zn"z1 E,, > 0, and because g,(x), £ =
0,...,n — 1, are real-valued, and f;(x) = m £ =0,...,n. Still, the motion
of the {1 ;(x, t) can be shown to remain homologous to some linear combinations
of appropriate a; and b; cycles. In particular, the constraint (2.225) holds for all
(x,1) € R?,

n 2n
[T 02 =[] En.
j=l1 m=1

By Lemma 2.31, the isospectral class of real algebro-geometric sG solutions (i.e.,
all real algebro-geometric sG solutions corresponding to a fixed curve K, con-
strained by (2.221)) consists of 2¥ connected components. It can be shown that
each such connected component is given by an n-dimensional real torus T". In

! We recall our convention to abbreviate 7y with ¢ for simplicity, since we only discuss the case r = 0
in this remark.
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other words, each pair (E,, E p) on (—o0, 0) carries two degrees of freedom (re-
sembling a kink and antikink) as opposed to a complex conjugate pair (E 4 E @)
which carries one degree of freedom (resembling a breather). In general, the
elements in each isospectral torus represent smooth quasi-periodic functions of
x and ¢,.

If, in addition, one is interested in spatially periodic solutions with a real period
Q2 > 0, the additional periodicity constraints

iQUY € 7"\ {0}

must be imposed. (By (B.45) this is equivalent to 2i Q2c(n) € Z" \ {0}.)

In sharp contrast to this discussion, the corresponding sinh-Gordon reality prob-
lem turns out to be a self-adjoint one with the absence of complex conjugate pairs
in (2.221). The resulting constraint on /C, then results in all projections of the
branch points (being different from P,,) to be in nonnegative position, and hence
one can list them as

0=Ey< E| <--- < Ey,. (2.226)

Moreover, as in the KdV context, the 1 ; are real-valued and confined to the spectral
gaps [E»j_1, E2;]. The whole discussion then parallels the one in the KdV chapter,
and the corresponding isospectral set of smooth, real-valued, algebro-geometric
sinh-Gordon solutions u# € C®(R?) associated with a fixed curve K, (constrained
by (2.226)) turns out to be a real n-dimensional torus T" (cf. Remark 1.24).

Finally, we describe an interesting property of the time-dependent sGmKdV
hierarchy in connection with its algebro-geometric solutions. In fact, equations
(2.135) and (2.136) can be rewritten so that u satisfies a differential equation with
a pure first-order time derivative.

Remark 2.33 The solution u of equations (2.135) and (2.136) satisfies
w, = 2i0” @gu—1(u) — agra@), u| _ =u® (2.227)
Indeed, (2.34) yields

fu=ae,  fo=ae™,

which, inserted into the constant term (i.e., the coefficient of z%) in (2.171) results
in

—ioeu,,ef"” =2(gn-1fr — &1 1)

Remark 2.33 can be illustrated as follows:
(i) Consider the case n = 1.
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(ia) r = 0. Then (2.227) becomes
Uy + i@ /o)u, =0
with solution
u(x, 1) = uQ(x —i(@/a)).
(ib) r = 1. Then (2.227) reads
uy +i@/a) — Du, =0,
with solution
ux, ) = u®(x —i(@/a) — D).

(i1) Consider the case n = 2.
(iia) r = 0. Then (2.227) becomes

= (i /8)(@ /o) (1) + 2upr) — i@/@)ctuy,  u(x, to0) = u®(x).
(iib) » = 1. Then (2.227) reads
uy = (i/8)@/a)(ul + 2uyx) +i(1 — (c1/8)(@ /)iy,
u(x,to) = u(o)(x).
(iic) r = 2. Then (2.227) becomes
b= —(/8)(@/a) = (U] + 2uxnr) + (@1 — (@/c)c))uy,
u(x, ton) = u(O)(x).

Up to this point we assumed Hypothesis 2.18 together with the basic equations
(2.137) and (2.138). Next we will show that solvability of the Dubrovin equations
(2.186), (2.187) on 2, C R? in fact implies equations (2.137) and (2.138) on
;. In complete analogy to our discussion in Section 2.3 (cf. Remark 2.17), this
amounts to solving the time-dependent algebro-geometric initial value problem
(2.135), (2.136) on 2. In this context we recall the definition of F,(uj)/uj
introduced in (F.8) in the homogeneous case!

Frup) &,
= Y aBm () - —d>(“1<m (2.228)
Kj s=(r—1-n)v0

with <I>,(<j )(E) given by (E.2). The expression F +(j)/ i is then defined by?

F (” R d DA W ]_[ e (2.229)
k;ﬁj

M'_

Um v n = max{m, n}.

2 Since r is indepenQentAofn, one obtains f, = f, =ae ", hy =h, = Bel with@, B Cindepen-
dentof o, B, and fy, hy, g =1,..., r — 1 constructed as in (2.31) and (2.32).
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in terms of a given set of integration constants {¢,...,¢,} C C, @ € C\ {0},
subject to the constraint «f = @p.

Theorem 2.34 Fixn e N, «, 8, &, B € C\ {0} withap = @B and assume (2.86).
Suppose that {fL;} =1, . n satisfies the Dubrovin equations (2.186), (2.187) on an
open and connected set 2,  R? with F, (mj)/ 1 in (2.187) expressed in terms of
Mok =1,...,n,by(2.228)and (2.229). Moreover, assume that (uj, j = 1, ..., n,
remain distinct and nonzero on Q. Then u € C*°(S2,,), defined by

u=iln ((—1)"a1 ]_[ u,->, (2.230)
j=1

satisfies the rth sGmKdV equation (2.135), that is,

sGmKdV,(u) =0 (2.231)

with initial values satisfying the nth stationary sGmKdV equation (2.136) subject
to the constraint aff # 0.

Proof Given the solutions f; = (uj, y(ft;)) € C®(Qu, Kyp), j=1,...,n of
(2.186), (2.187), we define u by (2.230) and F, on C x Q,, by

F@ =@ =np.
j=1
Following the proof of Theorem 2.14 in the stationary case, we introduce polyno-

mials G,_; and H, satisfying (2.149)—(2.151) (subject to o = I—[,Zn”:1 E,), and
(2.156), that s,

Fx(2) = —iu,F,(2) —2izG,—1(2), (2.232)
Hy, () = iu Hy(2) + 2iz2G,-1(2), (2.233)
Gu-1x(2) = i(Hy(2) — Fu(2)), (2.234)
Roni1(2) = 2Fy(2)Hy(2) + 22G 1 (2)? (2.235)

on C x Q,, treating ¢, as a parameter. In particular, u satisfies (2.138) on €,,.
Hence, it suffices to focus on the proof of (2.146)—(2.148), and (2.154).

Next, we define F, on C x u 1n terms of the homogeneous polynomial F, and
integration constants {¢y, ..., ¢} C C,a € C\ {0}, by

;
F,:E 6 sFsonCxQ,u, & =1,
s=0

where

F,(z) = zfr,l(z) +fr, fr=ae™onC x Q,, (2.236)
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and F, r—1 1s defined by (F.10) or (F.12). The function 5,,1 is then introduced by
Gr1(2) = (i/2)77 (Frx(2) + iuy F(2)) on C x Q.

and remains well-defined at z = 0 by (2.236) (which implies (2.154)). In particular,
this yields (2.147). Next we claim that (cf. (2.171))

Fut,(2) = 2(Guo1 @ F1(2) — Fu(2)Gr-1(2)) (2.237)

=iz ' (Fv(2)F,(2) — Fu(2)F,+(2)) on C x . (2.238)

To prove (2.237), we compute from (2.186), (2.187),

Fry@ = —iF(@) Y Frlupu; mie—mp)",
=
iz7 Fux(2)F (2) = —i Fu(z) Z fr(Z)Z_IMj.x(Z —up)h
=
Thus, (2.237) is equivalent to
I?r(Mj)MIIMj,x(Z —u) =Y F@ e — )T+ Fra@z
=1 =

J Jj=1

(2.239)

It suffices to prove (2.239) in the homogeneous case, that is, with F » replaced by
F .. Inserting (2.236) into (2.239) and applying (F.74) then reduces (2.239) to

YoFeni i =y =) Frr = )T+ fraT (2240)
j=1 j=1
By (F.14), (2.240) in turn is equivalent to

—2 ) O (W@ = ) = Y i = i)™ = 3 O
= = -
Since
—2 & (W@ =)™ = e — T = @l
is equivalent to

W) = —p; 0L (),

and the latter is clearly true by the definitions (E.1), (E.2) of Wi(x) and d>,({j ) (w)in
Appendix E, we proved (2.237) and (2.238). Next, we define the monic polynomial
H, of degree r by

Uy, = —2iG,_1,(2) = 2(H,(2) = Fo(2)) onC x Q,,  (2.241)
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that is, by postulating (2.146). Differentiating (2.149) with respect to ¢,, insert-
ing (2.241), the x-derivative of (2.237), (2.232), and (2.234) into the resulting
expression then yields (2.172), that is,

2G 1, (2) = Fu(2)H ,(2) — Hy(2)F () on C x .. (2.242)

Differentiating (2.235) with respect to #,, inserting (2.237) and (2.242), then yields
(2.173),

H,,(2) = 2(Hu(2)G,—1(2) — Goo1()H,(2)) on C x Q. (2.243)

Finally, differentiating (2.242) with respect to x, observing (2.234), (2.237), and
(2.243), yields

ZGn—l,t,x = iZ(Hn,t, - Fn,t,.)
= ZiZ(Hnar—l - Gn—lﬁr + Fnar—l - Gn—lfr)~ (2.244)

On the other hand, differentiating (2.242) with respect to x, using (2.232) and
(2.233), we find

Zanl,t,x = Fnﬁr,x + Fn,xﬁr - Hnﬁr,x - Hn,xfr
= FnHr,x + (_iuan - 2iz(;n—l)l—lr - HnFr.x
— (iuyHy +2izGp_1)F,. (2.245)

Combining (2.244) and (2.245), using (2.238), we infer (2.148), that is,
H, . (2) = iuxH,(2) + 2izG,_(z) on C x Q.

Thus, we derived (2.154), (2.146)—(2.148) and incidentally also (2.171)—(2.173)
on C x €,,. Hence, we proved (2.231). O

Remark 2.35 The explicit theta function representation (2.209) of u on €2, in
(2.230) then permits one to extend u beyond €2,, as long as D, remains nonspecial
(cf. Theorem A.31).

Remark 2.36 Again we formulated Theorem 2.34 in terms of Dirichlet eigenval-
ues j, j = 1,...,n only. Obviously, the analogous result (and strategy of proof)
works interms of v;, j =1,...,n.

The analog of Remark 2.17 directly extends to the current time-dependent
setting.
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2.5 Notes

Most of the material presented in this chapter closely follows Gesztesy and Holden
(2000b).

Section 2.1. Solvability of the initial value problem for the sine-Gordon equation
by the inverse scattering transform method was first shown in Ablowitz et al.
(1973a) (see also Ablowitz et al. (1973b; 1974)) and soon after in Takhtadzhyan
(1974) and Zakharov et al. (1975).

For a discussion of the early studies of the sine-Gordon equation in the context
of surfaces of constant negative curvature, we refer to Eisenhart (1909).

In physics one finds the sine-Gordon model isolated, for instance, in elementary
particle physics as a relativistically invariant integrable model (Ablowitz and Segur
(1981, Sec.4.5), Cherednik (1996), Dodd et al. (1982, Secs. 7.1-7.5), and Zakharov
and Mikhailov (1978)), quantum optics (Ablowitz and Segur (1981, Sec. 4.4) and
Dodd et al. (1982, Sec. 7.8)), Josephson junctions (Dodd et al. (1982, Sec. 7.8.1)),
nonlinear excitations in condensed matter physics (Borisov and Kiseliev (1988;
1989)), and vortex structures in fluids and plasmas (Ting et al. (1987)).

In connection with the reduction process of Abelian integrals on hyperellip-
tic curves to elliptic functions, we refer to Babich (1985), Babich et al. (1986),
Belokolos et al. (1994, Sec. 7.9; 1986), Belokolos and Enol’skii (1982), Bobenko
(1984), Smirnov (1991), and Taimanov (1990b).

In spite of its popularity, relatively little effort has been spent on deriving solu-
tions that simultaneously satisfy a hierarchy of sine-Gordon equations. The gen-
erally accepted hierarchy in the sine-Gordon case, as originally derived in Sasaki
and Bullough (1980) (see also Sasaki and Bullough (1981)), is nonlocal in u for
all but the first element (2.58) in the hierarchy. There were other attempts to intro-
duce a (nonlocal) sG hierarchy. For instance, Newell (1985, Sec. 5k) introduced
a nonlocal sG hierarchy using an extension of the AKNS hierarchy, Tracy and
Widom (1996) discussed the sG hierarchy in close connection with the mKdV
hierarchy, Gu (1986) derived a generalized mKdV-sG hierarchy, and Al’ber and
Al’ber (1987b) considered a hierarchy starting from the so called p-representation
of the algebro-geometric sGmKdYV solutions (cf. Remark 2.25). The hierarchy de-
scribed in this chapter, as originally derived in Gesztesy and Holden (2000b), in a
certain sense embeds the sine-Gordon equation into the mKdV hierarchy.

The sG equation as a completely integrable Hamiltonian system and an infinite
sequence of conservation laws for (2.58) polynomial in # and its x-derivatives (see,
e.g., Sanuki and Konno (1974)) was established around 1974. Its integrability in
light-cone coordinates was discussed early on in Ablowitz et al. (1973a,b; 1974),
Lamb (1974); its integrability in laboratory coordinates is treated in Takhtadzhyan
and Faddeev (1974), Kaup (1975), Kaup and Newell (1978), TahtadZjan and Fad-
deev (1979), Zakharov et al. (1975). This is further discussed in Faddeev and
Takhtajan (1987, Part II, Secs. 11.6, I1.7) and Novikov et al. (1984, Sec. I.11).
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It is an interesting fact that the usual zero-curvature representation for (2.58) is
gauge equivalent to that of the nonlinear Schrodinger (nS) equation, as discussed
in Faddeev and Takhtajan (1987, Part II, Sec. I1.7) (see also Bobenko (1991b,
Sec. 5) and Pinkall and Sterling (1989)). Moreover, dimensional reductions of the
self-dual Yang—Mills equations to the (elliptic) sG equation (see, e.g., Uhlenbeck
(1992) and Ward (1986)) should also be mentioned in this connection.

For early reviews on the sG equation covering the period up to 1978, we refer,
for instance, to Flaschka and Newell (1975), Newell (1978).

Classes of relativistically invariant integrable systems containing the sine-
Gordon and Thirring models as special cases are discussed in Cherednik (1996)
and Zakharov and Mikhailov (1978).

For textbook literature on the KdV equation we refer to Ablowitz and Segur
(1981, Ch. 1), Cherednik (1996), Dodd et al. (1982, Ch. 7), Drazin and Johnson
(1989, Ch. 6), Eilenberger (1983, Ch. 5), Faddeev and Takhtajan (1987, Part 2,
Ch. II), Newell (1985, Ch. 5), and Novikov et al. (1984, Sec. I.11).

Section 2.2. To the best of our knowledge, the zero-curvature condition utilized
in Section 2.2 (cf. (2.18)—(2.20)) was first introduced in Gesztesy and Holden
(2000D).

The construction of the sGmKdV hierarchy using a recursive approach is pat-
terned after work by Al’ber and Al’ber (1985; 1987b).

The intimate connections between the KdV, mKdV, and sine-Gordon (respec-
tively sinh-Gordon) equations involving the Miura-type transformations displayed
in equations (2.49) and (2.50) have been known for a long time, see, for instance,
Cherednik (1979), Case and Roos (1982), Chodos (1980), Drin’feld and Sokolov
(1985), Gu (1986), and more recently, Tracy and Widom (1996).

Section 2.3. As indicated in Remark 2.3, our formalism not only combines the
sine-Gordon (sG) equation and the modified Korteweg—de Vries (mKdV) hier-
archies, but it easily can be adapted to the sinh-Gordon, Liouville, elliptic sine-
Gordon, and elliptic sinh-Gordon equations. To simplify matters a bit, the notes
below, for the most part, refer to treatments of the sG equation only.

As in all other chapters, the fundamental meromorphic function ¢ on C,, defined
in (2.68) is still the key object of our algebro-geometric formalism. By (2.68)—
(2.70), ¢ again links the auxiliary divisor D and its counterpart, D;. This is of
course a direct consequence of the identity (2.27) together with the factorizations
of F, and H, in (2.64). Thus, our construction of positive divisors of degree n
(respectively, n + 1, since the points Py and P, are also involved) on the hyper-
elliptic curve K, of genus n again follows the recipe of Jacobi (1846), Mumford
(1984, Sec. III a).1), and McKean (1985).

The Dubrovin equations (2.87) and (2.90) in Lemma 2.6, in connection with the
auxiliary divisors, and the corresponding trace formulas in Lemma 2.7 (perhaps,
determinant formulas might be more appropriate in this particular instance) are
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well-known in the sine-Gordon context. We refer, for instance, to Al’ber and Al’ber
(1987b), Forest and McLaughlin (1982), and McKean (1981).

Algebro-geometric solutions for the sine-Gordon equation are usually discussed
directly in the time-dependent context. Hence, we defer their discussion to the notes
in the following section.

Section 2.4. As in the notes of Section 2.3, the notes below, for the most part,
refer to treatments of the sG equation only.

In analogy to its stationary analog in in Section 2.3, the role of ¢ defined in
(2.160) is again central to Section 2.4, and the corresponding facts recorded in the
notes to Section 2.3 still apply.

The Dubrovin equations (2.187) in Lemma 2.23 were found simultaneously
with their stationary counterparts, as discussed in the notes to Section 2.3. As in
the corresponding KdV context, they are usually discussed in connection with the
simplest cases r = 0, 1 only.

Since the proof of Lemma 2.24 is identical to that in the corresponding stationary
case, the remarks pertaining to the trace formulas in Lemma 2.7 in the notes to
Section 2.3 apply again.

The linearization property (2.206), (2.207) of the Abel map and formula (2.209)
for u in terms of the Riemann theta function associated with /C, was first published
by Kozel and Kotlyarov (1976). A simplified derivation of this result, due to Its,
is presented in the review Matveev (1976, Sec. 11).

Since then, many authors have presented reviews and slightly varying ap-
proaches to algebro-geometric (respectively periodic) solutions of the sG equa-
tion (and some of its close relatives such as the sinh-Gordon equation, etc.). We
mention, for instance, Babich (1991; 1992), Cherednik (1978; 1980; 1981; 1983;
1996, Ch. 4), Date (1980; 1982), Dubrovin (1982a; 1983), Dubrovin et al. (1990),
Dubrovin and Natanzon (1982), Dubrovin and Novikov (1975a), Ercolani (1989),
Ercolani and Forest (1985), Ercolani et al. (1984; 1986a,b; 1987), Forest and
McLaughlin (1982; 1983), Harnad (1993), Harnad and Wisse (1993), Krichever
(1983), Larson and Tracy (1988), McKean (1981), Novikov (1985), Taimanov
(1990c), Ting et al. (1984a,b; 1987), and the monographs Belokolos et al. (1994,
Chs. 4, 5), Cherednik (1996, Sec. 1.4). Algebro-geometric solutions and their
theta function representations for higher-order sGmKdV equations were derived
in Gesztesy and Holden (2000b).

The smoothness of real-valued sine-Gordon solutions stated in Lemma 2.30 was
discussed in detail in Taimanov (1990c¢).

As indicated in Remark 2.32, the characterization of real-valued algebro-
geometric sG solutions proved to be more difficult than in the earlier settled KdV
case. Although most of the references cited in the previous paragraph address the
reality problem of sG solutions in one form or another, the problem was finally
settled by Dubrovin, Natanzon, and Novikov, and in great detail by Ercolani and
Forest in the early- to mid-1980s. We refer to Dubrovin (1982a; 1983), Dubrovin
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and Natanzon (1982), Dubrovin and Novikov (1975a), Novikov (1985), Ercolani
and Forest (1985), and Taimanov (1990c). (The genus n = 2 case had also been
discussed early on by Belokolos and Enol’skii (1982) and Dubrovin and Natanzon
(1982).) In particular, Ercolani and Forest (1985) provide a careful discussion of
isospectral sG manifolds in the real and complex-valued cases. For more recent
textbook discussions of these results, we refer to Belokolos et al. (1994, Sec. 4.3)
and Cherednik (1996, Ch. 4). Pertinent remarks on the reality problem for the
sinh-Gordon equation can be found in Forest and McLaughlin (1982; 1983) and
McKean (1981). A computation of topological charges (and a detailed review of
the reality problem) for the sG equation can be found in Grinevich and Novikov
(2001).

The symplectic structure and action-angle variables for the periodic sG equation
are discussed, for instance, in Al’ber and Al’ber (1985; 1987b), Ercolani et al.
(1986b), and Novikov (1985).

Theorem 2.34 (in the sG context) is well-known in the case r = 1. It has been
extensively used in the sG literature. Readers are referred to Al’ber and Al’ber
(1985; 1987b), Ercolani and Forest (1985), Ercolani et al. (1986b), Forest and
McLaughlin (1982; 1983), Ting et al. (1984a,b; 1987), and Tracy et al. (1986).

A multiscale spectral averaging method applied to the sG equation yields the
nonlinear Schrddinger equation, its spectral data, conservation laws, and solutions
in terms of theta functions, as shown in Larson and Tracy (1988).

Special cases of elliptic and genus two (respectively three) sG solutions are
discussed, for instance, in Belokolos et al. (1994, Ch. 7), Dubrovin and Natanzon
(1982), Ercolani and Forest (1985), Forestand McLaughlin (1982), Smirnov (1991;
1997a,c), and Taimanov (1990b,c).

A completely integrable system related to the algebro-geometric solutions of
the sG hierarchy (similar to the connection between the Neumann system of con-
strained harmonic oscillators to a sphere and the KdV equation) was treated in
Previato (1986).

Degenerations of the underlying hyperelliptic curve and solitons relative to
algebro-geometric background sG solutions are discussed in Borisov and Kiseliev
(1989), Kotlyarov (1989), and Zagrodziniski and Jaworski (1982).

The 1990s experienced renewed interest in algebro-geometric solutions of the
sG equation owing to its relevance in connection with integrable surfaces, Willmore
tori, etc. The interested reader can find much pertinent information in Babich and
Bobenko (1993), Bobenko (1990a,b; 1991a,b; to appear), Dorfmeister and Haak
(1998a,b), Ercolani et al. (1993), Korotkin (1999), Melko and Sterling (1993),
Pinkall and Sterling (1989), and Taimanov (1998), and the literature therein.



3
The AKNS Hierarchy

The miracle of the appropriateness of the language of
mathematics for the formulation of the laws of physics is a
wonderful gift which we neither understand nor deserve. We
should be grateful for it and hope that it will remain valid in
future research.

Eugene P. Wigner'

3.1 Contents

In 1974 Ablowitz, Kaup, Newell, and Segur introduced a new system of integrable
nonlinear evolution equations, later called the AKNS system,

i .
pr+ prx - lpzq =0,

1

qr — EQxx + lpq2 = 07

for functions p = p(x,t), ¢ = q(x, t), which can be viewed as a complexified,
nonlinear Schrodinger (nS) equation

qr — %qxx ii|Q|2f1 =0

under the assumption p = +¢. A Lax pair for the nS equation had previously been
found by Zakharov and Shabat (ZS) in 1972, and its integrability as a Hamiltonian
system? had been established by Zakharov and Manakov in 1974. This chapter
focuses on the construction of algebro-geometric solutions of the AKNS hierar-
chy. Below we briefly summarize the principal content of each section. A more
detailed discussion, using the KdV hierarchy as a model, has been provided in the
introduction to this volume.

! The unreasonable effectiveness of mathematics in the natural sciences, Comm. Pure Appl. Math. 13
(1960), 1-14.
2 A guide to the literature can be found in the detailed notes at the end of this chapter.

177
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Section 3.2.

* polynomial recursion formalism, zero-curvature pairs (U, V,41)
* stationary and time-dependent AKNS hierarchy

* Burchnall-Chaundy polynomial, hyperelliptic curve X,

Section 3.3. (stationary)

* properties of ¢ and the Baker—Akhiezer vector W

* Dubrovin equations for auxiliary divisors

* trace formulas for p, ¢, and higher-order AKNS invariants
* theta function representations for ¢, ¥, and p, g

* the algebro-geometric initial value problem

Section 3.4. (time-dependent)

* properties of ¢ and the Baker—Akhiezer vector W

* Dubrovin equations for auxiliary divisors

* trace formulas for p, g and higher-order AKNS invariants
* theta function representations for ¢, ¥, and p, g

* the algebro-geometric initial value problem

Section 3.5.

* Gauge equivalence of AKNS and classical Boussinesq (cBsq) hierarchies
* polynomial recursion formalism, cBsq zero-curvature pairs (U, V,11)

* theta function representations for cBsq solutions u, v

This chapter relies on terminology and notions developed in connection with
compact Riemann surfaces. A brief summary of key results as well as definitions
of some of the main quantities can be found in Appendices A, C, and F.

3.2 The AKNS Hierarchy, Recursion Relations,
and Hyperelliptic Curves
In this section we provide the construction of the AKNS hierarchy using a polyno-
mial recursion formalism and derive the associated sequence of AKNS Lax pairs.
Moreover, we discuss the Burchnall-Chaundy polynomial in connection with the
stationary AKNS hierarchy and the underlying hyperelliptic curve.
Throughout this section we suppose the following hypothesis.

Hypothesis 3.1 In the stationary case we assume that p: R — Candq: R — C
are smooth nonvanishing functions,

p.g € CM), p(x)#0,q(x)#0,x €R. (3.1)

! Alternatively, one could suppose p, g: C — Cy, to be meromorphic.
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In the time-dependent case we suppose that p: R* — C and q: R? — C satisfy'
p( 5 t)? f]( ) t) € COO(R)9I € R» p(xy ')9 q(xv ) € CI(R)’ X € Ra

2
px, 1) #0,q(x, 1) #0,(x,1) € R% G2

Actually, up to (3.34) our analysis will be time-independent, and hence only the
space variation of u will matter. Consider the one-dimensional 2 x 2 matrix-valued

differential expression
d
o~ 4
M=i (d" ) ) (3.3)
T

of Dirac-type. To construct the AKNS hierarchy we will need another 2 x 2
matrix-valued differential expression of order n + 1 denoted by Q,11, n € Ny,
which is defined recursively as follows. We take the quickest route to the cons-
truction of Q,4; and hence to that of the AKNS hierarchy by starting from the
recursion relation (3.4)—(3.7) below. Subsequently, we will offer the motivation
behind this approach (cf. Remark 3.4).

Define { fi}ien,» {8¢}ren,> and {he}ien, recursively by

fo=—iq, g =1, ho=ip, (3.4)
Jer1 =G/2) fox —iq8e+1, £ € Ny, (3.5)
ge+1.x = pfe+qhe, £ €Ny, (3.6)
hevr = —(/2Dhex +ipget1, € € No. (3.7)

Explicitly, one computes

Jo=—iq,
fi =1q: +ai(—ig),
= %qxx - ziqu + Cl(%qx) +ca(—igq), etc.,

g =1,

g1 =C1,

& =3pq + (3.8)
g =—4(p.g — pg)+ci(3pg) +c3,  etc,

ho =ip,

hy = 3p, + ci(ip),
hy=—ip. +Lp*q+ci(3p) +alip), et

where {c;}¢en, C Careintegration constants. Subsequently, it will be convenient to
introduce also the corresponding homogeneous coefficients fy, 8;, and f,, defined

1 Again one could assume that for fixed € R, p(-, 1), (-, t) are meromorphic, etc.



180 3. The AKNS Hierarchy

by the vanishing of the integration constants ¢y fork =1, ..., ¢,
fo=—iq. fue= f‘f|ck=o,k=1 ..... ¢ teEN, (3:9)
go=1 &= gf|ck=o,k=1 ..... ;o teN, (3.10)
ho=ip, hy= hel_oper..or LEN (3.11)
Hence,
¢ ¢ ¢
fo=Y el =) corles he=Y coxh
k=0 k=0 k=0
introducing
Ccop = 1.

Remark 3.2 Using the nonlinear recursions (D.24) and (D.25) in Theorem D.3,
one infers inductively that all homogeneous elements f;, &, (and hence all f;
and hy), £ € Ny, are differential polynomials in p and ¢, that is, polynomials
with respect to p and g and (some of) their x-derivatives. By (3.6), g, are also
differential polynomials in p and ¢, and by (3.5) (respectively (3.7)) the same
applies to gg, (respectively pgy). Combining these facts readily proves that g,
£ € Ny, are differential polynomials in p and g.

Next, we define the 2 x 2 matrix-valued differential expression Q,; by

S (—gurime fue .
Opit =i Z MY neNy, fa=h_=0. (3.12)

=0 _hn—l 8n+1-¢

We record the first few Q,41,

0 4 ey 0
1= ’
0 %—}—icl

2 ipg d _ i _igd _ 1
lge — 7 tagg —c Y9y — 729~
0, = ) ) ) , etc.
- d i - d ipq d :
IPay — 3Px —lgz T 7 tag tal
Introducing the corresponding homogeneous differential expressions Q, ., de-
fined by

Qri1 = Q‘3+1|L-k:0,k:1 e £ €No, (3.13)

one finds

n

Ont1 = Z Cn—tQry1.

£=0
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From the recursion relation (3.4)—(3.7), the commutator of Q,,,; and M can be
explicitly computed and yields'

0 —2if,
[(Quii, M= | _. I\ e (3.14)
ity 0

In particular, (M, Q,4) represents the Lax pair of the AKNS hierarchy. Varying
n € Ny, the stationary AKNS hierarchy is then defined in terms of the vanishing
of the commutator of 0,1, and M in (3.14) by

[Qn+17 M] - 07 ne NOs (315)

or equivalently, by?

hny1(p, q)

-AKNS,(p, q) = =2
i P (fn+1(p,q)

) =0, neNp (3.16)

Explicitly,

—px +c1(=2ip)
s-AKNSy(p, q) = =0

—qx + CI(ZlQ)

L par — ip?q + c1(=py) + c2(=2ip)
s-AKNS(p, q) = =

_%qxx + lpqz + Cl(_QX) + Cz(le)
s-AKNS:(p, q)

(%pxxx - %prq + Cl(%pxx - iPZQ) + c(=px) + C3(_2ip)) 0. et
= . =0, ¢etc.,
Ygeex — 3Pqqx + c1(—i g +ipg?) + c2(—qy) + c3Qiq)

represent the first few equations of the stationary KdV hierarchy. By definition,
the set of solutions of (3.16), with n ranging in Ny and ¢, in C, £ € N, repre-
sents the class of algebro-geometric AKNS solutions. If p, g satisfy one of the
stationary AKNS equations in (3.16) for a particular value of n, then they sat-
isfy infinitely many such equations of order higher than n for certain choices of
integration constants ¢, (one can follow the argument in Remark 1.5). At times
it will be convenient to abbreviate algebro-geometric stationary AKNS solutions
p, q simply as AKNS potentials.

In the following we will frequently assume that p, g satisfy the nth stationary
AKNS equations. By this we mean they satisfy one of the nth stationary AKNS
equations after a particular choice of integration constants ¢, € C, £ =1, ...,
n + 1, n € Ny, has been made.

' The recursion (3.4)—(3.7) is constructed so that the commutator of Qn+1 and M ceases to be a higher-

order 2 x 2 matrix-valued differential expression but results in multiplication by (21. h(’)M 72’5”“ )

only.
2Ina slight abuse of notation we will occasionally stress the functional dependence of f; and A, on
p. g, writing fe(p, q) and he(p, q), etc.
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In accordance with our notation introduced in (3.9)—(3.11) and (3.13), the cor-
responding homogeneous stationary AKNS equations are defined by

s-AKNS,(p. q) = s-AKNS,(p. )|, =0, neN.

=0,¢=1,....,n+1

Next, we introduce polynomials F,, G,, and H, with respect to the spectral
parameter z € C by

Fi@) =) faiz' =Y caiFul2), (3.17)
=0 =0
n+l n .
Gua1(@ =) gnp1-ez' = Y cntGri1(2). (3.18)
=0 =—1
Hy2) =Y haz' =) caeHe(2), (3.19)
=0 =0

with Fo, EM, and H, denoting the corresponding homogeneous polynomials
defined by

Fo(2) = Foz) = —igq,

Fo(2) = Fe@)|, g,y

.....

k=0
Go(@) = 1,
R 1
Gei(2) = Gl+1(Z)|L-k:o,k:1 ..... ot Zgéﬂka , LeN,
=0

Explicitly, one obtains

Fy = —igq,

Fy = —igz + 3q: + ci(—iq),

Fy = —iqz’ + g2+ Lqc — Lpg® +ci(—igz + 3q.) + ca(—iq),  etc.,
G| =z+c,

G, =72+ %pq+clz+cz,

Gy =2+ 1pgz — L(p:q — pg) + e (2 + 1pg) + 2z 4¢3, ete,
Hy=ip,

Hy =ipz+ip, +ci(ip),

Hy=ipz*+ipz—1ip. +ip*q+ci(ipz+ ip:) +calip), et
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We note that (3.15), or equivalently (3.16), becomes

Fox=-2izF, +2qGp41, (3.20)
Gn+1,x = pFn + anv (321)
Hyx = 2izHy +2pGoy1. (3.22)

Moreover, (3.20)—(3.22) yield

(G,

n+1

— F,H,) =0,
and hence GZ +1 — FuH, is x-independent, implying

G2

w1 — FnHy = Rypio, (3.23)

where the integration constant Ry, is a monic polynomial of degree 2n + 2. If
{Em}m=0...2n+1 denote its zeros, then

2n+1
Ronia(@) = [ [ = Ew), {Emdm=o...nr1 C C. (3.24)

m=0
One can use (3.20)—(3.22) and (3.23) to derive differential equations for F;, and
H, separately by eliminating G, ;. We obtain for F,
4«

1
q FnFn,x - _F2 + (2Z2 - ZIqu_x - 2pq>Fnz = _2q2R2n+2a

FnFrL.xx_ 7 n,x

(3.25)
and upon dividing (3.25) by ¢* and differentiating the result with respect to x,

2
Fn,xxx - 3q_XFn,xx + (4Z2 - 4qu_X - 4[76] - Tox + 3%) Fn,x
q q q q

q qr q
+ (—4z2—" +6iz3 — 2iz— +2pq, — 2pxq> F, =0. (3.26)
q q q
Similarly, one obtains for H,,

)4 1 P
HyHy o — anH,,,x - SH + <2Z2 n 2IZ7X - 2pq)Hn2 = 2Ry,

(3.27)
and

2
Hn,xx,\: - 3&Hn,xx + (422 + 412& - 4PCI - P + 3p_;> Hn,x
p p p p

2px . p)zc . Pxx
+ (—42 ? — 61Z? +2iz > +2prq — 2qu) H, = 0. (3:28)
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Equations (3.25) and (3.27) can be used to derive recursion relations for the ho-
mogeneous coefficients ﬁg, 8¢, and il( (i.e., the ones in (3.9)—(3.11) in the case of
vanishing integration constants), as proved in Theorem D.3 in Appendix D. This
has interesting applications to the asymptotic expansion of the Green’s matrix of
M as the spectral parameter tends to infinity, as briefly discussed in Remark D.4,
and also yields a proof that f;, g,, and &, are differential polynomials in p, g
(cf. Remark 3.2). In addition, as proven in Theorem D.3, (3.25) leads to an explicit
determination of the integration constants cy, ..., ¢,41 in

hut1(p, q)
-AKNS,(p, q) = =2 =0,
) (P-4) <fn+1(p,q)>

in terms of the zeros Ey, ..., E,+; of the associated polynomial Ry, in (3.24).
In fact, one can prove (cf. (D.26))

ce=c(E), £=0,....,n+1, (3.29)
where
co(E) =1,
c(E)
_ i (2)0)! - - (2jans)! piv . g
e G 2RGo Ga DP 2o = D - Qa1 = D0 2t
JotFjams1=k

k=1,...,n+1. (3.30)

Next, we study the restriction of the differential expression Q,; to the two-
dimensional kernel (i.e., the null space in an algebraic sense as opposed to the
functional analytic one) of (M — z). More precisely, let'

ker(M — z) = {\IJ = (1//1> R — (Cgo
V2

(M — )V = O}, zeC, (3.31
then (3.12) implies

—Gu1(2)  F2) ) (3.32)

Qn+1 |ker(M*Z) =1 < —Hn(Z) Gn+1(Z)

ker(M —z)

We emphasize that the result (3.32) is valid independently of whether Q,; and
M commute. However, if one makes the additional assumption that Q,,; and
M commute, we will now prove that this implies an algebraic relationship be-
tween Q,; and M. This is the matrix-valued analog of the celebrated result of
Burchnall and Chaundy discussed in Theorem 1.3. The following theorem details
this relationship.

L if P, q are considered on C, then W in (3.31) should be considered on C too.
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Theorem 3.3 Assume that Q,,+1 and M commute, [ 0,1, M] = 0, or equivalently,

suppose s-AKNS(p, g) = 0 (i.e., fu1(p, q) = hut1(p, q) = 0) for some n € N.
Then M and Q,,1 satisfy an algebraic relationship of the type (cf. (3.24))

FuM, Qui1) = —0ry — Royia(M) =0,

2041 (3.33)
Ryny2(2) = H(Z - E,), zeC.

m=0

Proof The commutativity of Q,; and M, the definition of R;,.7, (3.23), as well
as the expression for 9, on the kernel of M — z, (3.32), imply

2
o _ (G~ FuH, 0
1 ker(¥—2) 0 G2,, — F,H,

1 0
=—R2n+2(1)<0 1)

Hence, Qi 41 and — Ry, (M) coincide onker(M — z),and since z € Cis arbitrary,
one infers (3.33). O

ker(M —z)

= - R2I‘L+2(M) |ker(M—z) .
ker(M —z)

One calls F,(M, Qn+1) the Burchnall-Chaundy polynomial of the pair
(M, Q,+1)- Equation (3.33) naturally leads to the hyperelliptic curve IC,, of (arith-
metic) genus 1 € Ny (possibly with a singular affine part), where

Kn: Fu(z,y) = y* = Rapsa(z) = 0,
2n+1 (3.34)

Remark 3.4 At this point it is easy to motivate the recursion relation (3.4)—(3.7)
used as our starting point for constructing the AKNS hierarchy. If one is interested
in determining 2 x 2 matrix-valued differential expressions O commuting with M
(other than simply polynomials of M or the case in which Q and M are polynomi-
als of a third matrix-valued differential expression), one can proceed as follows.
Restricting Q to the two-dimensional null space, ker(M — z), of (M — z), one
can systematically replace W, = (Y1, ¥2..)" by (¥ —izyr1, py1 +izyn)"
and hence effectively reduce Q on ker(M — z) to multiplication by Q |ker( Mez) =
i (:g g) |ker( M2y where F, G, and H are polynomials. Imposing commutativity
of Q and M onker(M — z) then yields relations (3.20)—(3.22). Moreover, we repro-
duced identity (3.32). Making the polynomial ansatz (3.17)—(3.19) for F', G,and H
and inserting it into (3.20)—(3.22) then readily yields the recursion relation (3.4)—
3.7 for fo, ..., fu. 80, -+ &ut1sho, - .., hy, together with (i /2) f.x — iqgn+1 =
0, —(i/2)hnx +ipgn+1 = 0. In other words, one obtains the beginning of the
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recursion relation (3.4)—(3.7) as well as relation (3.16) defining the nth stationary
AKNS equations.

We end this section by introducing the time-dependent AKNS hierarchy. This
means that p, g are now considered as functions of both space and time. For
each equation in the hierarchy — that is, for each n — we introduce a deformation
parameter f, € Rin p and g, replacing p(x), ¢(x) by p(x, t,,), q(x, t,). The matrix
differential expression M now reads (cf. (3.3)),

M(t)zi( i _Q("t")).
p("tn) _%

The quantities {fr}ren,, {8e}een,, {Ae}een,, and Qni1, n € N, are still defined
by (3.4)-(3.7) and (3.12), respectively. The time-dependent AKNS hierarchy is
obtained by imposing the Lax commutator equations

d

d—tM —[Qns1, M1=0, 1, €R, (3.35)
varying n € Ny, or equivalently, by
0 —iq;, — Fyx —2izF, +29G
ipf,, - Hn,x + 2iZHn + szn+1 0
0 _iqn + 2ifn
= l . = Os (x, tn) [S Rz, ne N().
ip,n — Zihn_H O

(3.36)

The latter are equivalent to the collection of evolution equations

Pty — 2hu1(p, q)

AKNS, (p, q) =
(qz,, =2 fa+1(p. q)

> =0, (x,1,)€eR? neNy ((3.37)
Explicitly,

)

— pe +c1(=2ip)
AKNso(p,q)=<p’° pxtci p)

G, — gx +c12iq)

+ $pax —ipPq + 1 (=py) + ca(=2ip)
AKNSI(p’q)=<pn Lpw —ip* g+ (=p)+o p)

G — Sqxe +ipg® + 1 (—q0) + ©22ig)
AKNSy(p, q)
_(PeF iPxe = 3PPeq F 1(5Pax — iD@) F 2(=p2) + €3(=2ip)
) <q’2 + 300 = 3P4G: + 1 (=5qu +ipgD) + (=) + 63(2iq)>

etc.,
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represent the first few equations of the time-dependent AKNS hierarchy. The
system of equations AKNS,(p, g) = 0 (with ¢; = ¢, = 0) represents the AKNS
system. Similarly, one introduces the corresponding homogeneous AKNS
hierarchy by

AKNS,(p. q) = AKNS,(p. q)| =0, neN.

ce=0,4=1,..., n+l

We conclude this section by pointing out an alternative construction of the AKNS
hierarchy using a zero-curvature approach instead of the Lax pairs (M, Q,11).

Remark 3.5 Frequently, the AKNS hierarchy is introduced by developing its
zero-curvature formalism. To this end one defines

UGz) = (ﬂz q) (3.38)
p iz
_Gn+l(Z) Fn(Z)
Ver(2) = i , No. 3.39
1@ ’(—Hn(o Gn+1(2)> ne G

Then (3.32) implies
(10
—1 (0 _1) [Ql’H—la M]

and the stationary part of this section, being a consequence of [Q,,+1, M] = 0, can
equivalently be based on the stationary zero-curvature equation

= (= Var12@) + U@, Va1t ) |eraroy»
ker(M —z)

0 = —Vn+l,x + [U, Vn+l]

iHn,x +2zH, —2ipGpq _iGn+l,x +ipF, +iqH,

A —2fui1
~ \ =2k, 0 '

In particular, the hyperelliptic curve IC, in (3.34) is then obtained from the
characteristic equation of iV, by'

( iGui1x — ipFy —iqH, —iF, +2zF, + 2qu”+1>

det(ylr — iVy41(z) = y* — det(V,41(2))
= )’2 - Gn+|(Z)2 + Fn(Z)Hn(Z) = yz - R2}1+2(Z) =0.

Similarly, the time-dependent part (3.35)—(3.37), being based on the Lax equation

!' I, denotes the identity matrix in C.
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(3.35), can equivalently be developed from the zero-curvature equation

0= Ur,, - Vn+l,x + [U’ Vn+1]

0 Gy, — i Fnx +22F, +2igG,q1
- Py, +iH,  +2zH, —2ipG 4 0
0 —2f,
= qtn f +1 ) (340)
Pi, — 2hniy 0

In fact, since the latter approach (3.40) is almost universally adopted in the
contemporary literature on the AKNS hierarchy, we thought it might be worthwhile
to recall the alternative approach using the Lax pair (M, Q,+) instead.

Finally we show that the AKNS equations (3.37) are invariant with respect to
certain scale transformations. More precisely, one has the following result.

Lemma 3.6 Suppose p, q satisfy one of the AKNS equations (3.37) for some
ne N(),

AKNS, (p,q) = 0.
Consider the scale transformation

(P(x, 1), g(x, 1)) = (P(x, 1), G(x, 1)) = (Ap(x, 1), A" q(x, 1,)), (3.41)
AeC\ o).

Then,

AKNS, (5, §) = 0. (3.42)

Proof Let (M, Q,+1) and (M, Q,41) be associated with (p, ¢) and (p, §), respec-
tively, and defined according to (3.3) and (3.12). Defining the matrix 7 in C?

by
((AI/Z)—I 0 )
T =
0 Al

(fixing a particular square root branch A!/?), one computes
TMT ' =M,

1 _
H (—8n+1e A

TOuT ! =i )A?/: oy 3.43
Qi ; A i O (3.43)
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A comparison of (3.43) with
n+l1 3 F
= —8n+1-¢L Sne - 0
Qn-H =i u o M
KZ(; —hu—¢  8ny1—¢
yields
Foce=A""fosts Butiot = gut1—t> e =Ahyy, €=0,...,n+1

and hence (3.42) if (3.37) and (3.41) are taken into account. []

In the particular case of the nonlinear Schrédinger (nS.) hierarchy, where

plx,t,) = xq(x,t,), neNy, c R, LeN, (3.44)
(3.41) further restricts A to be unimodular, that is,

1Al = 1. (3.45)

We remark that the plus sign in (3.44), denoted by nS., corresponds to the defo-
cusing case in which M is formally self-adjoint,

& 4
M:i(“_" d), M* =M. (3.46)

On the other hand, the minus sign in (3.44), denoted by nS_, corresponds to the
focusing case, in which

% —q 0 -1 0 -1
M=il" ] M=-C M C, (347
-4 -3 1 0 1 0

with C, the antilinear conjugation map

and

., (1 0 1 0
M_(O _1)M<O _1>;AM. (3.48)

Hence, M is formally non-self-adjoint (but shares certain symmetries with M*). In
analogy to our notation in (3.37), the corresponding nS. hierarchies are denoted

by

nS+,(g)=0, (x,,) €R?* neN,.
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The first few equations explicitly read

nS: 0(q) = g4, — gx +¢1(2ig) =0,

0S4 1(9) = gy, — 5qu T ilg’q + c1(—q.) + e2(2ig) =0,

nS:2(q9) = g1, + 3qxxx F 3117 qx + 1 — Sqxx £ilqlPq)
+ ca(—qy) + c32ig) =0, etc.

In the special case of the modified Korteweg—de Vries (mKdV.) hierarchies,
where

p(xa tl‘l) - :tCI(x» tn)v n E 2N()7 C2£+] - 07 E G NOa
(3.41) implies the additional restriction

Ae{l, -1}

3.3 The Stationary AKNS Formalism

As shown in Section 3.2, the stationary AKNS hierarchy is intimately connected
with pairs of commuting 2 x 2 matrix-valued differential expressions Q,,+; and M
of orders n + 1 and 1, respectively, and a hyperelliptic curve /C,,. In this section we
study this relationship more closely and present a detailed study of the stationary
AKNS hierarchy and its algebro-geometric solutions p, g. Our principal tools
are derived from combining the polynomial recursion formalism introduced in
Section 1.2 and a fundamental meromorphic function ¢ on K, the analog of the
Weyl-Titchmarsh function of M. With the help of ¢ we study the Baker—Akhiezer
vector W, the common eigenfunction of Q,; and M, Dubrovin-type equations
governing the motion of auxiliary divisors on /C,, trace formulas, and theta function
representations of ¢, W, and p, g. We also discuss the algebro-geometric initial
value problem of constructing p, g from the Dubrovin equations and auxiliary
divisors as initial data.
For major parts of this section we suppose that

p-q € CZR), plx)#0,q9(x)#0,x R (3.49)

(which could be replaced by p, g: C — C,, meromorphic) and assume (3.4)—
(3.7), (3.16), (3.17)—(3.22), and (3.34) and freely employ the formalism in (3.1)—
(3.34), keeping n € Ny fixed.
We recall the hyperelliptic curve
Kut Fa(z, y) = > = Rapia(2) = 0,
2n+1 (3‘50)

m=0
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as introduced in (3.34). The curve C, is compactified by joining two points at
infinity, Puo,, P, 7 Poo_, but for notational simplicity the compactification is
also denoted by C,,. Points P on K, \ { P, , P_} are represented as pairs P =
(z, y), where y(-) is the meromorphic function on C, satisfying F,(z,y) = 0.
The complex structure on /C, is then defined in the usual way (see Appendix C).
Hence, /C, becomes a two-sheeted hyperelliptic Riemann surface of (arithmetic)
genus n € Ny (possibly with a singular affine part) in the standard manner.

We also emphasize that by fixing the curve IC,, (i.e., by fixing Ey, . .., Ez,+1), the
integration constantscy, . .., ¢,+1 in f,+1 and i, | (and hence in the corresponding
stationary AKNS,, equations) are uniquely determined, as is clear from (3.29),
(3.30), which establish the integration constants ¢, as symmetric functions of
Eo, ey E2n+l~

For notational simplicity we will usually tacitly assume that n € N. (The trivial
case n = 0 is explicitly treated in Example 3.20.)

The two most frequently discussed cases in applications are the case of real
roots, where E,, e R, m =0,...,2n + 1, and the case of complex conjugate
detail in Appendix C.

Let{u;(x)};j=1,.. . and {v;(x)};=1,.., denote the zeros of F;,(-, x)and H,(-, x),
respectively (cf. (3.17), (3.19)). We may then write

Fu@)=—iqg[]c—np (3.51)
j=1
and
H,2)=ip[]Gz—v). (3.52)
j=1

and define {{1;(x)};=

2500 = (), Gy (). x) € Koy j=1,....n, xeR,  (3.53)
Di(x) =W;(x), =G (vj(x),x) ek, j=1,....,n, xeR, (354)

lifting p; and v; to KC,,. Due to the C*°(R) assumption (3.49) on p, q, F,(z, -),
H,(z, -) € C*®°(R) by (3.5) and (3.7). Thus, one concludes

wi, v € CR), j,k=1,...,n, (3.55)

taking multiplicities (and appropriate renumbering) of the zeros of F,, and H,, into
account. (Away from collisions of zeros, 1 ; and vy are of course C*.)
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Next, recalling identity (3.23), we introduce the fundamental meromorphic func-
tion ¢( -, x) on IC,,

V4G
¢(P,x)= —FH(Z, ) (3.56)
- M (3.57)

Y= Guti(z, x)

P=(Eyek,,xeR
with divisor (¢( -, x)) of ¢(-, x) given by

@C-,x) = Dr, o) =~ Pr_p)s (3.58)
using (3.51), (3.52), and (3.55). Here we used the abbreviations

2: {‘,)l’ "'79i’l}’E= {ﬂl""’ﬂn} € Symn(lcn)

and our convention (A.47) as well as additive notation for divisors. Equivalently,
Py, D1(x), ..., Dy(x), are the n + 1 zeros and Poo_, f11(x), ..., fi,(x), the n + 1
poles of ¢(P, x). Clearly 1 ;(x) and v;(x) play the analogous role of Dirichlet and
Neumann eigenvalues in comparison with the KdV case. In particular, Dy, and
Dy (x) represent the corresponding analogs of Dirichlet and Neumann divisors.

Given ¢( -, x), one defines the stationary Baker—Akhiezer vector W( -, x, xo) on
Ky \ {POO+5 Poo_} by

W(P, x, xp) = (ﬁﬁiig;) , (3.59)
P =(z,y) € Ky \ {Px,, Po_}, (x,Xx0) € R?,
where
V1(P, X, x0) = exp (/ dx'(—iz + q(x (P, x’))) , (3.60)
Va(P, x, x0) = $(P, x)://l(P, X, Xo). (3.61)
Note that

wl(P’x()’xo): 15 P € ICH\{POO+3 POO,}'

Next we summarize a variety of properties of ¢ and W.

Lemma3.7 Suppose p, g € C*(R) satisfy the nth stationary AKNS system (3.16).
Moreover, let P = (z,y) € Ky \ {Poo,, Poo_}, (x,Xx0) € R2. Then ¢ satisfies the
Riccati-type equation

¢x(P) + qp(P)* — 2iz¢(P) = p, (3.62)
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as well as
o Hi(2)
P(P)P(P™) = 72’ (3.63)
*\ GnJrl(Z)
d(P)+p(P") =2 Q) (3.64)
¢(P) — p(P*) = 2 (3.65)
R '
Moreover, U satisfies the first-order system (cf. (3.38), (3.39))
V. (P) =U(@W(P), (3.66)
iyW(P) = V1 ()W (P), (3.67)
or equivalently,
(M —z(P)W(P)=0, (Qny1 —iy(PH¥(P)=0. (3.68)
In addition,
(Fn(z’ x))1/2 < * / / nN—1
l)l,](P’ X, xo) = N exp y/ dx Q(x )EI(Z7 X ) ) ) (369)
Fn(Zv XO) X0
X Fu(z, x)
wl(P’X,xo)Wl(P ,.X,.X()) = F—a (370)
n(Zs xO)
X H,(z, x)
I/IZ(P"X’X())]/[Z(P vxvx()) = F—a (371)
n(Zv xO)
Gn b
Vi(P, x, X))y (P*, x, x0) + Y1 (P*, x, x0)¥2 (P, x, Xo) = 2#, (3.72)
n(Z9 .X())
2
I//](P’ X, xo)l/f2(P*, X, xO) - ‘(/f](P*’ X, xo)‘(/fz(P7 X, .X:Q) = _F—y (373)
I‘l(Zv X())

Moreover, as long as the zeros of F,(-,x) are all simple for x € 2, Q C R an
open interval, V(- , x, xy) is meromorphic on K, \ {Px, , Pso_} for x, xg € Q.

Proof Equation (3.62) follows from (3.20), (3.21), (3.56), and (3.57). Relations
(3.63)—(3.65) are clear from (3.56), (3.57). By (3.60) and (3.61), W(-, x, xq) is
meromorphic on K, \ {Pw,, Px_} away from the poles f1;(x") of ¢(-,x’). By
(3.20), (3.53), and (3.56),

q(x)p(P, x") P de In(Fy(z, x") + 0(1) as z — w;(x"), (3.74)
Hjlx

and hence r; is meromorphic on KC;, \ { P, , Px_} by (3.60) as long as the zeros of

F,(-, x) are all simple. This follows from (3.60) by restricting P to a sufficiently

small neighborhood U/ of {f1;(x") € IC, | x" € Q, x" € [xo, x]} such that fi;(x") ¢

U; for all x" € [xo, x] and all k € {1,...,n}\ {j}. Since ¢ is meromorphic on
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IC,, by (3.56), v, is meromorphic on /K, \ { P, , Poc_} by (3.61). Equation (3.68)
is an immediate consequence of (3.57), (3.60), and (3.61). Equation (3.69) is a
consequence of (3.20), (3.60), (3.64), (3.65), and

1 1
¢(P) = §(¢(P) +¢(P") + §(¢(P) —¢(P")

Gn-H y 1 Fn,x . y
=F TR d\E ) TE

Equation (3.70) is clear from (3.69), and (3.71) is a consequence of (3.61), (3.63),
and (3.70). Equation (3.72) is a consequence of (3.61), (3.64), and (3.70). Finally,
(3.73) follows from (3.61), (3.65), and (3.70). O

Equations (3.70)—(3.73) show that the basic identity (3.23), Gi b~ Bl =
Ro,42, 18 equivalent to the elementary fact

WiV + V1Yo ) — 4 ¥ V¥ = (Vi ¥o — YY)
(3.75)

identifying ¥ (P) = Y14, ¥1(P*) = V1 -, Y2(P) = Vo 4, Y2(P*) = . This
provides the intimate link between our approach and the squared function systems
also employed in the literature in connection with algebro-geometric solutions of
the AKNS hierarchy.

Next, we derive Dubrovin-type equations, that is, first-order coupled systems
of differential equations that govern the dynamics of u; and v; with respect to
variations of x. We recall that the affine part of /C, is nonsingular if

{En}m=o....o0nt1 CC,E, # Eform#m',m,m =0,...,2n+1. (3.76)

Lemma 3.8 Suppose that p,q € C *(Q ) are nonzero and satisfy the nth station-
ary AKNS system (3.16) on an open interval Q,, C R. Moreover, assume that the

.....

by (3.53), satisfies the following first-order system of differential equations on 2,

wiw==2iy@)[ [ =™ j=1.....n (3.77)
k=
2

Next, assume the affine part of I, to be nonsingular and introduce the initial
condition

{ftj(x0)}j=1,..n C Ky (3.78)

for some xo € R, where pj(xo), j =1,...,n, are distinct. Then there exists an
open interval Q, C R, with xo € Q,, such that the initial value problem (3.77),
(3.78) has a unique solution {ft;} =1, C K, satisfying

f; € C¥(Q. Ky, j=1,....n, (3.79)

and j, j =1, ..., n, remain distinct on 2.
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Forthe zeros v, j =1, ...,n, of H,(-) identical statements hold with . ; and 2,
replaced by v; and 2, etc. In particular, {D;};_.. .. defined by (3.54), satisfies
the system
vie==2iy0p v v, J=1.....n (3.80)
k=1
k]

Proof 1t suffices to prove (3.77) and (3.79) since the proof of (3.80) is analogous
to that of (3.77). Equations (3.20), (3.51), and (3.53) readily yield

Fuxej) =iquj [ [(nj — 1) = 2qGuir(u)) = 2qy(2))
k=1
kj
and hence (3.77). The smoothness assertion (3.79) is clear as long as (i ; stays away
from the branch points (E,,, 0). In case [t hits such a branch point, one can use

the local chart around (E,,, 0) (with local coordinate ¢ = o(z — E,)"/?, 0 = £1)
to verify (3.79), as in the proof of Lemma 1.10. [

Combining the polynomial approach of Section 3.2 with (3.51) and (3.52) readily
yields trace formulas for the AKNS invariants, that is, expressions of f; and 4, in
terms of symmetric functions of the zeros u; and v; of F;, and H,, respectively.
For simplicity we just record the simplest case. We explicitly indicate the first few
of these below.

Lemma 3.9 Suppose that p, g € C®°(R) are nonzero and satisfy the nth stationary
AKNS system (3.16). Then,

i e =23 v, (3.81)
p Ji=1
tpe 1 (ip ) ‘ (3.82)
— — — c —— | —C) = — VvV, elc., .
2 P qu 1 3 D 2 L Vi
Jisj2=1
